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1. INTRODUCTION

A semigroup S is called normal if xS = Sx for all elements x of S (S. Schwarz
[15]). A subsemigroup A of a semigroup S is called a bi-ideal of S if ASA <= A.
The purpose of this paper is to give some properties which characterize normal
semigroups and normal regular semigroups in terms of bi-ideals.

Let PB(S) be the set of all non-empty subsets of a semigroup S. Then PB(S) is
a semigroup under the multiplication of subsets. In [3] S. Lajos has proved that if
a semigroup S is normal then SJS(S) is also normal. Let %(S) be the set of all bi-ideals
of a semigroup S. Then B(S) is a subsemigroup of P(S). In § 5 we shall prove that S
is normal if and only if B(S) is normal. A semigroup S is called regular if, for any
element a of S, there exists an element x in S such that a = axa. J. LUH[9] has proved
that a semigroup S is regular if and only if B(S) is regular. It is clear that if B(S) is
idempotent then it is regular. S. Lajos has given an example of a semigroup S such
that B(S) is regular but is not idempotent and proved that, for an intra-regular
semigroup S, B(S) is idempotent if and only if B(S) is regular ([7]). We shall prove
in § 6 that, for a completely regular semigroup S or a normal semigroup S, B(S)
is idempotent if and only if B(S) is regular.

2. DEFINITIONS

A subsemigroup A of a semigroup S is called normal if xA = Ax for all elements x
of S. A semigroup S is called left (right) regular if, for any element a of S, there
exists an element x in S such that a = xa® (a = a’x). A semigroup S is called
intra-regular if, for any element a of S, there exist elements x and y in S such that
a = xa®y. A semigroup S is called completely regular if, for any element a of S,
there exists an element x in S such that a = axa and ax = xa
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We denote by [x]., [¥]x and [x]; the principal left ideal, right ideal and bi-ideal
of a semigroup S generated by x in S;

[x].=xuSx, [xlg=xuxS, [x]z=xux>UxSx.

For the terminology not defined here we refer to the book by A. H. CLIFFORD
and G. B. PresToN [1].

3. NORMAL IDEALS

Lemma 3.1. Let A be any ideal of a semigroup S. Then
(1) A[x]p = A[x], = Ax forall xe S,
(2) [x]sA4 = [x]r4 = x4 for all xeS.

Proof. Let x be any element of S. Then

A[x], = A(x U Sx) = Ax U A(Sx) = Ax U (4S)x < Ax < A[x],
and
Alx]p = A(x U x* U xSx) = Ax U Ax* U A(xSx) =
= Ax U (Ax) x U (AxS) x € Ax < A[x];-
Therefore
A[x]p = A[x], = 4Ax

for all x € S. Similarly we can prove that

[x]s4 = [x]ed = x4
for all x € S.

Theorem 3.2. For an ideal A of a semigroup S the following conditions are
equivalent:

(1) A is normal,

(2) X4 = 4x for all X e B(S),

(3) X4 = Ax Sor all X e B(S),

(4) [X]BA = A[x]g for all xe S,

(5) [X]BA = A[x]L for all xe S,

(6) [x]ed = Ax  forall xe€s5,

(7) [x]r4 = A[x]s for all xe€S5,

(8) [*Ix4 = A[x]. for all x €S,

9) [X]RA = Ax  forall xe8S,
(10) xA = A[x]s  Jforall xeS,
(11) xA = A[x], forall xeS.

44



Proof. First we assume that 4 is normal. Let X be any non-empty subset of S
and xa (x € X, a € A) any element of XA. Then we have

xaexA = Ax < AX
and so
XA < AX .

Similarly we can see that the converse inclusion holds. Therefore
XA = AX

for all X € B(S) and (1) implies (2). It is clear that (2) implies (3) and (3) implies (4).
It follows from Lemma 3.1 that (1) and (4) ~ (11) are equivalent. This completes
the proof of the theorem.

As is easily seen, the product AB of ideals 4 and B of a semigroup S is also an ideal
of S. For normal ideals of a semigroup we have the following:

Theorem 3.3. Let A and B be any normal ideals of a semigroup S. Then the
products AB and BA are also normal ideals of S and

AB = BA
holds.

