Czechoslovak Mathematical Journal

Charles R. Combrink; Euda E. Dean
Z-group wreath products

Czechoslovak Mathematical Journal, Vol. 33 (1983), No. 1, 34-36

Persistent URL: http://dml.cz/dmlcz/101852

Terms of use:

© Institute of Mathematics AS CR, 1983

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/101852
http://dml.cz

Czechoslovak Mathematical Journal, 33 (108) 1983, Praha

Z-GROUP WREATH PRODUCTS

C. R. ComBRINK, Fort Worth and E. E. DeaN, Arlington
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In a recent paper [5], Konyndyk proved the following theorem. ,,If 4 and G are
nontrivial locally nilpotent groups, then A wr G is residually central if and only if
(1) G is torsion-free, or (2) for some prime p, all elements of G and of A of finite
order have p-power order.” We show that these groups are actually Z-groups. We
also show that if 4 is a Z-group and G is a torsion-free locally nilpotent group,
then 4 wr G is a Z-group.

A Z-group is a group with a central series. Hickin and Phillips in [4] proved that
a group G is a Z-group if and only if for each non-trivial finitely generated subgroup K
of G,K £ [K, G]. If A and G are groups, the standard restricted wreath product of A
and G, denoted 4 wr G, is the semidirect product of 4 by G where 4 is the set of all
functions from G into A with only finitely many non-1 values. Iif x e 4, g€ G, g * ag =
= o’ € 4 such that «%(x) = a(xg ') forall x € G. A4 is called the base group of A wr G.
If 4, is a subgroup of 4, we let 4, = {x e A | «(g) € 4, for all g € G}.

Lemma 1. Let A and G be non-trivial Z-groups. Then W = A wr G is a Z-group
if and only if for every finitely generated subgroupK =+ 1of 4,K £ [K, W].

Proof. If Wis a Z-group, the condition holds by [4]. Conversely, if K £ [K, W]
for all non-trivial finitely generated subgroups K of A4, let L= {wy, ..., w,> < W.
If L £ 4, WA = G, a Z-group and LA/A is a non-trivial finitely generated subgroup
of W/A. Hence, LA|A £ [LA|A, W|A] = [L, W] A/[Aandso L£ [L, W].IfL< 4,
L£ [L, W] by assumption. Thus, Wis a Z-group. []

Theorem 1. Suppose that A and G are locally nilpotent groups. Then W =
= A wr G is a Z-group if and only if
(1) G is torsion-free, or
(2) for some prime p, all elements of G and of A of finite order have order
a power of p.
Proof. If Wis a Z-group, then W is residually central and (1) and (2) follow from

Theorem 3 of [5].
Suppose that (1) or (2) holds and that W = A4 wr G is not a Z-group. Since the
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class of Z-groups is a local class [7], there is a finitely generated subgroup L of W
which is not a Z-group. Hence, there are finitely generated subgroups A4, of A and G,
of G such that Lcan be embedded in A; wr G,. Thus, A, wr G, is not a Z-group and
A, and G, satisfy (1) or (2). Therefore, we may assume that 4 and G are finitely
generated nilpotent groups.

By Lemma 1, there is a finitely generated subgroup K of 4 such that K < [K, W],
K =+ 1. Since K is finitely generated and A is nilpotent, there exists an integer s such
that K < {(A4) but K £ {,_,(4). If ¢ is the natural homomorphism of W onto
W/(,-(A), o(K) £ 1 and o(K) < o([K, W]) = [o(K), o(W)] so that W|{,_,(A) is
not a Z-group. o(K) = o({(4) G) and o(K) < [a(K), o(W)] = [a(K), o({,(4) G)]
so that o({(4) G) is not a Z-group. If we set A, = {(A4)/¢;-1(4), o({(4) G) =
~ A, wr G so that 4; wr G is not a Z-group. By Corollary 2.11 in Baumslag [1],
if A and G satisfy (2), A, and G also satisfy (2). Thus, we may assume that A is abelian.

If (1) holds, G is a finitely generated torsion-free nilpotent group and so is residually
a finite g-group for all primes g [2]. Thus, by Theorem B2 of Hartley [3], W is re-
sidually nilpotent and hence a Z-group, a contradiction. If (2) holds, by Theorem 2.1
of Gruenberg [2], A and G are residually of order a power of p. Hence, by Theorem
B1 of Hartley [3], W is residually a nilpotent p-group of finite exponent and so is
a Z-group, again a contradiction.

Lemma 2. Let A and G be nontrivial Z-groups. If A wr G is not a Z-group, then
there exists a finitely generated Abelian group A, and a finitely generated subgroup
G, of G such that A, wr G, is not a Z-group.

Proof. Let A and G be Z-groups, A £+ 1 + G, and assume that 4 wr G is not
a Z-group. Since the Z-groups form a local class and are subgroup closed, there
exist finitely generated subgroups A4, of 4 and G, of G with W= A4; wr G, not a Z-
group. Hence there exists a finitely generated subgroup K of 4;, K =+ 1, such that
K < [K, W]. Since A, has a central series, S = {(V,, 4,) | e}, and K is finitely
generated, there exists a 6 € X with K < 4, but K & V,. Now, V, << Wand W[V, ~
=~ (4,/V,)wr G;. Also, 1 =% KV,|V, < ([K, W] V,)|V, = [KV,|V,, W|V,] so that
W|V, is not a Z-group. Since KV,|V, < 4,/V, < (4,]V,). [(KV,|V,), (WV,)] =
= [(KV,/V,), (4,G,]V,)] and so, 4,G,|V, = (A4,[V,) wr G, is not a Z-group.

Theorem 2. Let A be a Z-group and G a torsion-free locally nilpotent group.
Then A wr G is a Z-group.

Proof. Assume that A wr G is not a Z-group. Thus there exists a finitely generated
Abelian group 4, and a finitely generated torsion-free nilpotent subgroup G; of G
with 4; wr Gy not a Z-group. However, by our earlier theorem A; wr G, is a Z-group.
Hence 4 wr G is a Z-group.

Phillips and Roseblade [6] have constructed examples of residually central groups
which are not Z-groups. They obtain their examples by starting with a residually
nilpotent torsion-free polycyclic group G with an abelian normal subgroup of finite
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index and [G : G'] < . If p is a prime which does not divide [G : G'] and K is
the field with p elements, their groups are split extensions of the group algebra, KG,
by G with elements of G inducing automorphisms of KG by right multiplications.
This group is isomorphic to K wr G and so gives examples of wreath products which
are residually central but not Z-groups.
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