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Commentationes Mathematicae Universitatis Carolinae 

8,1 (1967) 

GENERAL THEORY CF V -MODELS 

Petr VQPlNKA, Praha 

Syntactic models of the set theory in the set theory con

structed in [l]-[63 (so called V -models) depend on several pa

rameters* By a specification of the parameters, models in which 

the continuum hypothesis (or other statements) does not hold may 

be constructed* It was proved in C7]-[8] that the number of pa

rameters may be limited to two, namely to a complete Boolean 

algebra and an ultrafilter on it* 

With respect to this fact it seems to be reasonable to pre

sent the whole theory of V -models once more in a quite simpler 

form* This new form enables to find a general method of finding 

a set-theoretical formula c/C&) with one free variable to eve

ry closed normal set theoretical formula <f in such a way that 

the following holds true: If the statement "There is a complete 

Boolean algebra B such that cp(B) " is provable in the set 

theory (or, even, is only consistent with it) then cf is con

sistent with the set theory (including the axiom of choice)* 

At the end of the present paper, we prove that all the con

sistency results (of some very general kind) which can be obtai

ned by the method of V -models can be obtained also by the 

method of standard models of the set theory in some extension 

of the set theory whose consistency relative to the set theory 

is provable by means of some particular V -models* 
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I thank very much to Br.P. Hâ Jek who has compiled the 

present form of this paper. 

1. Classic parametric model 

All the definitions are done in (or with respect to) the 

set theory 5 . * with the axiom of choice. 

Metadefinition 1# Let Cf be an elementary formula. The 

formula cf?>* (called the translation by the variables 

P,R ) i s defined in the following recursive way: 

1) i f cf i s atomic, say, .x e nf, then y p ^ R i s <x,<y*>€ R, 

2) i f Cf i s cf^ it c/^ f -i <yf respectively, then Cf ?> * i s 

Cf?>K & cf?>* t -r cf?>* respectively, 

3) i f cf i s (3X)Y, then Cf ?> R i s (3x )Cxe P* y, P>R ) . 

I f V i s a formula equivalpnt to an elementary formula 

Cf in the set theory then ijr ?> R i s defined as Cf ?> * . 

We shal l write cf? instead of <f ?> e * 

Remark. The formula X » ^ i s understood aa an abbre

viat ion of n(3z)(zety£ ~i(ze x )) $< n(3z )(zex 8<-i(z,€ <y-)) . 

De/initjLffl JL. Let P be a c lass , R a re lat ion. For 

X e P 9 we define §PR Cx )z*{ty%, <y,e P<£ <<y,9 x> e R j . For 

A s P , we define tjfPR CX) * {<£> <y * P&(3z)Cz € X&Czn*ff>R). 

R i s said to be a model-relation on P (shortly, Wc CPP 

R) ) i f f 

1) (VxeP)C3y~& P)C$PjRCx)s ypR(ty)) 

2) ( V * s P K 3 ^ € P)Cx*QPfR Cry,)) 

3) (V«x,/y.€ P ) fJ^€ PKGs-rgr CXiy))**) tor 4~ 1f», 8 

( #£ are the Godel's operations) 

4) (VX€ P)CCX + O ^ C a ^ ^ * * * * n ^ . * 0» P > R ) 
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5) fC3x)<\x = ^ ) ) p ' * 

6) (iVx,q,fx)(xe* 8L* * of .-+ n+ez,))*** 

DgfiRl'tJ-ffl 2* Let X*., ry,*., >** be variables aeno

ting elements of P. Define 

C&*OOs,,X€ P.v.X*P&X~%9t(X)8<n(3x*)(X*$Pfk(x*))*< 

8t(Vx*)C3^*)(^RC^*) -Xn <5p,R C**)) 

A 6 * y B „ X i p*ye p&<x,y>e R , V , X* p&y*p& 

8c CU* (Y)& X e Y . 

Metatheorem 1. The predicates CU* , €* form a para

metric model of the set theory with the range of parameters 

m* (P, 10 . 
Proof* See £9J , C10J • (We have only to suppose that a s e 

condary condition (Vex Sk P)(n(3^ e P)(x»$ (ty))-+ x £ P) 

i s added to the formula M* ( P- R ) . ) 

The parametric model in Bef» 3 with the range of parame

ters M * ( P , R) wi l l be called the c lass ic parametric model* 

Metadefinition 2« Absolute formulas are defined inducti

vely: 

1) Atomic formulas of the form X e nf are absolute, 

2) i f ^ f . 9^ are absolute then c^ A c^ , n r a are, 

3 ) i f Cf (X, /&<,<*>) i s absolute then (3c*)(x e ty £ 

& yCX, y7-*- )) *•• 
Lfifflf1g 1A Tne following formulas are equivalent, in 51 ; 

_to_some._absolute formulas x\ XsOj,, x&^fy,* )(i-1,.*.,$)7(kd(ix)€k. 
x) In fact, to prove equivalences of these formulas to some 

absolute formulas only axioms of the groups A,B are needed., 
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Definition 3 , 6 m ^ C P) m (Vo< ) ( * € P~> c< £ P) , 

Metatheorem 2 , Let eg Cx,... , /y^ ) be an absolute for

mula* Then the following i s provable in the set theory: 

Ctrnfl, (P)~* (Vx... <y- e P) (cf*(x ,.*.,<&) m <?(*,..-, <&)) . 

The inductive proof i s easy. 

Definition A. A class P i s said to be a model-class 

(shortly, Md (? ) ) i f f 

1) Canifi(P)9 2) (ViXfi ?)(3<y.e P) ( * £ <if)f 3)(Vx,<y~e 

e ?)(% (x,y,) e P ) (i * 4,...,8 ) . 

Theorem 1. Mel ( P ) - ^ M ^ ( P , E ) . 

ijejBma_2. Mcl(L)A(VX) (Mti (X) -+ L G X ) (where L 

i s the class of a l l constructible s e t s ) . 

