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THE NONABSOLUTE BOUNDEDNESS MODEL OF THE THEORY OF
SEMISETS

Karel &UDA, Praha

Abstract: A common description of minimal (in a sen-
se) models of the theory of semisets is given. One of the-
se models is considered in detail. We prove that in this mo-
del there is no semiset bijection between two natural num-
bers the ratio of which is a nonstandard natural number, In
this model we can have a semiset bijection between any two
nonstandard natural numbers with the ratio standard.

Key words: Absolute natural number, semiset, F-defi-
nition.
AMS: Primary 02K10, 02K05 Ref. Z.: 2,641, 2.666
Secondary 10N15, 26A98

Tntroduction. The paper is the first of three papers
concerning "minimal" models of the theory of semisets in it-
self, These models have a common description given by the
metatheorem 1.01 below. The models are useful for investiga-
ting nonstandardness in the theory of semisets; the author
believes that the models can be useful also for mathemati-
cians interested in nonstandard analysis and nonstandard mo-
del of arithmetic. These are advised to look at the semisets

as external objects and the sets as internal ones,

Preliminaries: TSS is the weak theory of semisets (see
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[H)). Thus, it is a theory with three sorts of variables x,
X%, X subordinated in this order. The theory is the GBiel-
Bernays set theory with respect to the sorts x, X° end G.B.
theory of classes with respect to the sorts x, X.
We put: Desg(X)= (3IX°)(X = X°) (" X is a designated class")
M(X) = (Ix)(X = x) (" X is a set")
Sm(X)= (Ix)(XeX) (" X is a semiset")
Semisets are usually designated by the lower case greek le t-
ters.,
Abs(X) = (V6 € X)M(6 ) (" X is absolute")
(FfN)= (3X)(Vnew)(ne X= Abs(n))
There is a class of all absolute (that is, finitely large or
standard) natural numbers.
FN ={ne¢w ;Aba(n)}
We use the notation FN rather than An (see [C 3]) in accor-

dance with the notation used in the alternative set theory
(see L V] or IS])

DEP(X,Y) = (3R°)(X = (R°)"Y) dep(X,Y)= (I r)(X = r"Y)
DEP,(X,Y) = (3 FO,Fnc(F°))(X = depy(X,Y) = (3 £,Fnc(£))
(F°)1ymy) x = (£71)"y)

These relations are often used in boolean models and proper-
ties of them are wellknown (see [VH]).

BD(A,Y) = (32 < A)DEP(Y,Z) bd(a,6 )= (3@ s a)dep(F,@)
"Y is bounded by A" " 6 is bounded by a"

§ 1. Common characterization of "minimal” models

1.01 Metatheorem: ILet ¢ (&) be a formula (it can ha-

ve some parameters) such that in TSS + T (where T" is a suit-



able system of axioms) the following can be proved:

D (Y6, 9(6))(Y 6, 9(8,))(3@, ¢(@))dep(&,x6,,0)
2) (V6,9(6))(Ve,a26)(3p ,9(p))aep(Pla -6),@)

(That is: The "system" of semisets "described" by ¢ is
"closed" under the cartesian product and the powerclass of
the complement.) Then the F-definition (see [VH] 1262)

e* =€ ‘

Cls* (X) = (36 , (6 ))DEP(X,6 )v X =0

Dsg* (X)= Dsg(X)

describes a model of TSS + (V X)((3a)BD(a,X)v X = 0) in
TSS + T" , This model is a submodel of the identical model
and the designated classes (and hence also the sets) are
absolute.

Demonstration: To demonstrate the fact that the consi-
dered definition describes a model, it suffices to prove
that new classes are closed under G8delian operations. For
the operations Cnv,(X), Cnv3(X), E(X), D(X) the fact we need
is a consequence of the transitivity of DEP. To prove this
for the operatiom XAY let us note the following facts:
XM = Xn(VxY), DEP(XnY,XxY), DEP(VxY,Y), DEP(X,S) &
% DEP(Y,T) == DEP(XxY, SxT), dep(G’,g’)g DEP(6 ,@ ) and
the property 1) of the formul ¢ . To prove the required
fact for the operatiom X - Y note in addition X - Y = X n
Nn(V - 1Y), DEP(X,8 )% a 26 & X4 V== DEP4(V - X,P(a -6))
(cf LVH] 4107 ).

In order to prove the validity of (VX)(3a) BD(X,a)
in the model it suffices to prove that for any class X of
the model there is a semiset 6° of the model such that
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DEP(X,6 ) (absoluteness of DEP and sets). But the semisets

having the property @ are in the model,

§ 2. The nonabsolute boundedness model

2,01 Definitions: 1) bd- Abs{8 )= (Vn,- Abs(n))
bd(b,8 ).

2) BD-Abs(X) = (36)(ba~14Abs(6 )X DEP(X,6)) v X = 0.
Fact: BD- Abs(X) = (V¥ n,n Abs(n))BD(n,X)vX = 0.

