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ON RAMSEY GRAPHS WITHOUT CYCLES OF SHORT ODD
LENGTHS
J. NESETRIL, V. RODL

. Abstract: The Bansei problem for classes of graphs
without short odd cycles is solved. The proof uses catego-
ry theoretical means.
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Classification: 05C15, 05A17

Introduction. The existence of highly chromatic graphs
without cycles of lengths %p is a classic result of the
graph theory. The problem started with Tutte-Zkov in the
40°s and it ended in the 60°s with a non-constructive proof
of Erd8s [2]and with a construction of Lovédsz [4] ; see [11]
for the history of this subject. However, the atructure of
these graphs is far from being clear, in particular the ILo-
vész construction based on the original idea of Tutte has
so far been the only known one. No wonder that the connec-
tion of this topic with the recent progress in the Ramsey
field leads to challenging questions (the first of them was
formulated by F. Galvin and solved in [9] by the authors).
It is the purpose of this paper to pursue the study of this
problem and to prove that for every graph without cycles of
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short odd lengths there exists a Ramsey graph with the sa-
me property. In fact we characterize all the partition pro-
perties of classes of graphs without cycles of short odd
lengths . Swrprisingly, this depends on the lengths of the
forbidden cyclee . The method of proof generalizes the met-
hods given in [7],[9], we prove [9] again. Let us remark that
in the proof we do not use any “artificial®™ construction; it
suffices to use the calculus outlined in [7]. We built our
graphs by induction mainly by use of direct products (some-
times called also cardinal products, the Kronecker products,
conjunctions), We may define the notion of an jdeal class X
of graphs. This is such a class of graphs which is closed

on the formation of subgraphs and which satisfies the follow-
ing: G € i implies the direct product GxH <X for any graph
H. The fact that graphs without short odd cycles form an ide-
al class is the main property used. We wish to thank the re-
feree for many valuable comments, which improved the formal
arrangement of this paper.

Preliminaries and statement of results. All graphs are
supposed to be finite, undirected, without loops ani multiple
edges.

Let G, H be graphs, G=(V,E), H=(W,F) we write also V=
=2V(G), E=E(G). A mapping £:V —> VW is aai& to be an embedding
(of G into H) if £ is 1-1 and [x,y) ¢ B<=> [£(x),f(y)]e P, If
VE W and the inclusion is an embedding, then G is said to be
a subgraph of H. Denote by (g) the set of all subgraphs of H
which are isomorphic to G (this notation is due to K. leed).
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Thus (§)# @ if am only if there exists an embedding G —> H.
The Ramsey theory deals with the following notions amd pro-
perties: We write G%H (k is a posﬁ.ive integer, F, G, H
are graphs) if for every mapping (called a eolouring_) cs
(g]—-» [1,k] there exists G’a(g) such that (g)s ¢"X4) for
an ie[1,k] (here [1,k] = {1,2,...,k}). The negatiom of this
statement will be denoted by 6-/—%—) H. In the particular ca-
se of F=({1},d)- the vertex (F=({1,2},{[1,2]})- the edge,res-
pectively) we write G-—{—»H (G—%—ﬂl, respectively). Denote
by Gra the class of all finite graphs. Let J. be a subclass

of Gra, F ¢ X . We say that X has the F-partition property

if for every G ¢ { and every positive integer k there exists
HeX such that G—p>H.

For a fixed class X the basic question we are concerned with
is the explicit description of the set of all F for which X
has the F-partition property, see [7] - "the prototype theo-
rem”. For a positive integer p denote by Cyc(p) the class of
all finite graphs without cycles of the lengths 3,5,...,2p+l.
Put Cyc(0)=Gra.

We prove:

Theorem A. For every natural number p the class Cyc(p)
has the edge-partition property.
Moreover, the method of the proof will be sufficiently

strong to prove:

Theorem B, For every non-negative integer p and every
graph Fe Cyc(p) the following two statements are equivalent:
1) Cyc(p) has the F-partition property;

2) F is either a single vertex or a single edge; in the case
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of p=1 F may be also any discrete graph (i.e. F=(V,#) and
in the case of p=0 F may be any discrete or complete graph.

It was proved earlier L8) that Cyc(0)=Gra has the F-par-
tition property if and only if F is a complete or a discrete
graph. In [7] it was proved that Cyec(1l) has the P-partition
property if and only if F is an edge or a discrete graph,

The difference between the partition properties of the clas-
ses Cyc(l) and Cyc(p) for p>1 is somewhat surprising.