Proof. It follows from (2) of Theorem 3.2 that AB = BA holds. For any element x
of S we have

x(AB) = (xA) B = (Ax) B = A(xB) = A(Bx) = (AB) x.

Thus AB is normal.

Theorem 3.4. For an ideal A of a regular semigroup S the following conditions
are equivalent:

(1) A is normal,

(2) e4 = 4e for all idempotents e of S,

(3) [elsA = A[e]s for all idempotents e of S,

(4) [els4 = Ale]s. for all idempotents e of S,

(5) [elsd = Ae  for all idempotents e of S,

(6) [elrA = A[els for all idempotents e of S,

(7) [elrd = Alelr for all idempotents e of S,

(8) [e]lrd = Ae  for all idempotents e of S,
(9) eA = A[e]B for all idempotents e of S,
(10) eA = A[e].  for all idempotents e of S.

Proof. It is clear that (1) implies (2). That (2) ~ (10) are equivalent can be proved
in a similar way as in the proof that (1) and (4) ~ (11) are equivalent in Theorem 3.2.
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Assume that (2) holds. In order to prove that (1) holds, let x be any element of S.
Then, since S is regular, there exists an element y in S such that x = xyx and yx
is idempotent. Then we have

xA = (xyx) A = x((yx) 4) = x(A(yx)) = (xAy) x = Ax .
Similarly we can prove that the converse inclusion holds. Therefore we obtain that
xA = Ax

for all x € S and that (2) implies (1). This completes the proof of the theorem.

4. MINIMAL NORMAL IDEALS

Let A be a normal ideal of a semigroup S, and x any element of S. Then we have

(xA) S = x(AS) < x4
and
S(xA) = S(4x) = (S4) x < Ax.

This means that x4 is an ideal of S. Thus we have the following:
Lemma 4.1. Let A be any normal ideal of a semigroup S. Then, for any element x

of S, xA is an ideal of S.
S. LaJos has given the following:

Lemma 4.2. ([4] Theorem 8). The product of a bi-ideal and of a non-empty
subset of a semigroup S is also a bi-ideal of S.

An element z of a semigroup S is called a zero element of S if az = za = z for
all a € S. Then we have the following:

Theorem 4.3. Any minimal ideal of a semigroup S is a zero element of B(S).

Proof. Let A be a minimal ideal of S. Then it is clear that 4 € B(S). Let X be
any bi-ideal of S. Then we have

XA<SAcA.
Then it follows from Lemma 4.2 and the minimality of 4 that

XA=4.
Similarly we can prove that
AX = A

for all X € B(S). This means that 4 is a zero element of B(S).
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Theorem 4.4. Any minimal normal ideal of a semigroup is a group.

Proof. Let A be a minimal normal ideal of a semigroup S. Let x be any element
of S. Then we have

Ax =xA S SA<c 4.
Then it follows from Lemma 4.1 and the minimality of A that

Ax = xA=A4.
This implies that

Ax =xA=A

for all x € A. This means that A4 is a group.

5. NORMAL SEMIGROUPS

Now we give a characterization of a normal semigroup.

Theorem 5.1. Following conditions concerning a semigroup S are equivalent
to each other:

(1) S is normal,

(2) xS = Sx for aH X e B(S),
(3) XS = Sx for all X e B(S).
4) [x]5 S = S[x]s for all x€S,

(5) [x]s S = S[x]. for all xeS,

(6) [x]sS = Sx " forall xeS,

(7) [x]x S = S[x]s forall xeS,

(8) [x]x S = S[x]. for all xeS,

(9) [x]r S = Sx forall xeS,
(10) xS = S[x]s for all xeS,
(11) xs = S[x], for all xeS,

(12) B(S) is normal,

(13) [x]5 B(S) = B(S) [x]s for all xeS,
(14) [x]5 B(S) = B(S) [x]. for all xeS,
(15) [x]5B(S) = B(S)x  forall xeS,
(16) [x]x B(S) = B(S) [x]s for all xeS, .
(17) [x]e B(S) = B(S) [x]. for all xe S,
(18) [x]x B(S) = B(S)x  forall xeS,
(19) xB(S) = B(S)[x]s  forall xeS,

47



(20) x B(S) = B(S)[x].  forall xeS,
(21) x B(S) = B(S) x for all xeS.

