Aplikace matematiky

Vladimir Rogalewicz
A remark on \-regular orthomodular lattices

Aplikace matematiky, Vol. 34 (1989), No. 6, 449-452

Persistent URL: http://dml.cz/dmlcz/104375

Terms of use:

© Institute of Mathematics AS CR, 1989

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/104375
http://dml.cz

34 (1989) APLIKACE MATEMATIKY No. 6, 449—452

A REMARK ON A-REGULAR ORTHOMODULAR LATTICES

VLADIMIR ROGALEWICZ
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Summary. A finite orthomodular lattice in which every maximal Boolean subalgebra (block)
has the same cardinality k is called A-regular, if each atom is a member of just A blocks. We
estimate the minimal number of blocks of A-regular orthomodular lattices to be lower than or
equal to A% regardless of k.
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INTRODUCTION

The most powerful tool for constructions of finite orthomodular lattices (abbr.
OMLs) are graphical methods — see [1, 2, 3, 5]. Utilization of these methods has
brought forth also purely combinatorial problems. Significant classes are formed
by OMLs in which every maximal Boolean subalgebra has the same cardinality.
Following K&hler [4], we shall call such on OML Z-regular provided every atom is
a member of just A different blocks. It was proved in [4] that, for any cardinality
of blocks and any natural number A, a A-regular OML always exists. The question
" of minimal cardinality of J-regular OMLs was also formulated there, and, using
the technique of Greechie diagrams [2], the minimal number of blocks, n, of a -
regular OML with k atoms in every block was estimated by

n < AT

In this paper we strengthen this estimate — we show that n < A? for any k = 4.

NOTIONS. RESULTS

Let # be a family of Boolean algebras. We denote [0, a]z = {beB|b < a} for
Be % and a e B. The n-cycle in 4 is a sequence ((By, bo), (By, by)s ---» (Bu-1, bu=1))
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of (not necessarily distinct) algebras B; € # and (not necessarily distinct) elements
b,e B,n By, b; # 0, such that b; < b}y, [0, b;]s, = [0, b;]g,,, (indices mod n).

Definition 1. 4 is pasted if for any A, B€ B, A & B the following conditions hold:
(i) A is not contained in B,
(ii) A n B is a subalgebra of A and of B on which the operations of A of B co-
incide,
(i) for each ae A B, a¢{0, 1}, there exists a 4-cycle (4, a), (Cy, a’), (B, a),
(Cs, @) (Cy, Cs arbitrary).
The system of all blocks of an OML is pasted [6]. Dichtl [1] derived conditions
for a pasted family of Boolean algebras to form an OML.

Theorem 2. Let # be pasted. On L= |) B we define a partial ordering and an

BeR
orthocomplementation as follows: a < b (a = b') if there is Be # such thata <gzb

(a = b'®). Then Lis an OML if and only if the following two conditions hold true:

(i) for any 3-cycle((B;, b;))?_, in B there is a member B € B such that [0, b;]z, =
< Bfori=0,1,2,

(ii) for any 4-cycle (B, b;));-o in B there is a 4-cycle ((C,, a),(Cy, a'). (C,, a),
(Cs, @) in B such that by, by, < a < b}, b.

Proof. See[1, 3 or 5].
Let £® be the class of OMLs whose blocks (maximal Boolean algebras) are
formed by the Boolean algebras 2*.

Definition 3. Lef a natural number A be given. We say that an OML Le £®
is A-regular if every atom a € L belongs to exactly A blocks.

Forany k = 3 and any 4 = 1 there exists a A-regular OML Le £ [4]. A natural
question arises to optimize its cardinality. We denote by N the minimal number
of atoms of a A-regular OML Le £ and by n{ the minimal number of blocks
of such an OML. It is obvious that AN{ = kn{". Kohler [4] proved that

nak) < JkkGA-D

for any k = 3 and any A = 1. We improve this result as follows.

Proposition 4. Let A > 1 be given. Then n® < 22 for any k = 4.