In the proofs of Theorems A and B it is more convenient
to work with ordered graphs - graphs with linearly ordered
sets of vertices, This modification is essential for the proofs
below.

In § 1 we give the msic definitions related to ordered
graphs and we state Theorem C, which is the analogy of or-
dered graphs to Theorem A. In § 1 we also give schemes of the
proofs of Theorems B and C.

In § 2 we prove Theorem C, which implies Theorem A.

In § 3 we prove Theorem B,

Related statements and problems are given in the conclu-~

ding remarks.

§ 1. Ordered graphs - Theorem C. The basis of the proofs
of Theorem A and Theorem B is the following strengthening of
Theorem A stated below as Theorem C. In order to state Theo-
rem C we have to introduce a few notions first.

An ordered graph is a graph with a fixed linear ordering
of its vertices. This ordering will be always denoted by <
and called the gtandard ordering. An ordered graph will be de-
noted by ((V,E), %) or (G,<) or simply G.’
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Given two ordered graphs G and H an (ordered) embedding f:
:G—>H is an embedding of the corresponding graphs, which
is also a monotone mapping with respect to the standard or-
derings. Explicitly: £:((V,E), < )— ((W,F), <) is an embed-
ding if

l. £:V—Wis 1-1;

2. [x,yleE iff [£(x,f(y)] e F;

3. x4y iff £(x)< £(y).

If G is a subgraph of H and if moreover the standard or-
dering of H restricted to the set V(G) coincides with the
standard ordering of G, then G is called an (ordered) subgraph
of H.

The set of all ordered subgraphs of (H,< ) which are or-

dered isomorphic to (G, <) will be denoted by (fg’ f; or sim-
s £

ply by (§). @

For the ordered graphs (G,<) and (H,4 ) and for a posi-

tive integer k we write (G, < )——E—%(H, £) (G, £ )*-Z-* (H, £),
respectively, if for every colouring c:E(H) — [1,k]
{¢:V{H) —[1,k], respectively) there exists an ordered sub-
graph (G°, <) of (H,<), (G°,£)~(G, £) such that ¢ restric-
ted to the set E(G’) (V(G"), respectively) is a constant map-
ping.

Let X be a cless «f ordered grapha. We say that X has
the edge-psriition p.op.cty (the verlex-jrrtition property,

« X and for every positive

S

reapectively) if for every (G, =

N o
;<

3

integer k there exisia (M, ¢ such that (7, < ‘\,,E_, (H,4)
((G, < )~~—%«—7 (H, £), respectively).
Let Gra dencie the <lses of sll Tirite ordered graphs.

—_—
Let Cyc(p) denote the class of all ordered graphs (G,<),
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@ ¢Cye(p) (p a non-negative integer).

Now we can state:

Theorem C. The class m has the edge-partition pro-
perty.

Clearly Theorem C implies Theorem A, as every ordered
embedding is an embedding. Consequently we shall prove Theo-
rem C only. This will be done in § 2. The proof of Theorem C
is complex, using several auxiliar results and constructions
and proceeding in many steps. The following is a scheme of
the proof of Theorem C:

vertex partition property

of Cyc(p)(Lemma 1)

edge partitiom

g
J

property of Cyc(p)

good-partition property

R of Cyc(p)(statement, (x)
edge partition prop'ért Claim 1
of Cyc(p-1) Claim 2

(induction hypothesis)

There are at least three reasons for considering ordered
graphs (rather than graphs without ordered sets of vertices).
The first reason is the following property of the direct pro-
ducts of ordered graphs:

Let Gi=(Vi,Ei), (@, ¢ &5 :) i e[1,n] be ordered graphs.

The graph (X G4, £)=((V,B), £ ) is called an (ordered) pro-
duct of grnphl Gy, £4) if V=, X,l Vi,

[(xg3ie [1,n]), (yg5d€ f1,n1)] e E iff for every ie[1l,n]
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[xy,75)€ By and xy £ 435
and the standard ordering < is the lexicographic ordering
induced by the ordering £;, ie[l,nl.
The crucial (and convenient) property of the ordered product
is that every edge e=[ x,yl ¢ E is uniquely determined by its
projections ari(e)=[m‘i(x), w;(y)le By (here sl’i:é{’ v, —
—>V; is the projection).
As every edge ec¢ E is uniquely determined by its projectionms,

we shall write sometimes e=(Jr;(e),..., 7 (e)).