Proof. Since the semigroup S itself is an ideal of S, it follows from Theorem 3.2

that (1) ~ (11) are equivalent.
Assume that (1) holds. Let A4 and X be any bi-ideals of S and a any element of 4.

Then we have
aX < aS=5Sa < SA<B(S)4
and so
AB(S) = B(S)4.
Similarly we can prove that the converse inclusion holds. Thus we obtain that
A B(S) = B(S) 4

for all 4 € B(S), and that B(S) is normal. Therefore (1) implies (12). It is clear that
(12) implies (13). Assume that (13) holds. In order to prove that S is normal, let x
be any element of S. Then, for some 4 € B(S), we have

xS < [x]pS = A[x]s = S[x]s < Sx.

Similarly we can prove that the converse inclusion holds. Thus we obtain that S is
normal and that (13) implies (1). The rest of the proof can be easily seen. This com-
pletes the proof of the theorem.

The following corollary is immediate from Theorem 5.1.

Corollary 5.2. Every one-sided ideal of a normal semigroup is a two-sided ideal.

6. COMPLETELY REGULAR SEMIGROUPS

The following characterization of a completely regular semigroup is well-known.

Lemma 6.1. ([1] p. 112, [11] p. 425 ~ p. 426 and [12] p. 105). For a semigroup S
the following conditions are equivalent:

(1) S is completely regular,
(2) aea®’Sa* for any a€S,
(3) S is left and right regular.

Following the terminology of A. H. Clifford and G. B. Preston [1] we say that
a subset X of a semigroup S is semiprime if a* € X, a € S implies a € X. Now we
give another criterion for a completgly regular semigroup.

Theorem 6.2. A semigroup S is completely regular if and only if every bi-ideal
of S is semiprime.
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Proof. First we assume that S is completely regular. Let A be any bi-ideal of S.
Let a’ € A and a € S. Then it follows from Lemma 6.1 that

aea’Sa* € ASAc A.

This means that A is semiprime.

Conversely, every bi-ideal of S is semiprime. Then, since any one-sided ideal of
a semigroup is a bi-ideal, every left and right ideal of S is semiprime. The it follows
from Lemma 4.1 of [1] (p. 121) that S is left and right regular. Thus it follows from
Lemma 6.1 that S is completely regular. This completes the proof of the theorem.

Let A be any bi-ideal of a completely regular semigroup S and a any element of 4.
Then by Lemma 6.1 we have

aea*Sa®> c A*SA?
and so we have
A< A’SA? = A(ASA)Ac A’ A*c 4.
Thus we have
A2 =A.

Therefore we have the following theorem:
Theorem 6.3. Let S be a completely regular semigroup. Then B(S) is idempotent.
As is stated in Introduction, the following lemma is due to J. Luh [10].
Lemma 6.4. For a semigroup S the following conditions are equivalent:

(1) S is regular,
(2) B(S) is regular.

Since a completely regular semigroup is regular, Theorem 6.3 and Lemma 6.4
imply the following:

Theorem 6.5. For a completely regular semigroup S the following conditions are
equivalent:

(1) B(S) is idempotent,

(2) B(S) is regular.

The following theorem shows that, for a normal semigroup, the converse of
Theorem 6.3 holds.

Theorem 6.6. For a normal semigroup S the following conditions are equivalent:

(1) S is regular,
(2) S is left regular,
(3) S is right regular,
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(4) S is intra-regular,

(5) S is completely regular,

(6) a € (aS)" for every element a of S and every integer n = 2.

(7) B(S) is idempotent,

(8) B(S) is completely regular,

(9) B(S) is regular.

Proof. Since S is normal, it can be easily seen that (1) ~ (6) are equivalent. By

Lemma 6.4, (1) and (9) are equivalent. By Theorem 6.3, (5) implies (7). It is clear
that (7) implies (8), and (8) implies (9). This completes the proof of the theorem.

7. NORMAL REGULAR SEMIGROUPS

Theorem 7.1. Any right (left, two-sided) ideal of a normal regular semigroup is
regular.

