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yr(a,r)-SPACES BETWEEN WHICH ALL THE OPERATORS ARE COMPACT,
I

Nicole DE GRANDE-DE KIMPE, Brussel

Abstract: Certain couples of Ir(a r)-spaces, between

which all the diagonal operators are co-pact are characte-
rized, It turns out that the result is symmetr:Lc i.e.
"all the diagonal operators from Le(a,r) to Lg(b s} are com-

pact if and only if all the diagonal operators from Ls(b,s)
to Lf(a,r) are compact”.

Ke* words: Nuclear Fréchet space, compact operator
diagonal operator. ’ ’

AMS: 46A45, 47BOS Ref. %.: 7.972.23, 7.972.56

§ 1. Introduction. The investigation, started in this
paper, has to be considered as being part of the general in-
vestigation on the structure of (conerete) nuclear Fréchet
spaces, started by Dragelev in [2]. One way to obtain infor-
mation about the structure of particular spaces is to consi-
der the types of operators between them. The nuclear Fréchet
spaces we are interested in, belong to the class of Lr(a,r)-
spaces, introduced in [2]. We want to characterize in fact
certain couples of Lr(a,r)-spacee between which all the ope-
rators are compact. At the momert we restrict ourselves to

the diagonal operators. The general case will be treated in
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a forthcoming paper (part II),
The definition of an Lr(a,z)—spece as well as the basic pro-
perties determining the nature of the couples of spaces to
be considered, are given in § 2. The main results are proved
in § 4. For convenience, we collect some preliminary lemmas
in § 3.

The following notions and basic properties will be used
throughout the paper without further reference.

1. Let P be a sequence of strictly positive sequences
af = (ag) such that a< a¥*! for all k. The K8the-space /A(P)
is then defined as

1 1 k
APy = —g 2T = i) | () by = 2y |#a ! a5 < 0

X =1,2,...%
and topologized by the sequence of norms Il .1l x E=1,2,000
A(P) is a perfect Fréchet sequence space. Its topological
dual space is the space A(P)* = %&J a%. 2% (see [31).

2, It follows from the Grothendieck-Pietsch criterion
(see [4]) that A (P) is nuclear if and only if the sequence
of norms (. “k) on A(P) is equivalent to the sequence of
norms 0 (yp)h = ’g?“7ﬁx‘ a:.

3. If I is a subsequence of IN (the natural numbers)
then the sequence space A(P)I ={(7y) J (7p) €AP), 7, =
= 0 if néI)}is called a step-space of A(P).

We denote by iI (resp. pI) the corresponding canonical injec-
tion (resp. projection).

4. A map T:A(P)—>A(Q) is called a generalized dia-

gonal operator if there exist subsequences I and J of IN and
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a diagonal map T,: A(P)I—éA(Q)J such that ije T epy =
= T,

5. Let (oc,) be an increasing sequence of positive

numbers such that lim Ay = 0 .

For P =4 (koch)n| k =1,2,... }, the corresponding K5the-

space is called a power series space of infinite type.

X N :
For P = ((—k_-'l-_i—)m)nl k=1,2,...%, the corresponding
K8the-space is called a power series space of finite type,

6. Let A(P) and A(Q) be nuclear KBthe-spaces and T
a continuous linear map from A(P) to A(Q). Then

i) For each m there exists a k such that

HT(e:) |
sup “‘J—J<m

(by e; we mean the jth

coordinate vector).
ii) T is compact if and only if there exists a k such

that for all m

Ir(e:)
sup ——3 B _ o

(see [13] (2.1)).

7. A function f defined on (0,0 ( is called logarith-
mically convex if the function ¢ (w) = log £(e") is convex

on )-w,W(.

8, Let f be an increasing, logarithmically convex func-

tion defined on (0,00 (.

Then for every a>1, lim = 2 (a) exista. Moreover
“

f(au
>0 u

- 661 -



either 2 (a) =0 for all a>1 (%), or T(a)< co for all
a>1 (kx). In this case T (a) increases to c0 if a incre-
ases to ®© . (See [6] Lemma 7,)

A function having property (x )(resp. (xx)}) will be called
rapidly (resp. slowly ) increasing.