Remark: The above statements are not valid for the di-
rect product of graphs without orderings. We have szl(zﬁ
=([1,21=11,21, {L(1,1), (2,2)1,[(2,1), (1,2)]}% and conse-
quently two edges which have the same projections.

The second reason for considering ordered graphs is that
for the classes W) the products may be conveniently used.
The following is true: Gec—yT:T;), He GT&’:;GxHea_c—(;).
Consequently, clasees Cyc(p) are ideal classes of graphs in
the sense of [7]. The last reason for considering ordered
graphs is the fact that we may use Theorem C for the proof of
Theorem B. The following notion is the key to Theorem B: ’

We say that a class X of graphs has orderings if for e-
very graph G=(X,E) ¢ X’ there exists a graph H=(Y,F) ¢ X such
that for every (linear) ordering < of X and for every ordering
=< of Y there exists an embedding f:G—> H, which is also &
monotone mapping f:(X,<)—> (Y,4). The validity of this
statement for some particular G and H will be denoted by
G——% H. We pi'ove that all classes Cyc(p) have orderings
( § %, Lemma 3 below). This generalizes a result of O, Ore,
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who proved that there exists a graph H without triangles
which contains for every ordering of its vertices a subgraph
isomorphic to C,=([1,4],{[1,21,[2,3],(3,41,[1,4]%) with natu-
rally ordered vertices. (This is slightly weaker than
c,—% 1)

Using Theorem C we prove that Cyc(p) has orderings for
every non-negative integer p and from it we derive Theorem B.

A scheme of this proof (given in § 3) may be sketched as fol-

lows:
Lemma 4

Theorem C| ——>|orderings :ﬁ@
Lemma 6

The whole paper is written in the finite set theory. For a
set V let Kv be the complete graph with the vertex set V. Kn
is the complete graph with the vertex set [1,n].

§ 2. Proof of Theorem C. We shall use the following
weakening of the partition property of ordered graphs:

We write G —5°1°—d-19->H for the ordered graphs G, H and &
positive integer k if for every colouring c¢:E(H)—>[1,k] the-
re exists G'=(V,E ) e (g) (i.e. an ordered subgraph of H iso-~
morphic to G) such that e([y,x])=c([y’,x1) whenever [y,x]cE’,
[y yxl]eE’, y<x, y< x (i.e. the colour of an edge of G’ de-
pends on the "greater" vertex only).

The usefulness of thies notion follows from the following

two lemmas:

———
lemma 1. Cyc(p) has the vertex partition property for
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every non-negative integer p.

Lemma 2, C?e—(_g) has the edge-partition property if and
only if for every G e Cyc(p) and for every positive integer k
there exists He Cyc(p) such that G-—s%—d-!e—ﬂi (we abbreviate
the latter statement by saying that Cyc(p) has the good-par-
tition property).

Proof of Lemma 1 follows easily from the existence of
highly chromatic graphs without short cycles. This is done
explicitly in [6] and therefore we omit the proof.

Proof of Lemma 2., Obviously G—E-»H implies G—B—Qgil%ﬂ.
To see the converse, let GeCyc(p) be fixed. Choose G Cye(p)
with G—F>G’ (by Lemma 1) and He Cyc(p) with 6’8008, g,
Then G—erﬂ{ follows from the composition of the definitions
of the arrows:

Let c:E(H)—>[1,k] be a fixed colouring, By G-8%2%:e, g
there exists a graph E'e(g') such that c(ly,x1)=c(ly’,x])
whenever [y,x]e¢E(G*), [y ,x1¢ E(G’), y<x, y'< x. Define the
mapping ¢:V(G’) — [1,k] by ¢’ (x)=c([y,x]) for any [y,x]e€

¢ E(G’), y<x if such an edge [ y,x] existe, otherwise put
¢’(z)=1. By the choice of G’ this is a correct definition. By
G—L>G'~ G’ there exists G¢ (g) such that c’ restricted to
the set V(G) is a constant. It is not difficult to see that
from this it follows that the colouring ¢ restricted to the

set E(G) is also a constant mapping.

