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1. A locally compact commutative semigroup S is a locally compact Hausdorf
space together with a continuous associative binary operation. We will assume that
on such a semigroup S there is a non negative regular Borel measure, m, satisfying
the condition that for each Borel set E in S with m(E) = 0, m(x™'E) = 0, where
x"'E = [y :xyeE]. The semigroup algebra of the locally compact commutative
semigroup S is taken as those finite regular Borel measures (linear functionals) in
M(S) (=C,(S)*) which are absolutely continuous with respect to the measure m,
and is denoted by L'(S, m). Addition and scalar multiplication are defined pointwise
and multiplication (convolution) is given by p*v(f) = [[f(xy) u(dx) v(dy), where
feCo(S) and p, ve M(S).

A multiplicative function 7 on S is a complex valued function on S satisfying
1(xy) = ©(x) 7(y) for all x and in S and with = % 0. A semicharacter on S is a bounded
m-measurable multiplicative function on S. We denote by S* the set of semicharacters
on S. If S possessesan identity element, then S* is a semigroup under multiplication
70(x) = 1(x) 0(x). If S is a locally compact abelian group and m is Haar measure
on S then the semigroup algebra is the known L! algebra and S* is the dual group of
continuous characters on S.

Some of the results of this paper are dependent on the work in [2], [4] and [6].
Furthermore, the work of COMFORT [3] on discrete semigroups is a base upon which
this paper is built. It was shown in [5] that the set 4 of non trivial multiplicative
linear functionals on L'(S, m)is in one to one correspondence with the elements of S*
(identiﬁed modulo equal almost everywhere). In particular, if 7 e S*, the linear
functional h(u) = [t duis a multiplicative linear functional and 7(x) = h(u * X)/h (1)
(k1) # 0 and p* X € L'(S, m)) is such that the mapping of © — h is the desired
correspondence.

The topology on S* will be taken to be the Gelfand topology that S* inherits via
the above correspondence with the maximal ideal space of the Banach algebra
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L'(S, m). Thus a net {r,} in S* converges to 7 in S* if and only if for each u in
L5, m). A(s) = A(e) () — 1) or fr, 0 = [
A fundamental neighborhood of 7 in S* is a set

U={0€S*:

_[(9 — 1) dy;

<e, {u}] < LS, m)}

where ¢ > 0. In this topology, S* is locally compact and is compact if and only if 0
is not in the closure of the multiplicative linear functionals in the w* topology on
L\(S, m)*.

It will be assumed from here on that S has an identity element, so that S* is
a semigroup. It follows readily from the above remarks on the topology of S* that
multiplication is continuous in S*.

The algebra of Gelfand transforms of L'(S, m) is a separating sublagebra of the
space of continuous functions vanishing at infinity on the locally compact Hausdorff
space S*, hence the Silov boundary @ induced by S* exists and satisfies

(i) 0 1is a closed subset of S*
(ii) if u € L'(S, m) then |4 assumes its maximum on &

(iii) no proper closed subset of o satisfies (ii).

In this paper, the boundary will be determined for a class of semigroups. In
particular, for compact linearly-quasi ordered semigroups [4] we will show that

0 = [reS* :|t] is idempotent] .

2. Let S be a compact commutative topological semigroup with identity element 1
and let m be a non negative regular Borel measure on S such that for each set E of
m-measure zero,

x'E=[y:xyekE]

is also of m-measure 0. Let K be the minimal ideal of S. Since K is a compact abelian
topological group, for each t € K, 7 a continuous character on K, the mapping t'(x) =
= 1(xe) (e the identity of K) is a continuous semicharacter on S and thus Borel
measurable. We identify K then as a subset of S*. It is clear that

R =[res*:|d =1].

Lemma 2.1. Let S be as above and let 0 denote the Silov boundary of the maximal
ideal space of L\(S, m), i.e. S*, then K < 0.
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Proof. Let y € K and let U be a neighborhood of y in S*. Without loss of generality
we let

U =[c:|nfr) — ax) <&, mel’(S,m) and 1<i<n]

and also assume that ¢ < 4.

We need to find v e I!(S, m) such that |9 assumes its maximum only on U. We
shall find a complex valued measurable function o, with m-finite support, on S and
take dv = a dm.

For each p;, let A; be the compact support of y; and let B; = [x* : x € 4;], note
that B; is the image under multiplication of A(S x S)n (4; x A;) and is thus

compact and hence a Borel set. Let A = J (4; U B;) and define
i=1
a(x) = yu(x) x(x) for all x in S.

Then o is Borel measurable with compact support and xdm e L'(S, m). Let v be
this measure. Then

m(4) = f 1) dm = f 14() 1) 2(x) dm = J 2(x) dv = 9(3).
If 0 ¢ U then there is a j, 1 < j < n, such that |2,(6) — 2,(x)| = ¢, that is

ﬁ" —rdy; 2 Jl(g — z) du;

2 g,

hence there is a subset B of A; such that m(B) > 0 and 10 — xl >0 >0onB,i.e.
0(x) # x(x) for all x in B.