The parametric model which i s a specif ication of the c la s 

s i c parametric model by the conditions Mc£ (?) , R » E , i s 

called the complete parametric model. If % i s a constant 

such that Met ( PQ ) i s provable then the specif ication of 

the complete parametric model by P « FJ i s called the com

plete model determined by P0 and i t i s denoted by A ( P0 ) • 

The model A(L) i s denoted shortly by A * 

kftllf1 3- Every cardinal number i s a cardinal number in the 

sense of the parametric complete model* 

Definition 5> The sets f i^ are defined inductively for 

oceOn,. v*0* {Oh *«m *<£*<+<* > • * * * € * i L * f c > 
X ( x ) i s the least cc e On such that x e -fv^ . The num

ber X (x) i» called the type of x • 
Lftllft A- ^-^ axiom D i s equivalent to V m

CL^h.^a^ * 

L f W M «j- Let Met ( P ) . Denote the f t / s in the 
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sensé of âí P) by yjъ^ . Then >f|£ m P n jъ^ • 

2. A sheaf over a complete Boolean algebra. 

Definition 1. Let B be a complete Boolean algebra with 

the operations v , A , V, A , - and constants 0,1, l e t < 

denote the ordering of th i s algebra. Let P be a c lass , F a 

function associating with every ordered pair < x , / y > 6 p an 

element F C * f if ) * B # Then F i s called a sheaf of bina

ry relat ions (shortly, a sheaf) over B on P • 

Metadefinition 1. Let C f ^ , . , . , ^ ) be an elementary 

formula. We associate with Cf a logical operation in n • 2 

variables & , F, x1 ,.. ., x^ denoted f̂  rcf Cx1.,. X^ P 

(or, shortly, Fr<# Cx^... X^p ) by the following recursion: 

F r * 6 op* FCx,*f)y F^ky1*. Fr^A Frvn> F^cp"1* 

- * - F < V iW
r

(3x)9Cx^...?~V{Fr

9Cxint....V,xeP} . 

Lfrmifffl 1- If <f i s a formula provable in the predicate cal

culus then the following i s provable in the set theory: For e^B" 

ry sheaf over a complete Boolean algebra B f tr<p - 1 . 

Lftpmn. ->-• I f Cf s y i s a formula provable in the predica

te calculus then the following i s provable in the set theory: 

For every sheaf over a complete Boolean algebra. B f t^cp » trvp 

Metadefinition 2* Let yCx...<y.) be a normal formula 

equivalent t o an elementary formula Cf Cx ... *£ ) in the set 

theory. Then we define F r y Cx... n^)1 m Fr<f Cx... <y.P . 

Definition 2. Let z be an u l t r a f i l t e r on B . The re la -

t ion K-JJ * Lvm>z F l a defined on P by the equivalence 

<X,*f>6 f?£ m F(x, <y.) € x . I f <& Cx ...<y.) i s a normal 
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formula then cp% (& , . . <%£. ) denotes the translation 

CfP,R* (**.* «£> -

Definil^oi^ j . A sheaf F i s called internal i f f 

Fr(Vx,y.,z>)(X ex& x m o^-. -> <y fc :& Pm A . In the sequel, 

a l l sheaves are 8upposed to be internal. 

Definition 4» A sheaf over B on P i s called complete 

i f f the following holds true: Let {u,x , xe 4r I & B ? 

X + %. - * UJ^ A >«, » 0 ; {O^ - * € - ^ £ £ P . Then there i s 

an O/fi P such that IL^ -£ FQz^ a a,"1 for every x e -ft* 

( b being an arbitrary index s e t ) . 

Metatheorem 1. Let Cp Cx... ^ ) be normal. Then the 

following i s provable in the set theory: Let F be a complete 

(and internal) sheaf over B on P , then cp*(x >.. i£~) m 

m Frcp (oc... y~Pe z for every x, •• * , sy~ e P • 

Proof. Suppose cp to be elementary. The proof i s done by 

induction; suppose 9? to be a formula (3y.)yr(y....) (other 

cases are t r i v i a l ) . Let (( 3f\f ) yr (<#.... ) ) * hold. Then the

re i s a /y. e P such that cp* (<ty ... ) , hence Frtfr(y....Pe 

e x , but FrW (ty-'-P ^ F ^ - 1 . 

On the other hand, l e t F^cf1 & x . Put AM- Fr(3^)yr(y...V 

For nf e P , put i £ « F H y (/y..*.P , Let, for a moment, < 

be a well-ordering of P . Put U^ » t& - Vf ^ , X < /y. 3 # 

Put - ^ * { ^ , ^ 4 - 0 1 • Evidently V' { AJL^ , 14. e Jlr J m 4A. . 

Further, ^ ^ / ^ ^ AJUM A M, * 0 . Consequently, there i s 

an a e P such that u% £ Fr ,x --*• aP , and thus 

^ £ Frty (CL7... f1 • By the induction hypothesis, 

ty* (4, ... ) 9 which implies g>* • 

- 150 -



3 . The sheaf of functions 

Definition 1. Let a be a s e t , B a complete Boolean 

algebra». A function f i s called a ( 6 , a ) -function i f f 

35 C-f ) s a, and W(*) s> & - { 0} . Bie set of a l l 

( B, a ) -functions i s denoted by C (&7 a, ) . For X $ 3)C-P), 

we formally put «P C«x) •• 0 • 

Definition 2 . The sets <̂ . C B) are defined inductively. 

lcC&)miO},c^ce>)*CCB),UcACB)X Put CCB)~ U c^CB) . 
/3<«C ** cLG Orb 

For f € CCB)., joC-P) i s the least ^ e (H such that 

4e i«(B) . 

%^qd^f^nition 1. Let ^ be absolute. The operation 

F<rcf* Is defined inductively. F < r X e <y? » Fr»x € <lp , 

F ^ A y 1 - F < r 9 P A F < r
V

r r - F < f ^ y 1 a r - F < r V ,
l F< rC3.x€ 

c a^)iif £x,/^,. , .Fa V{ FCx 6 ^ A F < r V Cx,<y*,--« T^p&c)<.p(<&)}*• 

Definition 3. The sheaf F of functions over B on 

C ( B) is defined inductively with respect to *tvax,(p C&), 

f (<ty )) -
F C * , ^ ) » ViF^MmsP /\ tyC*,), xe CCB)5 -

Remark. If ac « /nuzx CpCx),pC<y* )), F(x,<y.) i s de

fined for >̂C%x) <pCtf)** <**7 then F< r-X • op i s d e f i 

ned for nmjv* Cp CiX ) , pC<y,)) =- <£, and, f ina l ly , FCix,<y.) 

i s defined for <p Clf) £ p C x) ** ct . 