Proof. By Corollary 5.2, it suffices to prove that any twosided ideal 4 of a normal
semigroup S is regular. Let a be any element of A. Then it follows from Theorem 6.6
that '

ae(aS)® < a(SASS)a < ada.

This means that A is regular.

Theorem 7.2. The center of a normal regular semigroup is regular.
Proof. Let a be any element of the center Z of a normal regular semigroup S.
Then, by Theorem 6.6, we have
ae(aS)® < a(aS)a
and so there exists an element x in S such that
a = a(ax)a.
In order to prove that ax € Z, let b be any element of S. Then we have
b(ax) = (ba) x = (ab) x = a(bx) = (aaxa) (bx) = aax(ab) x =
= aax(ba) x = aa(xb) (ax) = a(a(xb)) (ax) = a(a(xb))(xa) =
= a((xb) a) (xa) = (a(xb)) (axa) = ((xb) a) axa = (xb) (aaxa) =
= (xb) a = a(xb) = (ax)b.
Therefore we have
axeZ

and so
acaZa.

This means that the center Z of S is regular. The proof is complete.

50



Now we give the following two lemmas obtained by S. Lajos.

Lemma 7.3. ([8] Theorem 2). For a semigroup S the following conditions are
equivalent:

(1) S is a semilattice of groups,
(2) S is regular and eS = Se for all idempotent elements e of S.

Lemma 7.4. ([5] Theorem 12). If a semigroup S is a semilattice of groups, then
every bi-ideal of S is two-sided.

A semigroup S is called viable if ab = ba whenever ab and ba are idempotents.
A viable semigroup is studied by M. S. PutcHA and J. WEIssGLAss [13].

Lemma 7.5. ([13] Theorem 6). If a semigroup S is a semilattice of groups, then it
is viable.

Theorem 7.6. For a regular semigroup S the following conditions are equivalent
to each other:

(1) S is normal,

(2) eS = Se for all idempotents e of S,
(3) [e]s S = S[e]s for all idempotents e of S,
4) [s]z S = S[e]. for all idempotents e of S,
(5) [e]ls S = Se for all idempotents e of S,
(6) [e]x S = S[e]s for all idempotents e of S,
(7) [e]lr S = S[e]. for all idempotents e of S,
(8) [e]r S = Se for all idempotents e of S,
(9) eS = S[e]s for all idempotents e of S,

(10) eS = S[e]y. for all idempotents
(11) [e]s B(S) = B(S) [e]s for all idempotents
(12) [e]s B(S) = B(S) [e].. for all idempotents
(13) [e]s B(S) = B(S)e  for all idempotents e of S,
(14) [e]r B(S) = B(S) [e]s for all idempotents e of S,

e of S,
e
e
e
e
(15) [e]x B(S) = B(S) [e].. for all idempotents e of S,
e
e
e
e

of S,
of S,

(16) [e]x B(S) = B(S)e  for all idempotents e of S,
(17) e B(S) = B(S)[e]s  for all idempotents e of S,
(18) e B(S) = B(S)[e].  for all idempotents e of S,
(19) e B(S) = B(S) e for all idempotents e of S,
(20) B(S) is viable.
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Proof. Since the semigroup S itself is an ideal of S, it follows from Theorem 3.4
that (1) ~ (10) are equivalent. From this and Theorem 5.1, we can easily seen that
(1) and (11) ~ (19) are equivalent. We note that it follows from Lemma 7.3 that
a semigroup S is normal and regular if and only if it is a semilattice of groups (see,
D. Latorre [9]). Assume that S is normal. Then it follows from Theorem 5.1 and
Lemma 6.4 that B(S) is normal and regular. Thus B(S) is a semilattice of groups.
Therefore it follows from Lemma 7.5 that B(S) is viable. Thus we obtain that (1)
implies (20). Conversely we assume that B(S) is viable. Since S is regular, by Lemma
6.4 EB(S) is regular. Let A be any bi-ideal of S. Then for some X € %(S) we have

A=AXA < ASAc A
and so we have
A= ASA

and both AS and SA are idempotents of B(S). Since B(S) is viable, we have

AS = SA ..