If (x) = 0 on a set of positive measure C = B then

50) = | o9 o am] =

J o969 dm' < m(ANC) < m(4) = [3()] -

On the other hand, if 6 | B is zero only on a set of measure zero, then without loss
of generality 6(x) # 0 for all x in B. If |#(0)] = m(A), then $(6) = m(4) €*,0 < ¢ <
< 2n. Let dA =e " a?(x)0(x)dm and dy =e ?oa(x)dm and let u =7y + A
Then |4(0)] = |fe™ (a0 + a20?) dm| < 2m(4) since |o + o®6?| < 2 ard [A(x)| =
= |fe”"(oax + x*x) dm| = |e”" m(4) + fe”"*af dm| = 2m(A4). Hence for 0¢ U,
|2(0)] < |a(x)| and y e o.

Let I' =[x € S* :|¢| = 0 or 1]. Note that I' is the set of all those elements of S*
which have an inverse with respect to some idempotent in S* and hence that I is
a union of groups, the maximal groups containing each idempotent element in S*.
For y = x* in $* and H(x) the maximal group with identity y, H(x) is a locally com-
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pact topological group, since inversion in H(x) is complex conjugation, H(y) is closed
in S* and multiplication is continuous. Now I' is closed since S* is closed under
complex conjugation and the idempotent elements of a semigroup are a closed set,
thus {3,} a net in I with y, — y implies 7, — ¥ and hence x,¥, = xZ. Thus since 1%,
is an idempotent, yj is then an idempotent and y € I.

Lemma 2.2. Let S, 0 and I be as above. Then 0 < I'.

Proof. We will show that for yy € S* and \ ¢ I' that Y ¢ 0. Let y € S*\T. Then
there is an ¢ > 0 and a Borel set B in S of finite positive measure (m) such that
2 < |y(x)| < 1 — 2¢ for all xeB. Let v = yu(x) dm (x4(x) is the characteristic
function of B), then ve I}(S) and U = [0 e S* : [9(0) — ()| < ] is an open neigh-
borhood of  in S*. Note that 6 € U implies that ¢ < $(0) < 1 — ¢ and ]Z(nﬁ)] =
= Iﬁ// dm| < (1 — 2¢) m(B). In order to show that ¥ ¢ &, it suffices to show that
for each e L'(S, m), Iﬁ] attains its maximum outside of U. Let 6 € S* such that

|a(0)] = (o))

for all ¢ € S*. If 6 € S¥*\U there is nothing to prove hence we assume 0 € U. If
‘ﬁ(ﬂ)[ = 0 then |ﬁ[ = 0 and since the identically 1 valued semicharacter is not in U
(i.e. U # S*) again we are finished. Thus we can assume that 0 < [2(0)| and 0 is
an element of U. We will now construct a semicharacter not in U where ] ﬁ| also attains
its maximum value.

Since p € L'(S, m), p is absolutely continuous with respect to m and hence du =
= f(x) dm. Let

A =[x:f(x)0(x) # 0] .

We wish to consider the function of a complex variable

g9(z) = '[g(x) L+ gy tjf(x) 0(x) Ml dm =

= j f(x) 0(x) et +2mie! dm
A
Let X, = [x : |6(x)| > 1/n] and consider

g,,(z) =J 0(x) e(1+z)1n|o(x)l d/l .
Xn

Then
Aol — 1] du .
g(z + h) — g(z) = %j g(x) e(1+z)ln|0(x)1 [ehl 10 1
Xn
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For |h| small, Re (h) is small and the difference quotient is

j 0 € i () + .. 1]

and thus

G ) el G =f 0(x) et 2N 1 |o(x)| dp
|h| =0 h Xn

‘and g, is analytic. Now

J. G(X) e(1+z)ln|6(x)| dﬂl <J. le(x)l le(1+:)ln|6(x)l dﬂ =
S\X, S\X,

- J ‘e(x)l |e(l+Rez)ln|9(x)|| du .
S\X,

lg(z) - g”(Z)| =

Now for Re z > —1, 1 TReaMIO®I 1 554

0.2) = 6(z) < - ]

hence g,,(z) converges uniformly to g(z) for Rez > —1 and g is analytic in
Rez > —1.

We define semicharacters 6, on S for Re z > —1 by

0.0x) =0 if 6(x) =0
0.(x) = 0(x) e T g(x) £ 0.

For a,be S if 0(a) = 0 or 6(b) = 0 then 6(ab) = 0 and 6,(ab) = 0 = 6,(a) 0.(b).
If 6(a) # 0, then 6(ab) # 0 and

9,(ab) = B(ab) e(1+z)ln]9(ab)| = 9(0) e(l+z)ln|0(a)| O(b) e(1+z)ln]6(b)| .

Further Re(z) > —1 implies |0,(x)| = |6(x) e *=""1?@!

is clearly measurable.