In the sequel F (or Fft ) denotes the sheaf just defined• 

hmmJL' F<rx*np/s F<r,y.m£* £ F < r x » xT ( i) 
F ^ - ^ A F ^ e a f ^ F r ^ * a f * ( i i ) 

F < r x » ^ ? A Fr
x e ^ 1 ^ F r x e <y? ( i i i ) 

Proof. The lemma is proved inductively with respect to 

the class DCPe 0n%& (V*f ($,<?)(< ac9 fcf<y > e j ) s oc< 0 £ x » 
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ottered lexicographical ly . Put ix (<*,7 /37 y- ) ss <(ai, , ft 7 <y > ^ 

where {(*•, (I, T 1 » f * , JJ, r ? , < *• */J 7 ?- > e J) . Let 

<<#*-. /37 ^ > be the l eas t t r i p l e such that there are X7 <ty, 

Z, €. CC6) for which ix Cp C<X )•> p Ci£), p(z)) =- <cc7 ft, y > 

and the lemma does not hold. I f p Cz, ) < pC*x) then ( i i i ) 

i s t r i v i a l ; l e t (oCx) < cp(z) 7 l e t ( i i i ) do not hold. 

Then there i s a zo 7 p Czo ) < p C«X ) 7 ***** F <rx * <jp -A 

A FHs^ e x1 A F1& • ^7 A FH» 4 'V7 * <? • 
But ix (p (zc ), p(<y,),p(z)) < ixCpCx ),p(<y.),p(z>)), i . e . 

IL £ FFxo $ r\p by the induction hypothesis. Kence 

F<rx> m ryP A Frz0 € x1A FrZo £ p1 &0 7 which contradicts 

to ix (p Cx)7p(a^)7pCzc )) < i>x Cp(x), <p(<y,)7pCx,)) -

Let ( i ) do not hold, l e t F^Hx **np A F<ry.~z?* F<rx*z?±0. 

Then there i s a £ , pC%,) <pCx), U>=> F<rX*p7A F<rh^=:o^A F"̂ <= 

£p/\F%i$zI1*0. Because of pC%) < p dx ) we have AJU & F ^ e 

6 np % as ix Cp C%),<pCry,)7pCz)) < i*Cp Cx),pCy*),p(z)) we ha

ve AAs < Frc^ e zP 7 which i s a contradic t ion. 

F ina l ly , we prove ( i i ) . F ^ H x - ^ A Frx e zp « 

«F<Fx«ryPvs V{F<rX*>q? A zCq,), <Z<~ I * 

sr V-f F ^ r x - r ^ A F<rX*<p A * < £ ) , £ . . . 2 * 

< V{F<ry,* <p A ZC% ) , %"> I ~ FTy. € z? . 

Metatheorem 1. For every elementary formula cp f 

F<rx m /p A Frcf Cx9z,... P 5 Fr<y C<y.,Zf* T i s provable 

i n t he se t theory. 

Proof. I f the formula i s atomic, see Lemma 1. Fur ther , 

the lemma i s proved by the customary induction. 

Metatheorem 2 . Let <f be absolute . Then F<rcp^Frcp1 

i s provable in the set theory. 
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Proof, If <$ i s atomic, see the definit ion. Cnly the ca

se (3<y> e X > yf (<ty, X,.,. ) i s nontrivial. By the in 

duction hypothesis, i t follows F < r 9 n ^ Frcf^ . Let 

U * Frcfn - F < r ^ " 7 > 0 . Then there i s a y. e C C&) 

such that AJL, A F rr^. €. .x"7 A F r V ^ , x,,,.. P 4* 0 . Hence 

there i s a g e C C B ) such that 5 * >tc A F<rq,m^Ax(q)A 

A F r i p (qf,x,..*V<'u'Ax(<i)AFriirC2,xr..T.A>apC%) < pCx) , 

Fry C%,X,...T£ F<rqCx-..V , hence <^ A F < r " ^ C x , . , V * 0 , 

which i s a contradiction. 

Lemma 2 . Let { w^, i € Jlr ? B B , {x^, <ie Jtr } £ CCB) . Then 

there i s an f € C CB) such that FHy. e +nm V{ F ry, * x~?A 

A /U^ , i eJr } for every ry. e C ( B ) ( b i s an arbitra

ry index s e t ) . 

Proof, f i s defined on { x± , <i e <& } by f(x4 ) m AJL^ • 

Theorem 1. The sheaf F i s an internal complete sheaf o-

ver B on C C B ) . 

Proof. The internality follows by Lemma 1 and Metatheorem 

2. Let { ^ , i e Jlr] £ &, {a^ , i 6 Jlr\& C(b), i4*j.-+ u^ A U^ * O. 

Put os * Axuutv (p (a,i ),ie Mr), i% « V{atC (f) A u>i , <t e & } for 

" f e c ^ ^ C B ) . Qy Lemmai 2 . there i s an a* e C ( & ) such ' 
CC + 1 , 

tha t F rn± e a?** V{ Fry,~ F A v$ , 4 e c^^ ( ft ) } . I t e a s i l y 

follows that u.^ £ F r O ^ - a? . 
Theorem 2. For every ^ r , <vA e C (B ) there ia a 

Z e C (b) such tha t Frx » $i (fy, ifrV-1 (^ (tfritfa ) 

being the Godel's operations, i * 1, . . . 7 8 ) . 

Proof. Put JU,X** Frx e 5£ (^, 4fa P, oc» /rna&(p(ty ),p(y^ ))* 

By Lemma 2, there i s a * e C^ + i (b ) such that 

F ^ e ^ . W F ^ - ^ A Frxe F^ («+i9 <*ZT, x e e^ (&)}** 
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mV{F^opAF^e ^(^f^V}<F^y.eS^^,%7.The converse i n 

equal i ty i s c l^ar . 

Remark. Put x (tfa ) m z,C<y>^ ) » A, S)(z) **{^ ,<ifa j ; c l e a r 

ly z f u l f i l s the asser t ion of the preceding Ketatheorem with 

respect to $^ (ify, n+x ) ** * T ^ - tyz j * The operation asso

c ia t ing with every Ifailfo t l l e -function z jus t defined 

wi l l .be denoted by {<y»i9'¥'Z }& • Further , we define 
< 1f t ' v ¥* > 3 " {{tyi>'¥'>ih>i'V'i>'%hh • N e a r l y , i t holds 

F%-« < ifr i tyz F ** 1 -f or ?-/--=•< ̂ , ^ 2 >s * 

Lemma 3 . F ^ f VVĵ  * 0 K . 3 * € ^ ) ĉX n r^ » 0F-=* -/ . 