Since A is any bi-ideal of S, it follows from Theorem 5.1 that S is normal. Therefore
we obtain that (20) implies (1). This completes the proof of the theorem.

Finally we give a characterization of semigroups which are semilattices of groups.

Theorem 7.7. The following conditions concerning a semigroup S are equivalent
to each other:

(1) S is a semilattice of groups,

(2) S is regular with any one of the conditions (1) ~ (21) of Theorem 5.1 or
(2) ~ (20) of Theorem 1.6,

(3) B(S) is a semilattice of groups,

(4) B(S) is regular and normal,

(5) B(S) is regular and viable,

(6) B(S) is a completely regular semigroup such that every bi-ideal of S is
two-sided.

Proof. It suffice to prove that (2) and (6) are equivalent. Assume that (6) holds.
Since EB(S) is regular, S is regular by Lemma 6.4. In order to prove that S is normal,
let A be any bi-ideal of S. Since B(S) is completely regular, there exists a bi-ideal X
of S such that

A=AXA and AX = XA.
Then, since every bi-ideal of S is two-sided, we have

AS = (AXA) S = (AX) (AS) = (XA)(4AS) = X(4AS) < XA < SA.
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In a similar way we can prove that the converse inclusion holds. Therefore we have
AS =S4

for all 4 € B(S). Then it follows from Theorem 5.1 that S is normal. Therefore we
obtain that (6) implies (2). Conversely we assume that S is normal and regular. Then
it follows from Theorem 6.6 that B(S) is completely regular. Since S is a semilattice
of groups, it follows from Lemma 7.4 that every bi-ideal of S is two-sided. Therefore
we obtain that (2) implies (6). This completes the proof of the theorem.

The following well-known result is immediate from (1) and (2) of Theorem 7.7,

Corollary 7.8 ([12] Corollary 1I. 4.12). For an idempotent semigroup S the fol-
lowing conditions are equivalent:

(1) S is normal,

(2) S is commutative.

Acknowledgement. I am indebted to Mr. H. KomuRro for some valuable comments.

References

[11 A. H. Clifford and G. B. Preston: The algebraic Theory of Semigroups. Vol. I, Math.
Surveys No. 7, Amer. Math. Soc., Providence, R. 1., (1961).

[2] S. Lajos: Generalized ideals in semigroups, Acta Sci, Math., 22 (1961) 217—222.

[3]1 S. Lajos: O Tonyrpynne ITonmuoxects ITonyrpynner, Publ. Math. Debrecen, 7/ (1964)
223—226.

[4] S. Lajos: Note on (m, n)-ideals. II, Proc. Japan Acad., 40 (1964) 631—632.

[51 S. Lajos: On semigroups that are semilattices of groups. II, Dept. Math. K. Marx Univ.
of Economics, Budapest (1971).

[6] S. Lajos: A note on semilattices of groups, Acta Sci. Math., 33 (1972) 315—317.

[71 S. Lajos: Theorems on (1, 1)-ideals in semigroups, Dept. Math. K. Marx Univ. of Eco-
nomics, Budapest (1972).

[8] S. Lajos: Characterizations of semilattices of groups, Math. Balkanica, 3 (1973) 310—311.

[9] D. Latorre: On semigroups that are semilattices of groups, Czechoslovak Math. J., 21 (96)
(1971) 369—370.

[10] J. Luh: A characterization of regular rings, Proc. Japan Acad., 39 (1964) 741—742.

[11] E. C. Jannun: Tlonyrpynnsr, Mocksa, (1960).

[12] M. Petrich: Introduction to Semigroups, Bell and Howell Company (1973).

[13] M. S. Putcha and J. Weissglass: A semilattice decomposition into semigroups having at
most one idempotent, Pacific J. Math., 39 (1971) 225—228.

[14] V. S. Ramamurthi: Weakly regular rings, Canad. Math. Bull., 16 (1973) 317—321.

[15] S. Schwarz: A theorem on normal semigroups, Czechoslovak Math. J., 10 (85) (1960)
197—200.

Author’s address: College of Science and Technology, Nihon University, 7—24—1, Narashi-
nodai, Funabashi-shi, Chiba-ken, Japan.

53



		webmaster@dml.cz
	2020-07-03T00:45:21+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