Note that 2(6,) = g(z), and that for Rez > —1, 0, e S* and |4 attains its
maximum at 6 i.e. |2(0)| = |g(0)| is maximum value of the analytic function g in
a neighborhood of 0 and hence g is constant thus ﬁ] attains its maximum also at 0,
for Re z > —1 and we choose z real such that 6, € S* and |6""! > (1 — &) m(B),
i.e. 0, ¢ U and we see that y is not in the boundary 0.

< 1 and 0, € S* since 0,

3. Linarly Quasi-ordered semigroups. A general discussion of linearly quasi-
ordered semigroups can be found in [4] and [6]. The existence of a measure on such
semigroups satisfying the conditions in section 1 is to be found in [6]. We show in
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this section that the boundary 8 of the maximal ideal space S* of L'(S, m), where S
is a compact commutative linearly quasi-ordered topological semigroup with identity
is I' the set of those semicharacters (measurable) whose absolute values are idem-
potent elements of the semigroup S* of all measurable semicharacters. From lemma
2.2 we know that 0 = I' and need only the reverse inequality.

Let S be a compact commutative linearly quasi-ordered topological semigroup
and y € S*, the measurable semicharacters on S. Now y~*(0) is a prime ideal of S
and is identical with || 7*(0). Since |y| can also be considered as a multiplicative
function on S/, it is readily seen that y ~*(0) either is equal to Se for some idempotent
element e in S or is equal to Se\ H(e) for some idempotent element e in S. In the
following ¢ is the natural mapping ¢ : S — S/2.

Lemma 3.1. Let S and y be as above and let e be such that (p(e) is the zero of
a unit thread in S|, then y in I' implies y is in 0.

Proof. Let f be the idempotent element of S such that (p(f) is the identity of the
unit thread for which ¢(e) is the zero then since y is a measurable semicharacter
on S,y ] Sf\ Se is a continuous semicharacter on Sf \ Se and hence is the restriction
of a character on the group H(f) x R to a subsemigroup and as such is in the bound-
ary of the maximal ideal space of L'(Sf\ Se) [1]. Since L'(Sf \ Se) can be considered
as a subalgebra of L'(S), we see that y € 0.

Lemma 3.2. Let S and x be as above and let e be such that the connected com-
ponent containing e in E, the set of all idempotent elements, is a point. If ¢(e) is
not the zero of a unit thread and y is in I then y is in 0.

Proof. Since the component of E containing e is {e}, there exists a linearly
ordered net f, of idempotent elements f, | e such that each f, is such that (p(fa,) is
the zero of a unit thread. Define

_yx on S\Sf,,
2 =30 on Sf,,

then by lemma 3.1 y, € d. Thus we need only show that y, — x to obtain y € 0.
Now y, — y if and only if for each v € L'(S), #(x,) — 9(x). We need consider only
those v with support contained in S \ Se, thus

L (=) dv

fo\Se

< (Sf,\ Se).

(1) — 9(x)| = { f (e - 7) dyl -

Since v is a regular Borel measure and f, — e, ¥(Sf,\ Se) > 0 and y € 0.

Lemma 3.3. Let S and y be as above and let e be such that ¢(e) belongs to a non-
trivial idempotent interval in S|, then y in I' implies y € 0.
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Proof. Since (p(e) is in an idempotent interval y is equivalent to a semicharacter
on S defined uniquely by extension of a character on H(e) to S. For any idempotent f
with ¢(f) in the same interval and ¢(f) > ¢(e), there is an involution on I*(Sf\ Se)
so that the algebra is self-adjoint and hence the boundary of the maximal ideal
space of this algebra is the whole maximal ideal space. It then follows that y isin .

We thus have the following

Theorem 3.4. Let S be a compact commutative linearly quasiordered topological
semigroup such that S/Q contains no nil thread. The natural measure m on S is
such that L'(S, m) is a Banach algebra and the Silov boundary of the maximal
ideal space corresponds in a one to one fashion with those m-measurable semi-
characters on S whose absolute values are idempotent semicharacters.

References

[1] Arens, R. and Singer, I. M.: Generalized analytic functions, Trans. Amer. Math. Soc., ‘81
(1956), 379—393.

[2] Bergman, J. G. and Rothman, J. J.: An L'-algebra for algebraically irreducible semigroups,
Studia Math., 33 (1969), 257—272.

[3] Comfort, W. W.: The Silov boundary induced by a certain Banach algebra, Trans. Amer.
Math. Soc., 98 (1961), 501—517.

[4] Rothman, N. J.: Linearly quasi-ordered compact semigroups, Proc. Amer. Math. Soc., 13
(1962), 352—357.

[5] Rothman, N. J.: An Ll-algebra for certain locally compact topological semigroups, Pacific
J. Math., 23 (1967), 143—151.

[6] Rothman, N. J.: An Ll-algebra for linearly quasi-ordered compact semigroups, Pacific J.
Math., 26 (1968), 579—588.

Author’s address: Technion, Israel Institute of Technology, Haifa, Israel and University of
Illinois, Urbana, Illinois 61801, U.S.A. ’

30



		webmaster@dml.cz
	2020-07-02T23:47:43+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