Proof. Let 1 = 1 and k = 4 be given. Let By, B,, ..., B, be copies of the Boolean
algebra 2*. We denote the atoms of B; by b;y, by, ..., by and put x; = b,y v by,
(and x; = b;3 v by v ... v by) forany i = 1,2,..., A. Let us unify all x;'s i =
=1,2,...,4, and denote this element by x. Put Z = {[0, x]p, x [0, x']g]| i =
=12,..,4j=12, ...,/1}. Then 4 is pasted. Indeed, if C, D e %, C # D, then
C is not contained in D and C n D equals either {0, 1, x, x'} or {0, 1} U [0, x]c U
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v [x, 1]cor {0, 1} U [0, x"]c U [x, 1]c. Hence C n D is a subalgebra of Cand of D
and the operations of C and of D coincide on C n D. As for (iii) of Definition 1,
denote [0, x]¢c x [0,x], = A;, [0, x], x [0,x"]¢c = 4,. Trivially, A,, 4,€ %,
and if ae Cn D, then ae A; n A,. If a = x then ((C, x), (4, x'), (D, x), (4,, x'))
forms a 4-cycle. If a < x, a¢ {0, x}, then [0, x]c = [0, x], and ((C, a), (4;, @),
(D, a), (4,, a)) is a 4-cycle. The same result can be obtained if x < a. If a < x’ or
x" < a, then, analogously, there is a 4-cycle ((C,a’), (4, a), (D, a’), (4,, a)).
We have proved that # is pasted.

Let us now put L= {J B. We use Theorem 2 to prove that Lis an OML. As for

Be
(i), observe that if (4, a,), (4, a,), (43, a3)) is a 3-cycle in &, then a,, a,, a5 e C
for some C e {4, A,, A3} — otherwise there would be a block [0, x]5, % [0, x]5, or
[0, x"]g, x [0, x]p, in & (for some k, le{1,2,...,}). To prove (ii), suppose that
(44, ay), (4, a3), (43, a3), (A4, ay)) is a 4-cycle in B. Suppose first that 4, + A, +
+ Ay + Ay + A Then 4, = [0,x],, x [0,x],,, 4> = [0,x],, x [0,x],,, 43 =
= [0, x],, x [0,x"],,. Ay = [0,x],, x [0,x"],, (if necessary, the role of 4, and
A, is interchanged). Now a; € 4; N A, implies that a, < x or a; = x" v ¢ for
some ¢; < x. Similarly, a, S x"ora, =xV ¢y, ¢, S x,a; S xora;=x"V s,
c;<x,anday, S X oray, =xV ey, e S xIfay, a3 < x £ ah, al, then (44, x),
(43, x'), (43, x), (A4, x')) is the desired 4-cycle. If a; £ xthena, = x" v ¢1, ¢; < x.
Since a, < a5, we have a, < x A ¢; which is possible only if a, = x. Therefore
¢; =0, a; = x" and a, = x. Moreover, a3 < a, = x’ and a, < a; = x. Hence
ag, a3 £ x' < ah, ay. The 4-cycle is constructed similarly as above. The same
result can be obtained also if a, £ x/, if a; £ x or if a, £ x'. Finally, we shall
analyze the case 4; = A, (due to the symmetry, it solves also the other cases with
an equality). Now ay, a,, a, € A,. Therefore a,, a, < a, v a, < a, a and there

is a 4-cycle in 2, namely ((4,, (a, v ay)), (4y, ay v ay), (A, (ay v a))), (4, a5 v

Vv a,)).
Since each block of the logic L = |J B can be identified with some B, B e 4, the
Be#

logic Lhas 1> blocks (see eg. [3], Lemma 14, p. 51). It is easily seen that each atom
from L belongs to exactly A blocks. The proof is complete.
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Souhrn

POZNAMKA O A-REGULARNICH ORTOMODULARNICH SVAZECH
VLADIMIR ROGALEWICZ

Koneény ortomodularni svaz, v némZ kaZzdd maximalni Booleova podalgebra (blok) ma
stejnou kardinalitu k, se nazyva A-regularni, jestlize kazdy atom leZi prav& v A blocich. DokaZeme,

¥e nejmensi po&et bloka A-regularniho ortomodularniho svazu je mensi nebo roven A% bez
ohledu na k.

Pe3rome

3AMEYAHUME O A-PETVJISAPHBIX OPTOMOAVIIAPHEIX PEIIETKAX
VLADIMIR ROGALEWICZ

KoneuHast opTOMOIYJISIpHAs PELIeTKa, B KOTOPOi KaXkgas MakcuMalibHas OyeBckast mojairedpa
(6710K) UMEET OMUHAKOBYIO KapAKHAILHOCTD K, HA3BIBAETCS A-PETYJISIPHOM, €CTIN KaX OBl aTOM JIEKUT
TOYHO B A OJiokax. B cTaThe [10Ka3aHO, YTO HAWMEHBINEE YUCIO GJIOKOB A-PSTYIAPHONA OPTOMO-
IyJISPHOH PeIeTKA MeHbIIe WK PaBHO A2 HE3aBHCHMO OT K.
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