9. If E and F are locally convex spaces such that all
the operators from E to F are compact, we 11 write (E,F) €

€ R . (This notation was introduced in [6],)

§ 2. Lg(a,r)-spaces
a, Definition ((2]) p. 77). Let f be an increasing,
odd function, defined on )-c0 , 0 (, which is logarithmi-

cally convex on (0, co (.
Let (a)) be an increasing sequence of positive numbers such

that 1h%=wo

Let (rp) be an increasing sequence of real numbers with

limrp=r, where -0 < r=< o0 .

f(r a )
Put P = { (e p'n mlP=1,2,... 1.
Then the corresponding K8the-space A(P) is called an

Ly (a,r)=space.

I.e, )
f(r a

Le(a,r) =4 Cqp) | M) =2 (7] e "p'n

p‘= 1'2,ooo;’

< o

(remark that if »r =8 = @ (resp. r = 8 = 0) we can put

rk =k (resp. rk = -k.l) for k = 1,2,...)0

In this paper we only consider nuclear Lr(a,r)-spacea.
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Necessary and sufficient conditions for an I.f(a,r)-space

to be nuclear can be found in [2] p. 78.

b. For what follows, the next properties are fundamen-
tal:
(1) [2], p. 79: If £ and g are rapidly increasing, the spe-~
ces Lg(a,r) and Lg(b,s) can be isomorphic, only in the fol-
lowing cases:

a) O<r,8<0® ; b) ~co<r,s<0;c)r=8= 03

d) r=8=0.

(2) [2] p. 79: A space Lg(a,r) is isomorphic to a power se-
ries space if and only if f is slowly increasing. In that
case Lg(a,r) is isomorphic to a power series space of fini-

te (resp. infinite) type if -0 < r£0 (resp. O<r € ).

(3) [2] p. 80: If 1, g is rapidly increasing the spaces
Lf(a,r) and Lg(b,s) cannot be isomorphic., (It is proved in
fact in [6] p. 211 that in this case (Le(a,r), Lg(b,s)) €
eR )

c. From properties (b,1) and (b.2) the following dis-
joint classes of Lf(a,r)-spaces, with the property that two
spaces belonging to different classes cannot be isomorphic,

are obtained in a natural way (efr. [2] p. 81).

We 11 say that Le(a,r) and Lg(b,s) belong to the same class
if one of the following conditions is satisfied:
A, Al: f and g are slowly increasing and O<r,s £ co .
A2: f and g are slowly increasing and - @< r,s8£0,
B. By: f and g are rapidly increasing and O<r,s < .

B2: f and g are rapidly increasing and r =8 = 00 »
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B3: f and g are rapidly increasing and -0 < r,8<0,

B4: f and g are rapidly increasing and r = 8 = 0O,

d. It turns out that in many caeses all the operators
between spaces belonging to different classes are compact
(see [6]). The problem we are interested in, is to charac-
terize within each class those couples of spaces between
which all the operators are compact. It follows from pro-
perty (b.3) that this problem is really meaningfull only
when we make the extra assumption that £ 1, g and g'lo f
are slowly increasing (°). The problem considered here has
been solved completely for the classes A; and 4, in [1]. It
is in fact completely solved for the whole class A (see[5]).
The solution of the problem for the other classes is the
subject of our investigation. The main result in this paper
shows that the relation "All the diagonal operators from

Le(a,r) to Lg(b,a) are compact" is symmetric.

e, Finally we recall what is known about the isomorp-

hism of spaces belonging to the same class (see [2] p. 79).