(The converse implication also holds. The reader will easi-
ly prove this after reading the paper,)

2,02 Metatheorem: The F-definition from 1.01 with
the specification @ = bd- Abs(6 ) gives an essentially
faithful (see [VH) 1232) model of TSS + (V X)BD~ Abs(X) in
TSS.

Remarks: 1) We will prove (V¥ X)BD- Abs(X)==> (FN).

2) Recall that the faithfulness of a model means that
in the model the same as in the modeled theory can be pro-
ved.

3) The formula (V X)(3a)BD(a,X) is an easy consequ-
ence of (V X)BD= Abs(X).

Before demonstrating 2.02 let us note some facts.

2.03 Metalemma: The formula bd(a,®6 ) is normal (see
[VH] 1123) in TSS.

Demonstration: bd(a,6 )= (3Ar)(Vxe6)(Iyea)

(xer"4y3&r"{ytc6)

2.04 Corollary: (3@ )bd-1Abs(6 )&~ M(GS)=>(FN).

Proof: FN ={n;- bd(n,6)3% .

2,05 Corollary: (V X)BD=Abs(X)=> (FN).
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Demonstration of 2.02: Iet us verify the properties
1), 2) from 1.01. The property 1) is a consequence of the
following two facts: a) For any nonabsolute natural number
o there is a nonabsolute natural number (3 such that
r_z,aé o¢ (Abs(n) = Abs(nz) see [C 3]).

b) bd(R,6)&bA(R,p )= ba(B2,6x @ ).

In order to verify the property 2) note that:

a) Abs(a)==> Abs(P(a)) (see [C 3]).

b) a>@ &b>6 &kdep(p » 6 ) ==> depy (P(a -@),P(b -6))
(as dep(P(a) - P(a -@), @) (see [VH] 4105) == dep(P(a) -

- P(a -9),6 )=> depd(P(a) - P(a -@),P(b) - P(b -6)) (see
[VH] 4107)==> depy(P(a -@),P(b -&))). Using a), b) we ea-
sily prove the property 2) in 1.01.

Now, let us prove the validity of (V X)BD- Abs(X) in
the model, Let us note that any number nonatisolute in the
sense of model is nonabsolute in the theory. (In the model
there are fewer semisets than in the theory.) Now, let us
prove another fact: If bd(a,® ) holds then there is a semi-
set @ € a such that dep(@ ,P(€ ))& dep(€,p). let bo6 =
=r'"g % ® < a. Define the relation FcaxP(b) as follows:
' fey={x;xea&r"{x}=c} . Put @ =T"P(E). Let & be
a semiset in the model and let bd(a,& ). P(G ) is in the mo-
del and hence bd(a,6 ) holds in the model, The validity
(V X)BD- Abs(X) in the model is an easy consequence of the
absoluteness of designated classes ard of the fact that se-
misets with the property bd-1Abs(& ) are in the model. (We
can see that if there is a nondesignated class in the model,
the absolute numbers in the theory and in the model coincide.)

To demonstrate that the model is essentially faithful
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it suffices to prove that the model is the identical model
of TSS + (VX BD- Abs(X) in itself (see [VH] 1236). Remem-
ber that (¥ X)BD-1Abs(X)=> (FN) (2.05), note that

BD~- Abs(FN). Consequently FN is absolute. bd-1 Abs(6 ) is a
normal formula with exactly one semiset parameter FN (2.03),
using the absoluteness of FN and sets we obtain the absolu-
teness of this formula. The assertion is now an easy conse-
quence of the absoluteness of the designated classes and the
fact that any semiset € having the property bd-w Abs(6 ) is
a member of the model.

Now we give some assertions valid in the model. We pro-
ve these assertions in the theory modeled.

2.06 Theorem: (V& )bd(n,6 )== (V x,y)Appr(x,y,n + 1).
(The definition of Appr(x,y,z) see LVH] 5304 ,)

In words: Any semiset function is a part of a set "tube"”
with the diameter less than n + 1.

Proof: lLet @ be a semiset function. let 6 = r" ,
vhere ©E n. We can suppose that D(r) = n&(Vken)Fne
(r"{k3} ). We have 6 E r"n,

Remark: Using (V X)BD(n,X) we can generalize the gi-
ven assertion for class functions.

2.07 Theorem TSS + (V n, 1 Abs(n))(V x,y)Appr(x,y,n):
Let k be a natural number ani n be nonabsolute. There is
no class bijection between k and n.k.

Proof: Let € :k&>n.k. Let r be an approximating re-
lation with the diameter less than n., We have

n.k = card(r"k)< card(r) £(n - 1).k

which is a contradiction.
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Remarks: 1) It was the proof of the consistence of
2.07 with nonstandardness which led P. Vopénka to the first
description of the considered model.

2) For any nonabsolute natural number n and atsolute
k we can have a semiset bijection between n and n.k in the

considered model.
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