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Let n be an integer, n = 2, let g be a positive continuous function on [0, oo),
and let o be a real number, « > 1. It is known (see I. Licko and M. Svec [3] and
G. H. RyDER and D. V. V. WEND [6]) that

(1) f et (i) d < w0

0

is a necessary and sufficient condition for the existence of a nonoscillatory solution of

(2) uC(t) + q(t) [u(®)|* sen (u(1)) = 0.

The sufficiency of (1) is usually shown by showing the existence of a solution u
of (2) with
(3) lim ()

t— 00
existing and not being zero. On the other hand, I. T. KIGURADZE [2] has shown that
the nonoscillatory solutions of (2) fall into n distinct classes, and one of these classes
contains all solutions u for which (3) exists. We shall obtain separate necessary and
sufficient conditions for each of the n classes.

Suppose u is an eventually positive solution of (2). Now there is ¢ = 0 such that u
is defined on [¢, o) and none of u, u’, ..., u'*"~") has a zero in [¢, ©). Let j, be the
largest integer such that u” > 0 on [¢, ) if i £ j, (where we write u = u(®).
Now j, is odd and u®u®**1 < 0 on [c, o) if j, < k < 2n — 1. Since j, is odd,
we see that there are n possible values for the function described by u — j,, and that
the eventually positive solutions of (2) fall into n classes. If u is an eventually negative
solution of (2), then —u is an eventually positive solution, so similar analyses apply.
(See Kiguradze [2], Ryder and Wend [6], and the present author [4], [5] for details
on the above construction).
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Theorem. Suppose k is an odd integer in [0, 2n]. Then

4) J rm kD (1) de < o
0

if and only if there is an eventually positive solution u of (2) with k = j,.

Note that our Theorem is an improvement of [5, Corollary 2], in which it was
shown that if k > 1, « > k/(k — 1), and

J‘ootzn~k+1(k~l)Al q(l)dt = o

0

then (2) has no eventually positive solution u with k = j,. If m is an odd integer in
[0,2n] and m < k then (4) implies

e}
J‘ 12n~m+z(m~l) q(l) dt < ©,
0

since a > 1. This gives the following result.

Corollary 1. If m and k are odd integers in [0, 2n], if m < k, and if there is an
eventually positive solution u of (2) with j, = k, then there is an eventually positive
solution u of (2) with j, = m.

If u is an eventually positive solution of (2) and k = j,, then u® > 0 and u®*" <

< 0, eventually, so lim u¥(r) exists. This and k applications of L’Hopital’s Rule

t—=> o
say that lim u(f)[f* exists. Thus we have another corollary.

t— o0

Corollary 2. Suppose k is an odd integer in [2, 2n]. Then

(5) J (2n—ktak=1) q(t) dt = o
if and only if

(6) lim 40)

exists and is finite whenever u is a nonoscillatory solution of (2).

Proof of the theorem. Suppose there is an eventually positive solution u of (2)
with k = j,. Find ¢ 2 0 such that u is defined on [¢, c0) and none of u, ', ..., u®"~ 1
has a zero on [¢, ). Now

1

©) u®(f) = P— r(s — 1)1 g(s) u(s)" ds

T (2n -k 0
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if t =c Also,if s>1t2=c,

(8) uls) 2

J( s=& TP uk-D(g)de 2 (k— 2),f(s—é)" PutTh)d¢ 2

> “(k 1)(t) (s — gy-2de = (s — 0" u®=1(r)
w2, (k — 1) ’

since u*~ ! is increasing (recall u® > 0). If v = u* D and p = ((2n — k — 1))7*.

.((k — 1)!)"* then (7) and (8) say

l)/(t) g ﬂv(t)nz Jw(s _ I)Zn—k—~1+m(k—1) q(S) dS ,

=T

MOLOREY. j ( ket g9 s,
=l )z [ ([T e g ae) s

if t 2 c. Since lim v(r)' ™% exists, because a > 1, this says

t—= o0

) r (f(é — )Pk T g(g) dé) ds < .

c

But (9) implies (4), so the first part of the proof is complete.
Now suppose (4) holds, and let

y _J. 2n k+a(k— l)q(l) dt
0
Find positive numbers § and b such that

b*y

<b.
(k — 1)1 (2n — k — 1)!

(10) B+

(Clearly there are such numbers, since o > 1.) Let & be the set to which f belongs
if and only if f is a continuous function from [0, o) to [0, o), and f(f) < bt*~*
if t 2 0.If fis in # then (4) says

thz"‘k"l q(0) f(1y dt < 0.
0

Let Tbe that function on &, each value of which is a continuous function from [0, o)
to [0, o), such that g = T(f) if and only if

1

e e ([ e o ac) o

g()=p' +
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whenever t > 0. Suppose fisin & and g = (Tf). If t = 0,
ba
t é tk—l 2n—k— 1+a(k—1) d d =
o021+ ), ([ o))

_ k-1 b* ‘ ® 2n—k—1+ak—1)
: @wamwkﬁﬂxﬁf “mgﬂé

b™y k—1 k—1
<(p+ TS b,
(ﬂ (k - 1)! (2n -k — 1)!)

from (10), of g is in &, and Tmaps & into &. Now routine computations show that T
is continuous with respect to the topology of locally uniform convergence, and that
the range of T'is locally equicontinuous. Thus the fixed point theorem of J. SCHAUDER
[7] (see also W. A. CoppEL [1, p. 9]) says that there is u in & with u = T(u), i.e.,

(11) u(t) = pi~' +
a0 ([ e )

if t = 0. Now (11) says u(r) = B*~' if 1 2 0, so u(z) is positive if ¢ > 0. Also, it is
easily seen that u is a solution of (2), and j, = k. The proof is complete.

Corollaries 1 and 2 are now obvious.
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