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1. Conformal Finsler space. Let two distinct metric functions F(x, x) and F(x, %)
be defined over an n-dimensional Finsler space F, which satisfy the requisite condi-
tions for a Finsler space [1]"). The two metrics resulting from them are called con-
formal if the corresponding metric tensors g;;(x, %) and g;/(x, x) are proportional to
each other. It has been shown that the factor of proportionality between them is at
most a point function. Thus, we have [1]

(1.1a) gifx, ) = €*7 g(x, %),
(1.1b) gi(x, %) = & g'(x, %) ,
(1.10) F(x, %) = ¢ F(x, %),

where ¢ = o(x), g”(x, x) being the contravariant components of the metric tensor
of F,. The space F, with the entities F, 7, ; ete. is called a conformal Finsler space.

The covariant derivative of a vector X'(x, x) with respect to x* in the sense of
Berwald is given by

(1.2) X%, %) = 9 X' — (9,X) G + X/G, .)?)
where Gi(x, %) = Gi(x, %) ", G(x, X) being the Berwald’s connection coefficients

which are homogeneous of degree zero in their directional arguments. We have the
following entities of the conformal Finsler space [2], [3]

(1.3) Gi(x, %) = G(x, %) — 0,B™(x, %),
(1.4) Gi(x,x) = Gi(x,x) — 0,0,B™(x, %),
(15) Gilx, %) = Gifx, %) — 0,,000;B™(x, %),

- 1) The numbers in square brackets refer to the references at the end of the paper.
%) 8, = 8/ox' and 9; = dox".
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(1.6) Ginl(x, X) = Gly(x, X) — 6,0,0,0,B™(x, %),

(1.7) li(x,x) = &l(x, %),

(1.8) I(x, %) = elx,x),

(1.9) X' =%,

(1.10) Ajlx, %) = e"Aiy(x, %),

and

(1.11) Cilx, %) = Cy(x, x),
where

def . def . L.
— i . 102 i cie
Op = 0,0, B’(x,x)-—7F g’ — x'x7,

l(x, %) = 51| F(x, %), 1(x, %) = gulx, %) I,
Al (x, %) Z FCL(x, %) S 1Fg™ g, -

The functions B¥(x, x) are homogeneous of degree two in X’s.

If we denote the Berwald’s covariant derivative with respect to g;;(x, %) in con-
formal Finsler space by putting a horizontal bar over the same notation of the co-
variant derivative, then we obtain [3], [7]

(1.12) F(k) = e[Fo, + (8,F) (6,B™) 0,] )
(1.13) liy = —&[lo, — (3,0') (6,B™) 0, + 0,I"6,6,B™],
(1.14) Lis = €Tl + Liow + 0u1) (B™) 0, + 1L,0,8,08™]

(1.15)  Fiio = € (950 + 2050 + 0,{(0n9:) (BB™) + 29105, 8B"}]
and
(1.16)  Gi = Gl — (840,) B™ — 0,[(0,B™) + (6,B™) G,. — (6,,B™) G} —
G ,8nB™ 4+ BMGLy + 0,{(6nB™) (8:B™) — B™ 8,6,B™)] .
2. The projective covariant derivative. Let us consider the following projective
change [1]
(2.1) Gilx, %) = G(x, %) — P(x, %) %',

where P(x, X) is an arbitrary scalar function positively homogeneous of the first
degree in the %’. Using the homogeneity properties of the function P(x, X), the suc-

3) The covariant derivative of X'(x, x) in conformal Finsler space, in the sense of Berwalds
. —; def .. —; . . :
is given by X{) = (8,X) — (8,X) G + X"Gly-
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cessive derivatives of (2.1) with respect to directional arguments are given by

(2.2) Gix,%) =Gix,x)—(n+1)P,
(2.3) Gilx, %) = Gi(x, %) — (n + 1) §,P,
and

(2.4) Gil(x, X) = Giy(x, X) — (n + 1) 6,0,P ,
where

(2.5) Giu = 8,612 8,0,61 S 6,0,0,6".

Differentiating (2.1) twice with respect to %/ and x* and eliminating 3P and 9,0, P
with the help of equations (2.3) and (2.4), DouGLAs [5] deduced the projective in-
variants

i N def L ; 1 i .i
(2.6) Ii(x, %) = Gj, — —— {28{;G}), + X'GL,} .
n+1

These entities are known as the projective connection coefficients. They are symmetric
in their lower indices and are homogeneous of degree zero in their directional argu-
ments. We define the projective covariant derivative of a vector field X'(x, X) with
respect to x* for the projective connection coefficients IT%(x, X)in the following way:

(2.7) X{uo(x, %) = (0X7) = (0, X)) T %" + X"}y .
Substituting (2.6) in (2.7) and using the formula (1.2), we get

(2.8)

i . i 1 3 yi) fsm cm mfn~si i
X (o (%) = Xy + P [(0,X") {0¥G) + X"Gli} — X™204Gh), + ¥'Gln}] -

We may further generalise the formula (2.8) for a tensor of arbitrary rank with respect
to x* for these connection coefficients [6]. Like the Berwald’s covariant derivative the
projective covariant derivative vanishes for x’. The projective covariant derivatives
of I'(x, x), F(x, %) and g;(x, %) are given by, [6]:

: 1 (1
2.9 = ——1(=1G"+ G ),
(9) T VLA
1 1
2.10 F, =——F|(—=LG + G},
( ) (k) n+1 (F Ky vk)
and

2 .
(211) gijean = ijo + ) {CiiG) + 94;Gh + 9uiGlyy + X"Gui Gy} -

n +
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Using the homogeneity properties of I'(x, x), F(x, X) and G'(x, %) and the relation
(2.12) Xy =l =Fap =0,

we obtain the projective covariant derivative of /(x, X) and G'(x, x) as follows:

. 2 m ;
(2.13)  Liy(x, X) = m {CinG) + 9:,G + 9iiGlyy + % g,,,(,-G}f)yk}l’ -

1 1 .
Il —— {— gijlkG; - gijG;k} v,

n+1|[F
and
i . i 1 i i im m o
(2.14) Gip(x, ) = Gy + Pt {G{G} + G'G}, — 6,G"G],, — G"G},x'} .