Proof. Let ^. e C CB ) . Put /U, m Fr^ 4 (F . It s u f f i 

ces to prove tha t AJU £ V{FHx a n+& x n sy, = (F ,xe C (B)$ * 

Suppose tha t there i s a v , 0 * i r £ /a- ., such tha t 

V A Froi e ry. & x n n+ « tf"7.* 0 for every x e C C B ) • 

Let x0 be an element of the l eas t type such that <Wsi ir A 

A F 0<e 6 ^ 7 4s 0 • We prove w A F HX0 6 /yT7 -f J"1 =? 0 • 

Let itr A F r ( 3 z ) ^ e . x 0 & x e <y~ F 4> 0 . Then there i s 

a xc e C C B ) such tha t JD te0 ) <r p Cx.Q ) and i^r A 

A F r ^ e e -x0 & z0 e np 4= 0 . Hence i r A Fn*50 e <tp 4* 0 , 

which i s a cont radic t ion . 

Defini t ion 4 . The function q^ i s defined on c^CB) by 

Zee (* ) « 4 for every x € c ^ ( 6 ) . 

LffTO 4. %« 6 c^+4 (B) . 

1,0WM ?- 1-f U s C ( B ) then there i s an <x e 0?£ 

such tha t ( Vx € a) ( Frx e c^^P = 4 ) . 

Proof. Take a, » ytxx/i- fp Cx ) , ** € a, ) +• 4 . 

4* The sheaf of functions on a subalgebra. 

Defini t ion 1. Let B ' c B ; 0 e B' , 1 e b' , l e t 
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B be a complete Boolean algebra with respect to the same ope

rations as B i s . Then B i s said to be a complete subalgeb-

ra of B . L ( B ) i s the set of a l l complete subalgebras of 

B . 

Lemma J.. L ( B) i s a complete l a t t i ce with respect to the 

ordering by set- inclusion. The algebra B i s the greatest e le 

ment of L C B> , the algebra B0 - { 0 , 1J * i s the leas t e-

lement of i t . 

•Lymfffl 2- i f B' a L (&) then C(B') & C (&) . If 

•f e C(B') then p ( f ) i s the least oc such that 

MetathBorem 1. Let cp be absolute. Then the following 

i s provable in the set theory: Assume F^ (xfn^)s» F^ (x9n^) 

for every x, nj> ' & c^ ( B' ) . Then F&, rg> (x... n^ P -« 

= f | r 9 (x...<y.V for every xr ... ^ sty a c^ ( B' ) . 

Proof. By inductionjthe only nontrivial case i s that 9> 

i s (3 sy,) (y> e x & ty ( <fr, x ... ) . Evidently, 

Fb,
r9 0< . . . V& FB

rCf(x...T . Put ^ - F̂  rcf (x..* P -

- FB, rCf (x... P and assume AJU + 0 * Then there are q » 

n^ e C ( B) such that Q & AA, /< Fh
 r<y. ** <jP A *X (q,) A 

A Fb
 r^r ty, /x . . . P . x(%) # 0 mud x a C (B') im

p l i es £ € C C B ' ) . Consequently, xt A f̂  r<£ £ -x & 

& if C<£> x .. . P 4*. 0 9 hence >u, A FB, r"iy (x... ) Sc 

&%exi4> 0 , and ^ A F f t /
rc/ f̂ < . . . P + ^ which i s a 

contradiction. 

TfcejaimJU F& (X, n± ) m FB, (*, n^ ) for every % , 

/y. 6 C ( B' ) . 

Proof. By transfinite induction with respect to 
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""""(pen), p C ^ ) ) . 

Fb(x,y.)s V<FBrJim£i/K/^(x)tX€ C(e>)jB,V{^r
Xss£i/s 

*Vc*<-,*eC(B>')l=V{Fi,rx=s£A/y,(1b),xeCCB')i=F,,Cx,v.). 

The preceding metatheorem has been used to the formula.* = x.. 

Definition 2. Let X s. C C B ) . We define 

X - {y. e* C CB ) , V{ FCy = .x7, .x e. X } - 1 . 

F ĝ/ i s the restriction of P onto CC (&'))*• . 

*,<y.€CCB')J for every -P, 9. e C C B') . 

Proof. I * t f , 9. e C C & ' ) . Then F6
 r f £ 9-"1 -

£ rfe9?AVf£ r-f- .x&9.- ' i ip, .x,/y.£ CCB')j -

= V{"f|rfe9..ftf- x .&9--^1 ,<x,^.e CCB'>i -

" v<%r* e--y-&f**x*9->"£>,x,<V.e CCb')i-

- V { | r f » JC&.9--4pA f|,roce^"1,j<,^e CCB')} . 

Metatheorem 2. Let g> be elementary. Then the following 

is provable in the set theory: For every 4... q. e C (&') 

Fw
r<? (4... 9-P-. V{Fi

r4s,x&...& 9,- «p * Fb,
rg>(x...n^P , 

x . . . ty e C <:&') J • 

Proof, By induction; for 5c atomic see the preceding 

lemma. Let • cf be C^9 )-y C9, 4 ) . fBB*rC3 9.) t/C9,-f F = 

- V f ^ f - x A ^ - ^ A f"y
rV Ct/,.x)7,9e C7&),x,n.eC(B')3* 

< VíF^ffшïCл Vf Ç r9-- /y?, /ÿ.6 CÍ5' \ g.eC(»')iл 

A VfFg/y í ^ x ľ , <y. e CCB')j, x . CCв')j -
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V{Ft

rfшjPл FÞ,г(Зr¥.)V(^,^V,xб ccь'>ì > м 

Vi %rg.=«p ,<y. € C<b')\ - 1 for every £ € CCV). 

On the other hand, rjj r f » X7 /\ F r ( 3y,) V r ^ > * J"1 «r 

« V{f^r-F= x"1 A £ , r V ^ , * 5 1 , ^ e C ^ 6 ' ' * * 

< V ^ r ^ ^ f r ^ ^ 

< \ / { £ r * , x & q,-npA FB,rv (*+,* ?,*><+ € CCB')9 

f e CfBOj. V { £ a
r r ^ F , ^ e f r F T i - ^ 1 " ^ * ^ ^ ^ ^ ' % 

Corollary. If 9 i s closed then ^ r V 7 » •j/V"' 

i s provable in the set theory. 