1. Lg(a,r) and Ly(b,s) are isomorphic if and only if:
(a) both spaces belong to the clasa B, or B4 and

O< lim v= 4 1im

< 0

o s
o o

or

(b) both spaces belong to the class Bl or B3 and

8 T _
limq?-l

2. Lf(a,r) is isomorphic to Lg(b,s) if:
(a) both spaces belong to the class B, or B3 and
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f(ray) = g(s by), for n sufficiently large,

or
(b) both spaces belong to the class B, or B, and
fa,) = g(b,), for n sufficiently large.

The results under a.2) are improved in Lemma 2, § 3.

Throughout the paper we ll assume that in Le(a,r) the

function £ is rapidly increasing. The extra assumption (©)

(§ 2, 4.) will be mentioned only when necessary.

§ 3. Preliminary Lemmas
lemma 1, Consider the statement:

(x) 3k, such that Vm, 3 n, with g(s b )< f(rklah), for

nz np.
Then
(i) (k) is equivalent to
(kx) 3k2,, 3 n, such that g(sb, )< f(rkzan), for

10 g is slowly in-

n2n,, whenever Ocr, s<co and £~
creasing.
(i1) (% ) is equivalent to

(kxx) V 3nm such that g(mb )< f(a,), for

m?
nz n,, whenever r = 8 = 0 and g'lo f is slowly in-
creasing.,

Proof: case (i): We only need to prove that (%) imp-

lies (xx). So fix k> kl, then there exist m; and n; such
that:
™1, g(s_ b ) r
myn kl

> for n2 n,.
1o g(s b,) ry ! 1
2
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Put n_ = max (n,,n_ ). Thenwe have for n>n_:
(+) 1 my

o
r r
r Q- >ﬁf'lo (s b )>e"1 (s b))
X, ®n T F Tk, qn” T 818y On °gis bp/y
2 kl 1 kl 1

which gives (kx).

case (ii): We prove that (X ) implies (xXx),
There exists t>1 such that
-1 - 5
g o f(ay)
For every m we obtain from (% ) an index n, such that:

(tm)by< g 1o £(kay), for nZny

So ¥Ym, 3 n, such that
m by< %- g"lo fk a,)< g'lo f(a,), for nZn,

from which (k x x) follows.

-1 1

ILemma 2, Suppose f "o g and g ~o T are slowly increa-
sing., Then Ir(a,r) = Lg(b,a) and the identity operator is
an isomorphism, in each of the following two cases:
(a) O<r, s<co and

(i) Vk, 3ng such that f(ra )<g(s b)), for n2n,
and

(i1) ¥ m, 3 n, such that g(s b )< f(r a ), for n2n .
(b) r =8 =0 and
(i) 3x,, 3 n) such that g(bn)<f(rk1an), for n2n,

and
(ii) 3 m,, 3n, such that f(a,)< glmyb,), for nZn,.
Proof: Case (a): For every m there exist k; and n,
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such that

-1
o £(r ) s
g an < b+l

g'lo f(rkman) s,

Hence, by (ii), we obtain for n2 Ny = max (ng,,,n,):

for nz%.

Sm+1
sﬂ

8,+1%n< g'la f(r ay)< g"lo f(r, a,)

So, for every m there exist k; and N such that

g(ambn) < f(rkmnn) y for nZN .

Hence, Lg(a,r)c Lg(b,s) and since Vm, 3k,

g(s b ) - £(r )
such that sup e mn kn %< o y the canonical

injection I: Lr(a,r)—~>Lg(b,s) is continuous.
Similarly we conclude from (i) that for every k there exist
my and n, such that

f(rk&n)< g(s for n2ny.

mn)”
This implies that I.T(a,r) = Lg(b,a) and that the operator

171 is continuous as well.

Case (b): This is proved in the same way, making use of
the inequalities:

Vm, 3 m, such that 1, g(m b)) €m, 1o g(by)<m k. a

and

-1
Vk, 3k, such that g "o f(k b ) £k ma,.

§ 4. Compact diagonal operators

Proposition 1. Suppose O<r, s & o .