Proof of Theorem C. We shall proceed by induction on p.
Theorem C is valid for p=0, see [1],[8],[101, Let p>0 be a
fixed integer and assume that Theorem C is valid for all p°,

0<p’< p. Hence we prove by induction on 1V(G)! the following
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statement:

—_—
For every GeCyc(p) and for every positive integer k
there exists He Cyc(p) such that 0—5—9{—‘1—!—% H.

It follows from Lemma 2 that for a positive integer p
the statement (k%) implies the validity of Theorem C.

We may start the induction procedure as if 1V(G)i=1, then
o —8odse g,

Thus let G=(V,E)e Cye(p), |VI>1 be fixed. Fix a positi-
ve integer k.

let x€ V be the laat vertex of G (in the standard order-
ing of G). Put V(x)= {ye V; Lx,y) cE3.Derive two graphs,
which will be denoted by G’ and G* :

G’=(V,E*)=(V~ix},{e ¢ B} xde); GF =(VHE¥),
where V¥ = V\ V(x)uix*} , x*¢ V, y<x* for every yeV’,
and [x,yle E¥ iff either [x,yle E, ix,y1E V \V(x) or x=x* and

[x’,yle E° for an x°¢ V(x), ye V\V(x).
(In other words: G* is the factor graph G'/V(x)‘)
Obviously G’e Gyc(g). Moreover G*c Cyc(p-1), which may be de-
monstrated as follows: Assume G*‘¢ c_y_c_:(_p-T). Then there exists
a cycle C of the length 2p’+1 for a p’c[1,p-1]. Obviously,
x* hQa to be a vertex of C and consequently G would contain
a cycle of the length 2p°“+3. This is a contradiction.
Let |V'] = a.

Let us write three rows of partition arrows (standard
orderings are omitted):

1 o'—Lopdie, gt Y.y’ Cyelp);

II G———ﬁ——»ﬂ Cyc(p-l),

ur kg
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The meaning of the undefined symbols and the mechanism of
this scheme is the following:

(i) H’ exists by the induction hypothesis; H'e C_y_eTp’S;

(ii) put n=X", r=|E(H")|; H* exists by the induction
hypothesis;

(iii) the first arrow in III follows from the Dirich-
let principle; it suffices to put A=(a-l) k+l. The second ar-
row in IIT is the classic Ramsey thearem; put q=k%, R=IE(H’)|.
-[E@E®.

(iv) Put m=kP, B=IV(H¥)|-N, K’ exists by Lemma 1.

The choice of the numbers m,n,N,q and graphs H’,H¥ K"’
Ky is consistent. We may choose them subsequently in the abo-
ve order (i.e. H',n,H*,q,N,m,H"").
Define the ordered graph H=(W,F) by W=(V(H’’)x V(H*) x [1,N))
UV(H¥); the standard ordering 4 of W is given by the lexi-
cographic ordering induced by the standard orderings of V(H"),
V(H*) and [1,N] and by y< g for every z € V(H*) and every y <
e V(H ) x V(H¥)x [1,N];
[A, Ble F iff either A=(y,z,i), B=(y",z",i’), y<y’, z<8°, i<i”’
end [y,y TeE(H"’), (2,2 1cE(E¥), [1,i"JeE(Ky), or A=(y,s,i,),
=z,y e V(H'’), z ¢ V(H¥), iell, NJ.

Consequently, H is the ordered direct product H%H* > Kn
with added vertices of V(HX), which are joined with H ‘< H*x
= Ky by "sheaves" of edges induced by the second coordinate
H* ,

Claim 1, He Cye(p).

Proof. Assume the contrary: let C be a cycle in H of
the length 2p°+1, p°< p. As H 'x H¥x Kuem), C has a com-
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mon vertex with V(H¥). Let C” be the part of C which belongs
to H 'x B*x Ky» let & be the projection H 'x B*xK.N-—-> H*.
o is a homomorphism and using the definition of H it fol-
lows that sr maps C’ onto a graph which contains an odd cyc-
le of a length less then 2p°-1 (we use C‘%C)., But this is a
contradiction with H¥e¢ Cyc(p-1). In the case p=l we claim
that {y;[y,z1c E(H)} is an independent subset of H for each
sc V(H*).