Definition 3 . The functions M*x e &x<xy (&) are 

defined for every set x by induction with respect to r ^ ) : 

Jk,0* 0, Jk^m- 1m.(3ty)(+-Jk^*y*x>?9ft>*{<fyvc*} 

Lemma 3 . C ( Bv ) «* { 4 ^ , X e V ? • 

Lemma 4* f ^ r 4 ^ e Mf « 1 a X e ty • 

Metatheorem 3 . Let Cf be normal. Then lj^ r<gp ( 4 ^ , . . • 

• • • ? ^fc, J7-* 1 a y f-X,. . . ., /^- ) . 

5. The model 7 f B , z ) 

Pef AnlUQfi 1» Put R ^ x - &w£Ca* r> , z being an u l 

tra? l i t e r on B • In this and the next sect ion, cp* denotes 

the translation of y by C(&) 7 R« . The symbols 

$ , 3F wi l l be written without indices, too. 
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Theorem 1. Mtt(C(B>), R^x ) • 

Proof. We use Metatheorem 1 § 2 (Pft i s complete by Th. 

1 § 3 ) . 1) I f x € C C B ) put <if m $ (x ) n c (M> CB) • 

2) I t follows from lemma 5 in § 3 . 3) follows from metatheorem 

4 in § 3 . 4) follows from lemma 3 in § 3 . The function k^j 

f u l f i l s the assertion on 5) (see also below). 6) follows from 

Lemma 6 in § 1 and Metatheorem 2 in § 3. 

Definition 2. \ 7 C B , x ) denotes the specif ication of 

the c lass ic parametrical model by P * C C B ) , R » R^ f » ? 

B being a variable for a complete Boolean algebra, z a vari

able for an u l t ra f i l t er on B . 

Lemma 1. Let X & C C B ) > then W (X ) - {ty > 

V{Frx~ <ip, * e XI € * J . 

LejjifiLl. Let X £ C(E>). Then CJU*(W(X)) v 

v c .3^*;cycx) ~ * r * * ; ; . 
Proof. The case X » 0 i s t r i v i a l , suppose X -J» 0 . I t 

suff ices to prove C Vx* )(3<y*)(Hf(X)n $(x*)~ $ fy*» . 

Put S^ -» X A e^ # Let h^ be the function whose domain i s 

s^ and such that Jv^ (x ) ** 1 for every x e s ^ . Evident

ly W(X) "^V^® (*H* > • Let 9. e C CB) , Let a be a sub

set of $ (Q>) such that the condition 1 in Def.l § 1 holds. 

There i s an 00 € Q<n such that a, n ¥CX) s § CM,^ ) . 

Put f -* 9. A * i t . Obviously, $ Cf) -r 3T CX ) n $ f^.) . 

.Theorem 2 . Let B' € L ( B ) . Then Mc£*C<f/CC C3')) . 

Proof. First , we prove Com/i,* CM (C ( &' )) . Let 

f e fCC (&')) . We may suppose f € C ( B' ) . Let 9 . <s* -? ? 

i . e . F r 9 - e f"1 € 5 5 . We have V{ pf"^ . ^ 7 , A 6 C C 6')} € x 

and consequently 
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AeCCB>')l<L VÍFrq. m &&Jí £ jp f *, s C C b'), 

A, e 2>(Jv)} < I t f F ^ . ^ jfe e CC&')} e x , 

i . e . q, e W ( C ( &')) . The condition 2 i s f u l f i l l e d by the 

seta ^ ^ constructed over B • 3) follows by the Metatheo-

rem in § 4. 

Theorem 3 . Ocd*(i ) s V{ Frf m A£, 00 e. On,} e ^ . 
aC 

f.*i Proof. By the preceding theorem, Mcl*(Vf (C ( 6 0 ) ) , and 

(hci(x) i s an absolute formula. 

Lemma 3 . k ^ i s the number <D* of W B , -fc ) • 

Theorem 4. The axiom of choice holds true in the complete 

submodel of V( B, z. ) determined by the class, 3f (C (&')) 

for every B' € L (B) . 

Proof. Let A0 be a one-to-one mapping of the c l a s s 

i \ f oo e On $ onto C <TB'). Let g. e A m (3<*o,*)(<*, 

-*k,> e \ & 9- m < f ? ̂ ic V * ' We P r o v e t h a t -^CX) i s a map

ping of the class of ordinals onto !¥(€(&')) in sense of 

VCB,* ) .Le t < i, , &>* e* VT(A), < V 9->* « * ^ f?T> , 

l e t % ** it . Then 0 * F<~^ * f4 A <fi9 £ >«<A„ ,<fe>A<f..,£>-

=- <A-Z, ^ y 7 for some M,^ , Jv± , Jt such that t̂e - Jz^ , 

< J l \ , ^ > € > 4 0 , < ^ , J t > € >4e , i . e . F*?,.«••*£ & *f - V * 0 , 

which i s a contradiction. Hence U<n*(W (% )) . Let 

* € « fC CB^)) , i . e . V{FrfmJin, Jh * CCd>')l € * -

Then there i s a set {u4 , i e Jlr } of elements of B and a set 

{ A , , i 6 i r j c C C&') such that ^ t ^ ^ A ^ « 0 , 

^ < F r # . ^ " , and V { 4X.4 , I € Jb> J 6 *, . 
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Using the fact that Fft i s complete i t follows that there i s 

a k 3uch that AA,t m FrJk - d4
n

 9 where d4 **<A'A4 , H± >a* * 

Evidently, M, € C C B' ) . Hence, 1(A) i s a V(BfZ ) -map

ping onto C C B' ) , I t remains to prove that Hf(fi) i s a 

class in the sense of Iff ( C C B ' ) ) m We prove 

(Vxeyr(C(B')))(3<y.€¥(CCB)))(¥(X)n§B(x)- $& («*)) s imilar

ly as we have proved Lemma 2* 

6* Cardinal numbers of the model V ( B 7 *> ) • 

Definition 1. + e C C B ) i s said to be a re la t ive 

ly cardinal number of V(B7z) ±ft V{Frf-Jl£, * € N}e z> 

( N being the class of a l l cardinal numbers)* 

Lemma ! • f e C C B ) i s a re la t ive ly cardinal number 

of V ( B 7 z ) i f and only i f f i s a cardinal number in sen-

se of the V(B7Z )-model-class* W CC CB0 )) . 