If one of the following conditions is satisfied:
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(a) 3m; such that Vk, 3n with f(rkan)<g(smlbn), for
n2n,, or
(b) 3k, such that Vm, Bnm with g(smbn)<f(rklan), for
nZng, or
(¢) there exists a partition IN = IN;UIN, of the indices
such that (a) holds on IN; and (b) holds on IN,,
then all the diagonal operators from Lf(a,r) to Lg(b,s)
(and bty symmetry also from Lg(b,s) to I.Y(a,r)) are compact.

Proof: Let the diagonal operator T: Le(a,r)—> Lg(b,s)
be represented by the sequence (7). I.e. T((e,)) =
= (o, 0 'ne
The continuity of T is expressed by:

g(smbn)-f(rk an)

(%) ¥m, 3k such that sup lppl e < .
The operator T will be compact iff

g(s b )-f(rya)
(x%) 3k such that VY m: s’t’xpp ‘Tn\e < 00 .

Sufficiency of (a): We prove that from (a) it follows

that (X %X) is satisfied for any value of k. So we fix a
k = k, and take any m. Then choose m > max (m,m;), where my
is taken from (a).
From (% ) we obtain k, and M such that
M-g(smobn)+f(rkoan)
lypl<e .
Hence (k%) will be satisfied if

M-g(s, by )+f(r, a )+g(syb )-f(r, a,)
sup e ° ° 2" < 00,
»
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or if Bnm such that

" f(rkoan) g(smbn) f(ry a,) .
-1+ + - <
g (amobn) gTsmobn) g(imob;f g(em°5n7 ’

for n2 npe

X glsb,) o il f(rkean) .

i = 13 = 1 >
Now 142 FTay By = MR T, by O e g v O
for all n.
Moreover we obtain from (a):
f(rkoan) g(s mlbn) R
3 ny such that O< g6, BT < g, 57 for nZny.
o °

8(sln bn)
Since lim ‘I—lb")_' = 0, the conclusion follows.
m 88y Pn

Sufficiency of (b): Choose m,, take k  from (% ) and

o’
k, from b), Take further k,> max (ko,kl).

An argument similar to the one used in (a) shows that for

all m there exists n, such that

g(s b)) fr,a) glsyb)
o

M - + ] +
ﬂrkzan) f(rkzan) ?h-kza n) g( rkzan)

- 1<0,

for nZn;, which implies that (%) is satisfied for kZk,.

The sufficiency of (c¢) follows from (a) and (b) consi-

dering the appropriate step-spaces,

Proposition 2. Suppose -c0o<r, 8<0,
If one of the following conditions is satisfied:

(a) 3k, such that Vm, 3n with f(rklan)<g(smbn), for
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nZn, or
(b) 3Jm; such that Yk, 3n with g(smlbn)< f(ra,), for
n2ny, or

(¢) there exists a partition IN = IN, VIN, of the indices
such that (a) holds on IN; and (b) holds on IN,,
then all the diagonal operators from Le(a,r) to Lg(b,a) are
compact,

The proof of this proposition is similar to the proof

of Proposition 1 and is therefore omitted.

Remark 1. It turns out that all the results obtained
in the cases O<r, s< ® have, as above, their analogue in
the cases ~c0<r, 840,

Therefore, from now on, we shall restrict our investigation

to the cases O<r, s<c0 and r =s = 0 .

Theorem 1: If £ Lo g and g-le f are slowly increasing,
then the following are equivalent:

(i) A1l the diagonal operators from Lg(a,) to
L,(b,0) are compact

(ii) A1l the diagonal operators from Lg(b,m) to
Ly(a,00) are compact

(iii) One of the following conditions:

(a)‘ VX, 3n, such that f(ka )«g(b ), for nZn,
or

(®) Vm, 3 n, such that g(mb,) & f(a,), for nxn
or

(¢) There exists a partition IN = IN;u IN, of the in-
dices such that (a) hoMs on IN; and (b) holds on IN,,