Multiplying (2.13) by %’ throughout and using relations

(2.15a) Cinlx, %) X' = Cipx, ) %7 = Ciplx, ) % = 0,
(2.15b) gif(x, %) #'%/ = F*(x, %),

(2.15¢)  GijwX =0,

and

(2.16) Giu(x, X) X" =0,

we obtain

(2.17) Loy’ = n—;lr_l[m;k +1,67].

Again, we multiply (2.11) by %’ throughout and use the homogeneity property of
G'(x, x) together with relations (2.15a), (2.15b) (2.15c) and (2.16), we get

1
+1

(2.18) Gijan*' = p [£429:,Gx + 96y} + 9,6y + F*Gl] -

Multiplying (2.18) by X/, we easily obtain

s 2 L
(2.19) GijcanX' %) = n—;—i {F?GY + g,;%'G}} .

3. Projective invariant entities in the conformal Finsler space. Since the connection
coefficients IT ,{,(x, x) are invariants under the projective change (2.1) so are all the
entities deduced in the second section of the paper. For any given geometric object
we can find the projective invariant from the formula (2.8) provided the geometric
object is taken to be invariant under the projective change. We will now discuss the
effect of the conformal transformation over these projective invariant entities:
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With the help of equations (1.5), (1.6) and (2.6), the conformal counterpart of the
projective connection coefficients IT},(x, x) is given by

(3.1) Mjfx, x) = ITiy(x, %) — o, [é,ﬁ ;B — ﬁl—I {26{,04,0,B™ + x‘aka'jé,m"'}] .
n +

Contracting (3.1) with respect to the indices i and j and using the homogeneity

property of B¥(x, %), we obtain

(3.2 (%, x) = My(x, %),

i.e. functions IT}(x, X) are invariant under the conformal change (1.1). We have the
following theorems:

Theorem 3.1. When F,(x, %) and F,(x, X) are in conformal correspondence, we
have

(3.3a) Flig, + ¥'F ), =0,
and ‘
(3.3b) Loy = ;i+_1 ik — ou{F8,0,B™ + 1, 8,B™}],

where the notation ((E)) denotes the projective covariant derivative for the connection
coefficients IT j(x, %) in conformal Finsler space.*)

Proof. Using equations (1.1c), (1.4), (1.5),(1.7) and (1.8) in (2.10) and (2.11), we
obtain

(34 K&y = ne—+1 l's,, {% I, 0,B™ + 3kavam},
and

_ e’ 1 5 pym 2 A pym
(3:5) Fan = -~ - [ Fomd 2L 0,B™ + 0,0,B™" .

Multiplying (3.4) by F*(x, %) and (3.5) by %' and adding, we easily get the result
(3.3a).

Again, using equations (1.1c), (1.4), (1.5), (1.8) and (1.9) in (2.17), we obtain (3.3b).

Theorem 3.2. When F,(x, X) and F,(x, X) are in conformal correspondence, we have

eZa'

+1
- 0,{%Y(g:;0,0,B" + Zg,-(jék)éyB"”) + gu; 0,B™ + F? 9,0,0,B™}] ,
4) We have

(3.62) Fijean®' = " [gi5an*’ =

X{@w) = OX) — (0mX) My P + X" T -
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and

(3-6b) g ii((E))"Ci"‘j =

20

2 iej A A P
: 1 (950X X — 6,{F 0,0,B™ + g,;%' 0,B™}] .

n +

Proof. Under the conformal transformation (1.1), the equation (2.18) reads as
follows:

- ~i 1
(3.7) Gij(mn* = "

+1

[%425,,G + 3G} + 34,GY + F2GY,]

J
Using equations (1.1a), (1.1c), (1.4), (1.5), (1.6), (1.9) and the homogeneity property of
Gi(x, x) in (3.7) we get the result (3.6a).
Similarly, we obtain (3.6b) from (2.19).
Theorem 3.3. We have
(3-8) Gi@) = Giuy — B™(0:0,) — o [apBi" + G}, 6,B™ — Gy 9,,B" — G" 0,0,,B™ +
+ B™GE, + % {Gi ¢,B™ + G}§,B™ + G'$,0,B™ + G,B™ — 6!G™ 6,0,,B™ —
n +
— 8iB™G,, — %(G™ 0,,0,0,B" + B™G},)} + o, {6,,,3"' 0,B™ — B™ 3,0, B™ —

1
n+1

(0.B™ 8,B" + B" 6,0,B" — 5,B™ 0,,0,B" — B™ 6mak613'vxi)}].

Proof. The proof follows the pattern of the proof of theorem 3.2.
I wish to thank Professor R. S. MisHRA for his encouragement.
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