Claim 2: o —Bo0d,e, g,

Proof. let c:E(H)—>[1,klbe a fixed colouring. First,
0 x4 *
define the colouring ¢’ :V(H*) — [1,k]V(EY)=<[1,N] .
e’ (y)=(e([(y,y*,i),1); y*e V(H*), ie[1,N]), As

ir1,x VEN=LLN 2 50 3¢ follows from the second part of
line I that there exists a subgraph H'® of H'® isomorphic to
H’ such that ¢’’ is a constant mapping on the set V(H'"),
Secondly, define the colouring d":E(Kﬂ)ﬁ> [l,klEm""< H¥)
by dle’)=(cle); ec E(H XxH*~x Ky), T3(e)=e’). Here mry:H™'x
xH**KN —>Ky is the projection. Analogously denote the pro-
Jeections 47y:H’’x n*‘xxnan" and afl'zzn"x H*xKN———)H*.
W¥i), (277,2%,§)]1 E (H "< H*~<Ky) is
uniquely determined by its projections T (e)=e;= [y*',2"°],

.

As every edge e=[(y’

o,(e)=e,= [y*,2*] ana ar3(e)=e3= fi,j1, we shall write also
o=(el,02,e3)- Using this convention we may restate the 'defi-

4

nition of the colouring d°° as a°’(e )=(c((ey,e,,e)); ey €

€ E(H""), ey€ E(H¥)) so that really d°“:E(Ky) —
—> [, BETXE@R gy BEXET) L eo110we

from the second part of line III that there exists a subgraph
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K™ of Ky isomorphic to K, such that 4’ restricted to the
set E(K”) is a constant mapping.
This means that we may define an auxiliary colouring
€:E(H "x H*)—> [1,k] by T(&)=c(e) for every ec E(H X H*x<K")
which satisfies (,(e), ar,(e))=8. (This is a correct defimi-
tion as c(e)=c(e”), whenever Jy(e)=dry(e”), my(e)= Ty(e”),
{m3e), w3(e e E(K").)
Thirdly, define the colouring ¢*:E(H¥*) — [l,kJE(H”) by
ck(e*)=(C(e); ec E(H "< H¥)), As |[1,x33‘3"’|=r, it follows
from line II that there exists a subgraph G*” of H* isomorph-
ic to G* such that c* is a constant on E(G¥”). Finally, defi-
ne the colouring ¢ :E(H’”) — [1,k] by ¢ (e ")=c(e) for all
e c E(H "< 6% =< K”) which satisfy i(e)=e” (this is a correct
definition by the above choice of G*” and K'). By the first
part of line I there exists a subgraph G°° of H’® isomorphic
to G’ such that the colour ¢ (y,z), y<z depends on s only.
Let §°:6°— G°", ®*:6*—> ¢*” be ordered isomorphisms.
Put x"=$*(x*). Define the colouring d“:V(K') —[1,k] by
a’(i)=e([(®’'(y),x",i),x"]) for all yc V(G'). This is a cor-
rect definition as c([ (3’ (y),x",i),x ))= c([(d'(y"),x",1,x7])
for all y,y e V(G’) (this follows from the first step of this
proof - see the definition of the colouring c¢c’’). By the first
part of line III there exists a subgraph K of K~ isomorphie
to Ky such that d”(i) is a constent for all ie V(K). Let:
@":V'—»V[}(J be the monotone bijection.
Define the mapping & :V(G) —> V(H) by
dM=(3 (), d*(y), " "(y)) for all ye V'~ V(x);
dy)=( 9’ (y), x", " (y)) for all y e V(x);
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& (x)=x".
It follows from the above construction of the embeddings
$°, &%, &°° that & is a monotone mapping and an embedding
G—> H. Moreover c¢([® (y), $(2)1), z<y depends on z only
as it follows from the properties of the above embeddings.
This finishes the proof of Claim 2 and consequently of Theo-
rem C,

The following diagram may be of some help in understan-
ding the proof of Theorem C:

$°:6"=G-x—H"—H"

d*:a* = ) —— ;I*

Koy Ky Ky

x —— d*x*) = x”

$ :a H

§ 3. Proof of Theorem B, Using Theorem C, Theorem B

will follow from the following statements:

Lemma 3. The class Cyc(p) has orderings for every natu-~
ral p.

lemma 4. If Cyc(p) has the F-partition property, then

p-ord, g,

Lemma 2‘. For a graph F the following two statements are
equivalent:

1) !——"L‘—>F;

2) F is either a complete or a discrete graph.