Proof* See the Metatheorem 3 in § 4. 
T,flffll)fl 2t Every cardinal number of V(B7z) i s a r e l a t i 

vely cardinal number of V ( B , Z ) • 

Proof* See § 1. 

Definition 2 . A aet f <ur ( Tt <f ) , T < *>«, * * < *>/* * 

i s said to be an C oC, ft ) -system in z i f f there i s a <u> € 

6 X such that 

( i ) ^ -# T%-* w(%,<f) A t i r C ^ o r ) - 07 

Ci') < * c £ - H 4 r C < r , < ) A K r ( ^ , <fz)~ 0 , 

Cii) V { <w (T> <** h T < CO^ J - u*, for every cf<c <*)# , 

(ii') Viw (r7 <f)7 <f < ^ 5 • 4JU. for every >y<c <*£.. 

Theorem |,_. Relatively cardinal numbers Jfê  , ^ ^ 

have in V(B7 %, ) the same cardinality if and only if there 
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IS &xi(cc9 Ii ) -system in z • 

Proof. Let Jh^ , Jt^j have the same cardinality in 

sense of V(&,z). Let Of (x, co^ , o^ ) be an elementary 

formula saying " x i s a one-to-one mapping of a^ onto o -̂. "• 

Then there i s a *f € C C fi>) such that 9>*<*f, - f c ^ , ^ ^ > . 

That means that JU. - Frcf (*, tosc^ » ^co^ P e *> * 

Put, for f < : ^ , / < ^ , , K r r f , c / ) - i X A FCfe<r)Cr>€ ^ . 

Evidently, wtyi <T > form an ( OL f & ) -system in z . 

Let, conversely, {tur(T,cf), r < G^A cT< CJ^ J be 

an (cC9fl ) -system in z , l e t u be such that ( i i ) and 

( i i * ) hold true. The function f i s defined in the following 

way: 4 ^^<T9<r> >JBr wCTt <**) > * undefined otherwise. We 

have Fr& (*, -fe^ - -**. V » <u. e z , hence <**(f,M^ ,<&>&>* 

EftlMHf 1- ** there i s an (<*,,($) -system in z and 

X £ oĉ  .£ fii £ /$ f then there i s an (<*^,/3^) -system i n z • 

£E£fi£. As k^ and k^ have in V(&, Z, ) the sa-

me cardinality, the same holds true for Jc^ , -fc,^ 

Definition 3 , Let a fi B . We define E * 5 f a ) 3 (Vx, 

nf£ a ) (x • 'V*-* *X A /Ijf. • 0 ) • 

^ f B ) - 4 R J n , { < f c , ^ f 3 a ) a ^ B>3 • 

J£eja&j£. (CcCB) Is a regular cardinal number. 

££Ojfl£» S e e 13J I the proof given there for topological spa

ces may be eas i ly modified for complete Boolean algebras. 

&ejUBBL-2« **t f*,(t>) £ to* • T n e n there i s noCaC,/?)-

system for any /& 4» * • 

flmflfc. Iiet { t c r ^ c T ) , T * *ic * c , r < ^ 4 J *• such an 

< d, /J) -system. F irs t , l e t cc, < /J . Put a ^ - {oO ur(r,<f)+ 

+ Qkd'<co(i I. I t follows ea*6£ Oy < <c<, C B ) . Hence 

ccucd (Uia,r.iT<c*~. ? > & <»< • Consequently, there i s 
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a cT< cjyg such that cf 4 &f fo* e*e*\T T * He • T h a t 

means that w Cy, cT) ** 0 for every f < CJ^ ., which i s a 

contradiction with ( i i ) . 

Iiet (i < cc • By the preceding part of the present 

proof, we may suppose co^ < (U. C & ) . Put cu<rm{^9vrCTf 

<f )+Q&T< 6-ic?* Evidently, uvodL cu^ < (CtCb). As (CLCB>) 

i s regular, caicL(U{ci<f>cf<cv/S }) < (U,(&)£ ajr^ and there

fore i s a nt < <Hc a u c n t n a r t T 4- Q>f for every cT< 

< <v^ , which i s a contradiction with ( i i ' ) • 

On the end of [4J, an example of topological spaces de

pending on two cardinal numbers K^ 7 H# i s given (the con

tinuum-hypothesis assumed) such that the following holds true 

for the algebra B of a l l open regular se t s : 

Let ft^ be regular, TC^ £ cfCec^ ) . Then 

( i ) pcCB>)< teg** > hence there i s no (y, cTJ -system in 

B for ttr £ t t ^ 1 cT * T > 

( i i ) further, there i s no (9% cT) -system for fCr < ft^ , 

( i i i ) but there i s an ( oCf /3) -system in B • 

7. Cardinalities of power-sets in V( &9 x ) • 

Definition 1« Let »X ft B , i r € B ; we def ine x A A V* 

* -{"ttr- /\ nrf ntr.€ X I • : 

& C W )(0 4>'v£4A-+x/\/\'w+{0f'ir}) 

(read* x decomposes u ) • 

theorem 1« Let a be a set of cardinality H • Then 

•P*(**>+>**-**$(+) * n(3Jb>)(3Ju, € x)(R(Jir9AjL)ScCwui£r<^y. 
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Proof. Let there exist /U. e Z> and b such that 

aotodL fr £ te^ and b decomposes u • Let f be a func

t ion mapping the set {<"&.., , / x € c t & . , x 4 - 0 } onto b • 

Evidently, - f c C C B ) , -f £ * -fc^ •• 

Suppose -f € * ^tpfo) * T h e n t h e r e i s a ^ ^ + a r *• ^ 

and /ty. £ ct such that a*: ^ F r-f » ^M."1 • X € n$* implies 

FrJk, e f"7 £ "or , *•©• f C^e/JC)A t ^ i r . x 4 /y~ implies 

t(fbx ) » 0 hence Jr<\/\VT£{0,v] which i s a contra

dict ion with R C ir7 MA, ) . 

Let, conversely, iPCVfê  ) #- ^ ^ a , ) • In any case -A ,̂ g * 

S * ( P * 6 \ ) 5 hence, there i s a i € * fi* (M**) such that * 

-P # * ^5*6*) • P u t ^ • ^ ^ • ^ fi(aj * Evidently 6̂ e x . 