- 670 -



Proof: (i)==)(iii): Put I ={n|f(a,)&g(b,){ ana
J ={n|g(b,)<f(a,)} . Suppose J is finite, then I is infi-

nite and we have trivially:
3m; such that f(a,)<g(mb, ), for neI,

Suppose there were an infinite subsequence I°c I such that
3, such that g(b )< f(k,a,), for neI’,

Then by Lemma 2.b) § 3, the spaces Lo(a,c0); and Lg(i),w)x
would be isomorphic and there would be a non-compact diago-~
nal operator between them. This operator would then extend
to a non-compact diagonal operator from L,(a,@) to Lg(b,w ),
contradicting i). So for all k there exists an index n such
that g(b,)2 .f(kan) for n2n,. I.e. condition (a) holds, Si-
milarly (b) holds whenever I is finite, If both I and J are
infinite then (¢) holds,

(iii) =) (i): This follows immediately from Lemma 1 § 3,
combined with prop. 1 § 4

(ii) mewd(i): This follows from the symmetry of the con-
ditions in (iii).

1, g and g to £ are slowly increasing

Theorem 2: If £~
then the following are equivalent:
(i) A1l the diagonal operators from Le(a,r) to Lg(b,s) are
compact
(ii) A1l the diagonal operators from Ls(b,s) to Lg(a,r) are
compact
(iii) One of the following conditions:

(a) 3m, 3nl such that f(ran)<g(am1bn) for n2ny

or
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() 3k, 3n, such that g(sbn)<f(rklan) for n2n,

or
(c) There exists a partition IN = IN) UIN, of the in-
dices such that (a) holds on IN; and (b) holds on IN,.

Proof: We only need to prove (i) =) (iii), the rest
goes as in Theorem 1, Put I =-{nl f(ran)ég(sbn)? and J =
={n| g(sb )< f(ra )} .

We only treat explicitly the case where J is finite. Suppo-
se there was a subsequence I°c I such that
-1
g f(ra )
lip ——— D = 3,

’
mel sbn

Then we would have for all m:

g f(ran) s
R S el et

which gives: )

Vm, 3n, such that f(re;)>g(s;b ), for n2n , nel’ .
Since we also trivially have:

Vk; f(ra )<glsd ), for all nel’ ,

we can apply Lemma 2.a) § 3 in order to obtain a non-compact
diagonal operator from Lf(a,r) to Lg(b,s). This contradicts
(ii).

We therefore must have:

-1
— g f(ra )
m.lt °n =t<1,

sbn
8
oy

Choose m; such that t< —=, then 3 n, such that

s

- 672 -



g"lf(ran) eml
———————«< —=, for nzn,, nel.
sb, S
So 3m; and 3 n, such that f(ra,)< g(smlbn), for n2n,,
neg I, from which condition (a) in (iii) trivially follows.

Corollary 1: All the diagonal operators from Le(a, o)
to If(b,a?) are compact if and only if one of the following

conditions is satisfied:

a b
(a) 1lim 'rn =0, or b) 1lim -2 = 0, or c) there exists a
n

partitionIN = IN,\ IN, of the indices such that

b-a“ ) 1i °n
lim = 0 and = = 0.,
meN, °n me ‘ﬁz '

Corollary 2: All the diagonal operators from Lf(a,r)
to IY(b,s), O<r, s< 0 , are compact if and only if one of

the following conditions is satisfied:

bn r — 8, 8
(a) iﬁ 5 <—,orb) 1':;.3 F-<F » Or ¢) there exists a
n n

partition IN =11‘11\IN2 of the indices such that

b r a 8
L n T n
lim, ==<¢ = and lim = .
meNy 8,5F Y g, By < T

Remark 3: An analysis of the preceding proofs shows that

the existence or a non-compact diagonal operator from Lr(a,r)
to Lg(b,s) is related to the existence of a subsequence I of
the indices with the property that the corresponding step-
spaces Lg(a,r); and Lg(b,e)I are the same. It is therefore
reasonable to ask whether a similar result holds when there

exists a non-compact (not necessarily diagonal) operator
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between the spaces. This problem will be solved in a forth-
coming paper. (Part II.)
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