lLemma 6, For every p >1 the clasas Cyc(p) has not the
W,#-partition property for any set V,iVi>1,
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Proof of lemma 3 (by a direct application of Theorem C).
Let G=(V,E) e Cyc(p) be fixed. Let G e Cyc(p) and an ordering
4 of V(G°) be given with the property that for every order-
ing £ of V there exists a monotone embedding (G, <) —> (G', £).
(G, ) exists as we may take the disjoint union of all
(G, £), £ an ordering of V. Let (6", £)——>(H, £), HeCye(p). °
Let & be an arbitrary ordering of V(H). Define the colouring
¢ of E(H) by

c([x,y))=1 if and only if x<y, x<y;

c¢([x,y1)=2 otherwise.
By the definition of (G°, é)——%>(l-l, 4<) we get either a mono-
tone embedding (G, £ )—>(H,<) or a monotone embedding (G’2 )—>

—>(H,< ). Using the definition of G’ we get G —°Fd_p,

Proof of Lemma 4. Iet Fng‘L)F. This means that there

are orderings %; and éz such that there exists no monotone
isomorphism (F, £;)—> (F, £,). Let (G, <) be a disjoint union
of (F, £,) and (F, £,) and let a2, G*, We prove G'%—}H
for every He¢Cyc(p). The reason for this is the following: gi-
ven a He Cyc(p), fix an ordering of V(H) and define a colour-
ing c:@)—-—-—?[l,zl by ¢(F )=1 if F~ with the restricted order-
ing £ of V(H) is monotone isomorphic to (F, £,);

c(F")=2 otherwise. It follows from the definition of G’ that
there exists no G'e(go) with lc(g7|= 1.

Proof of lemma 5. F—O9, peif and only if for any two
orderings £, and %, of V(F) the ordered graphs (F, £,) and
(F, £,) are monotone isomorphic. As every permutation may be
coded by an ordering, we get that F—°F. F if and only if e-

very permutation of V(F) is an automorphism of F. Consequent-
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ly P is either a complete or a discrete graph.

Proof of lemma 6., For brevity put V=(V,#), n=([1,n],8).
Assume first |V|=2, Let p>1 be fixed. Denote by C, the cyc-

le of the length n. By way of a contradiction let us assume
that czl»z——-vr>ﬂ Cyc(p),k2 2, Define a colouring

ez(g)——?[l,ZJ by c({x,y})=1 if and only if ¢(x,y)=2;

c(ix,y})=2 otherwise.

(Observe that (g) is the set of independent subsets of H of
the size 2; ((x,y) is the distance of x and y). As He Cye(p)
and p>1, H does not contain a pentagon and consequently eve~
ry cycle of the length 2p+2 in H -cont.ains two vertices of the
distance > 2. This is a contradiction with C2p+2——%> H.

Let |VIi=n>2, p>1 be fixed.

Let G be the cycle of the length 2p+2 with added n-2 isolated
vertices.

Let G—2F9, G’¢ Cyc(p) (the existence of G’ follows from Lem-
ma 3). We claim that G’%}k'—->1{ for every graph He Cyc(p).
This will follow by showing that G'—y—>H implies G —3—>H
for |W|=2; this is impossible by the first part of the proof.
Assume G'——z—ﬂ{. Let £ be an ordering of V(H) and let
c:(%)-—?[l,ﬂ be a fixed colouring. Define the colouring

c':(‘é)-—-’[l,i’] by c'(ixl,...,xa})=i if and only if x; < ... < X,
and c({x1,22§)=i, By the assumption there exists ie[1,2] and

a subgraph G” ¢ (go) such that (% Jee’1(i). By the ordering

property of G’ there exists a subgraph G~ ¢ (g') such that the
graph G~ (with the relative ordering of H) and the graph G
(with an ordering where every isolated vertex is greater than
every non-isolated vertex) are order-isomnrphic. Using the
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definition of the colouring c’ we get Cope2 +n. |w}=2,
which is a contradiction with the first part of the proof.

Concluding remarks. The proof of Theorem B is a proce-
dure which may be generalized in various ways for other clas-
ses of graphs, examples of this are given in [7] and [81,

On the other hand, the fact that the classes Cyc(p) general-
ly do not possess the (V,f)-partition property is the main

reason for dealing with the classes Cyc(p) separately.

The main problem of the Ramsey theory in this field is
perhaps the problem whether the class of all graphs without
C3 and 04 has the edge-partition property. This class cer-
tainly has the vertex-partition property (pee {6]). The pro-
ducts, of course, may not be used.

This problem was pointed out on several occasions by P. Er-

dss (see [3]).
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