Put •*> c W($) -If R C-^, ^ ) did not hold then there would 

exist a !/"; 0 #- tr_£ -it and ^, £ a, such that ir ^ Fr-P ** <&>,?• 

This would be a contradiction with the definit ion of u • 

Definition 2 . Let Jh,^ be the cardinal number of V(B>7x) 

which i s the cardinal of &*(M,cs ) in 7 C & . Z J -

Lemma 1. cased* C - k ^ ) < * ^ C J ^ • 

Definition 3 . % (B ) « { * , * « & & Gf*** * -£*-* * * 

R s C a , ^ d C ) s . a £ &CB) &(Vx € a,) R (x,<u ) & 

& (VsX,<t£€a)(Vv)(04v& u& x ^n^*-* CK A A w 4"%. /\/\ v) 

(say, a i s a sytem of substantially different «*, -systems 

decomposing u ) . 

Theorem 2. (3a,)(3 <u,)(R* (Q*,M*,OO)& eaxxt a, * tc^)-* 

^caMd+XA>^) 4* Jh^ * 

£C2fl£* Let, for nf e a, , -fL be a function mapping the 

set -$ Atr 9 T* < o^ 5 onto y • Let r be a one-to-one 
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mapping of cO~ onto a • The function g i s defined by 

the equivalence c%> ( < 4y / **y. ^ )« 1 = 'V* ~ * fyO > otherwi

se undefined. Evidently, cy e C (&). Let -P * &*(<**& > • 

Let <f (x f ty, * y be an elementary formula saying " x i s a 

one-to-one mapping of y into z % Evidently, 4* ^ 

(We prove e.g# that ,44, £ F*rg~ i s a mapping"1 • Let 

Then there are /y,i9 -y^ , # 7 , 7 * «u«h that #J **• 9 j 

and I T S Fr<<ySl,Jhj>>€g,&<yyi,J*^>e Q*& y ^ + y ^ A ^ * 0. 

Let % c y f . l e t Y be such that 4 * * y / - * V J ~ Fr^r£ %? * 

We have FrMr* V-T A VsFrJk^e 'f^%
n A ir , hence j j A n 

^ ^ 1 A A ir* I . e . , nfa A <\ nr m t\^% A A ir , which i s a con-

, .tradiction.) 
Lemjaa_2. Let Mel (M ) f l e t the axiom of choice hold in 

the sense of M . Let ccvuL* *PMCcC)< Ofa- COJuL (PC<*> > * Then 

there i s an a> £ ((PCd ) ~ M ) such that ccucd, a> m CJa 

and, for every *y.f f n+% € a,f 4+^ + /y^ , there i s no re lat ion 

ft 6 M such that * " y f * *y^ , say there i s a system of 

M-substantially different M-nonconstructible subsets of op . 

Proof. Let avulm PMCd) s CJM . Then there are 

6J* < O^ relations /t c (Pc <C x <*,) s\ M • Let us have 

subsets nfo (cT< & <G)(%) of <JC such that nfo 4 M, o£ «* cf~> 

->-iC3*€ MKy,^ - V-y-y-. ) . Put y»r^r« -o-^"f i*» -

- {#y, C3fc c M) (3 <T< 6 ) 6 y « H? nfo ) . Surely, Y -# 0 ; choose 

*yft € y . Take a « < y ^ # oT< a>n } . 

g£ma£|> Note that the property <& f a , cfy , ot ) , saying 

• a i s a system of coa M-substantially different M-rioncon-

structive subsets of 4 i f equivalent to an elementary f or-
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mula (we may take 4*.***) +3 A M instead of M )• 

Theorem 3. J*.u<*^<*Jl.£» C3a)(34A€z)CRsCa,^ac)^(uuda^) 

Proof, M,^ < * Jh*^ implies the existence of an # ft* 

£ * (PC-\> ) such that, in sense of the model V(&,z,), f is 
«& _ 

a system of k^ yf C C C &c ) ) -substantial ly different 
.-____-__-_-—--— ^ 

YCC C B0 )) -nonconstructive subsets of k^ . Evidently, '«* 
there i s a 9. * C C b ) such that y ^ f ^ , J e ^ , * ) ( Cf 

having the same meaning as in the proof of Theorem 2 ) . Put 

AJL* FfyCfyM^ ,*)&#,&,\, , M^ )lClearly, AJU e x . Let, 

for every /y < o^ , -fr be an element of CCB) such that 

* r 6 * -f , < * r , J t r >a € * 9. . Put a,-{UTCfr), r < 

< co^ I . Y/e may suppose a l l the *Pr ' 5 to be defined 

only for some i e ^ , cT< cj^ . Then a £ % <TB) . For eve

ry gr< a ^ , R$CHrC4Y),u,) holds. I f we prove ftTC-fy ) A A V * 

4» WC-f^)^AV for every fl + ir _i «,• and r * flr
; then 

both R s f a . AL, at ) and fi^Mua6 a =- K ĵ * i l l be proved. Let 

WC4r ) A A V * UTCfr ) A A IT for some V £ AC , f -# ct, 

T, cf< &>& • We define-a re lat ion r by the equivalence 

<X, /y. > e n m. -fy f^x ) Air*_r ^ 6fe ) A tr. Then k^ i s a re lat ion 

in sense of 1 ( C C B0 )) with the property contradicting t o 

or £ F r % c-f, 4 ^ , -*^ P . 

Remark# In 14] , an example of topological spaces depen

ding on two cardinal numbers tfrf , K^ i s given (the conti

nuum-hypothesis assumed) such that the following holds true 

for the algebra B of a l l open regular s e t s : Let K ,̂ be r e 

gular, tf^ < ct CHp ) . Then 

( i ) There Is no ( <f, <f ) -system for any T * d* > 

( i i ) I f K«r < M* tben, for every AL > 0 , there i s no 

Q, £ P^ C B ) decomposing u 1 



( i i i ) I f ft^ £ K y < ef Cfcfl ) , then, for every tt > 0 f 

there are systems of yt^ substantially different 3f-

systerns decomposing u 9 but there are no greater systems 

of such systemsi 

(iv) If ef(H,*).£JV £*V H** > * / » * * t h e n > f o r 

every -a, > 0 , there are no systems of K^ substan

t i a l l y different *}f -systems decomposing u ; 

(v) If y;^ i K r , JV > * r then, for every AJU > 0 7 

there are no systems of K y substantially different 

nt -systems decomposing u . 

8* Free.ultrafl i tera 

Definition 1. Let B be a Boolean algebra: (not necessa

r i ly complete)* Denote the set of a l l u l t ra f l i t er s on B by 

S( B ) . If AA, B B then AJ,° • { z , z, e S (&>& u. e z } • 

LejflfiftJL. The set { AA> , 4A> e B J i s a closed-open basis 

of a compact Hausdorff topology on 5 C B ) • 

Remark* S C B) i s understood as a topological space 

with the topology defined in Lemma 1. 

Definition 2 . Let Mel ( P) , l e t the axiom of choice 

hold in sense of P . B denotes a complete Boolean algebra 

in sense of P • 

JjejgnsJ .̂ B i s a Boolean algebra in sense of the set 

theory. 

Definition 3 . The set V(&) of free u l traf l i t ers on 

B i s defined by 

V ( B ) - * S C B > ~ U{*tf- U{v*,ir€a,j, ">€ bs< AA, ** 

* V{vf i r 6 a ? A a e P } • 
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Lemma 3 . The set uf - U { ir*f %r e Q, ? i s closed 

and nowhere dense in S (B ) for every <tc e &, 

VK ir9 v e a $ - <ot . 

LsfflmjLl. VCb) ~ S(e>)~ U{<u?~ U{v*,ve cul,xx, e 

e b &u.~ V{<v,nr e a $ & a e P Sc £.x f t Co,) i . 

Definition 4. A set i r £ B i s said to be a pseudo-basis 

of B i f f , for every non-zero element u of B 9 there i s a 

v e <tr, V 4> 0 such that -v & <u, . f(B) i s the cardinal 

l i t y of the least pseudo-basis* 

dCB,Jtr)= <uvcd{a,ae P&E.XBCa)&a£Jb-}>, d(B)±* the minimum 

of a l l di(b1Jlr)> where b i s any pseudo-basis of B such 

that COJCCL 4r * V ( B> ) . 

Jjejima^. I f S ( B ) i s not a union of cL(B) nowhere 

dense sets then VCB) * 0 ( i . e . , free u l t ra f i l t er s ex

i s t ) . 

Lemma 6. Let zxvocL C 9P ( B )) « K0 . Then VCB) i s 

the complement of a set of the f i r s t category in S(B) * 

Metatheorem 1. Let cfo (x ) be a normal formula saying 
w B i s a complete Boolean algebra". Let cf C x) be normal, 

l e t y be a closed normal. Let the conjunction t/f & C3x)C<fCx)& 

& Cf0 Cx)) be consistent with the set theory. Then the f o l 

lowing i s consistent with the set theory: 

( i ) There i s a P such that Met CP) , ifp and 

( i i ) there i s a B such that cpj*CB) St c/CB) and 

( i i i ) VCB) i s the complement of a set of the f i r s t catego

ry in S C B) 0 

Proof. We deal with the set theory with the additional 

axiom y AC3x)CcpCx) & cf0 Cx ) ) . Let B be a 
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complete Boolean algebra such that Cf CB) , l e t dcutcC CPCB)m 

m Hoc • ^ e construct a \7 -model such that k ^ i s count

able in sense of th i s model. We prove that ( i ) - ( i i i ) hold 

in th is model. Put P « V CC C Be )) . k i s a complete 

Boolean algebra in sense of the ^-model-class P and cp(B) 

holds in sense of th is c lass , hence, ( i ) and ( i i ) hold. The 

condition ( i i i ) follows from the fact that k ^ . . , i s count-

able in sense of S7 • 

9 . Reduction of the sheaf of functions in a free ultras 

f i l t e r . 

C C B) denotes the sheaf of functions constructed o-

ver B € P in sense of P , P being a model-class. 

Definition 1. Let x e V(B>) P f e C C& ) . The se t s 

wCf9 z) (the value of f in % ) are defined inductively 

with respect to p Cf ) • 

vrCOiz) ** 0 ; tv Cf, z ) « {w(q,x ) , f Cq.) € x } * 

Firther, put W* * { v r Cf, z ) , f € Cp C b ) \ . (We wri

te shortly Ŵ  instead of W* . ) 

Lemma 1. Comfit CWX > . 

LgmjaSû * iX « P implies <ur C4tx , x ) *• * * 

Me tat he or em 1. Let Cf Cx .*• ty) be an element ary formu

l a . 3:hen the following i s provable in the set theory: For eve

ry • ? , . • - , 9- € C* CB) 9 

F r c f Cf... q P € x m cfW*>'tt Cvr Cf9x ),*», <urCq,fx ) > . 

Proof. Zf Cf i s atomic, i . e . f̂ i s f ^ q*f then the 

theorem i s proved inductively with respect to rtnax Cf Cf)ppCg)) 

(and using the fact that i f the theorem holds for a l l f , 

ty € C C B ) such that p (f) < p Cq,) m <& then 
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F < r f » <p €xm <wCf,x)*w(ifax) holds for a l l 4, 9, € CCB) 

such that /max Cp Cf ) , p Cg. )) ~ ac ) * Further, the Metatheo-

rem i s proved for every cf by the metamathematical induction 

with respect to the recursive construction of cp • 

Theorem 1. Let z be a free ultraf i l t e r on B m P 9 where 

P i s a model-class. Then Mtl CWZ ) * 

Denotation. Let S be an extension of the set theory such 

that the existence of a model-class P (such that the axiom of 

choice holds in sense of P ) , a Boolean algebra B complete in 

sense of P and an ultraf l i t e r z on B free with respect to 

P i s provable in £ • 

ACP , bfx) denotes the specif ication of the complete paramet-

r ic model of £ in S. by the condition X m WM • (Let 

us s tress the fact that A CP, B, x ) i s a standard model*) 

Theorem 2 . Under the assumptions of Theorem 1, l e t x e P, 

<y £ X . !Rien ty. % Wz i f and only i f there i s a ( B9x )-func

t ion f m P such that /y - {x1, fCxi ) € X } • 

l£pjo£. Define g on f-*^, * c 3f C4 ) } by <frOk^) m 

m -f C*X ) . Evidently (^ € C^CB) f w Cq~f x ) «• ty. -

Remark. After completing th is paper I was informed by Prof* 

A. Mostowski in September 1966 that Prof.D. Scott proved certain 

independence in Zermelo-Fraenkel set theory using also the no

t ion of complete Boolean algebra. I don't know whether our ap

proaches are similar. 
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