Commentationes Mathematicae Universitatis Carolinae

Michal Resl; Antonin Sochor
Provability in the alternative set theory

Commentationes Mathematicae Universitatis Carolinae, Vol. 22 (1981), No. 4, 655--660

Persistent URL: http://dml.cz/dmlcz/106108

Terms of use:

© Charles University in Prague, Faculty of Mathematics and Physics, 1981

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must
contain these Terms of use.

This paper has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://project.dml.cz


http://dml.cz/dmlcz/106108
http://project.dml.cz

COMMENTATIONES MATHEMATICAE UNIVERSITATIS CAROLINAE

22,4 (1981)

PROVABILITY IN THE ALTERNATIVE SET THEORY
M. RESL, A. SOCHOR

Abstract: We demonstrate that every proof 9f finite
length of a Tinite formula can be modified to a finite proof.
We show which proofs can be replaced by finite proofs.
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In the alternative set theory (AST) we have two types of
natural numbers: finite natural numbers which play the role
of classical natural numbers and natural numbers (general, pos-
8ibly infinite) which finiteness is only formal. In this sen-
se we have two types of formulas (finite and general), two ty-
pes of proofs, provabilities and consistences. Let us remind
we use the word "finite" to express the notion constructed
with respect to finite natural numbers (see [S 1] and LR 1]).
Finite formulas have the main importance for us and we have
been formulating main results on them; general formulas have
an auxiliary value.

The aim of this article is to examine the connection be-
tween the provability and finite provability. Let ¢ be a fi=-
nite formula (of some language) which is provable (provable

means provable in the predicate calculus). Under what condi-
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tions is this formula finitely provable? Assume 4 the proof
of @ . We may suppose the formulas in 4 do not contain ot-
her nonlogical symbols than these contained in ¢ . Thus
all symbols in formulas in 4 are finite-ary. We have four
possibilities:

1. The proaf 4 has an infinite length and formulas in
d are general (possibly infinite). In this case ¢ need not
be finitely provable. Moreover the statement: "Every provab-
le finite formula is finitely provable” is independent of
the axioms of AST: when the axiom of elementary equivalence
(V= FV) is assumed, then the statement is true, and when we

add the axiom ﬁConZFr_ (AST with this axiom is consistent,
in

see [ S 31), then it is false.

2. 4 has an infinite length but contains only finite
formulas. As there are only countasbly many finite formulas
in the language of @ and d is a set, there is only a finite
number of different formulas in d. Form d° from d by omitting
all formulas except their first occurence. Certainly 4’ is
finite proof of ¢ and ¢ is finitely provable. -

3., 4 has a finite length but contains arbitrary formu-
les. We show as the main result of this article that ¢ is
finitely provable in this case.

4., 4 has a finite length and contains only finite for-
mulas, Then ¢ is finitely provable according to the defini-
tion.

Thus it remains to prove the following theorem:

Theorem. Let ¢ be a finite formula provable by a proof
of a finite length. Then ¢ is finitely provable.
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Proof. In the proof of ¢ there may be arbitrary vari-
ables, possibly x,, with infinite o¢ . For the constructiom
below we will understand these variables to be finite terms
and consider that they do not break finiteness of a formula.
At the end of our proof we show how to replace them by vari-
ables with finite indexes.

Let ¢ be a fixed constant symbol in our language (if the-
re is none, add one new constant symbol). Let * be a term.
Set

¥, if © is finite
=¥ =
{ c, otherwise.
When @ is one of formulas —1P,, @7~ @,, (Vx)@,;, we say
that @,, @, resp. is an imuCediate subformula of @© . Let I be
a finite set of formulas.In each formula ® in "', replace any
term T by =¥ . Let T, be a set of such obtained formulas
from T . Proceed the constructiom by induction setting T1n+1
the set of all formulas of 'l"n and all immediate subformulas
of formulas of T",. Take now T* = T'5 - 1‘4 , A the class of
atomic formulas. For p e T*u (T 5NA) define
@,if @ is finite
etz { _
¢ = C, otherwise.
Then define (qp )¥ = 2p* , (P —> P)*= @1— 0% ,
((Vvx)@)*= (Vx)p* . We prove by induction that for any
Qe T’s, the formula ©* is defined. Let @ € Tge If @ is
atomic then (@ is defined. Let @ be not atomic and let for

at least one immediate subformula p’ of @ have e ¢ Tse
Then @ € '™ and P™ is defined. If @’ is any immediate
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subformula of © 8o that e’ e T'5, then by induction hy,..
thesis f{* is defined; thus SD* is defined in the remain-
ing case,

Notice that any ©* is finite and if ® is finite then
?* and © are equal.

Let @y,..., @, be the proof of @ , set T={®),.e.
cees@pl. We show g;"i seeey @f, 18 a proof of o . If ¢,
is one of a;ioms (ef. e.ge [V-H] § 2 ch. I)

Y177 (VW)
(y1—> (¥ —> ¥3))—=> ((y— ¥, )— (¥ —> ¥3))
(Y1 —=> T ¥)— (¥V,—> )
(Vx)(y,—> Y)—> (¥, —> (Vx) v,)
(Vx)y(x)—> y(z)
then ?*i is again an axiom of the same type. If @3 is an
identity or equality axiom, then it is a finite formula and
cp*i is @4 (?n is a finite formula, as above we assume all
the @; ‘s are in the language of ¢,). If @; is derived by
the rule modus ponents from Pjr Pj—> Pi» then 97); is de-
rived from ?Tj , g‘s._; g% . If g;=(Vx) ¢; is derived
by the generalization rule from ¢ ;, then 9:*;_ = (V¥x) g:’g is
derived from SP:S . Every ¢ 1is a finite formula with the
exception that it may contain variables with infinite index-
es. The number of such variables in all qﬁ. ‘s is finite,
thus we can replace them by finite variables (variables with
finite indexes). This completea the proof.

In the theorem we considered the provability only in the

predicate calculus, But it is easy to extend our result for

provability in some concrete theories. The only requirement
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we need is: if y is an axiom of the theory then 3¥ is al-
80 an axiom. It is obvious when Yy is a finite formula (it
is the case of e.g. Gddel-Bernays set theory). But the exten-
8ion of our result is also true for some theories having in-
finite axioms in its formalization, e.g. for Peano arithme-
tics, AST, Zermelo-Fraenkel set theory and others. These the-
ories have axioms which are finite formulas and axiom-schemae,
e.g. the schema (Iy)(Vz)(zey= @ (z,X7,..¢,8,)). If y €
€ ", denotes this formula then y* is the formula
(Iy)(Vz)lzey = (@(2,X)5000,X, )%
which is also an axiom of the same type. (For this reason it
would be sometimes necessary to stop the construction of T‘m ‘s
at some bigger n than n = 5 as we made above.)

Thus we see that for some common metamathematical theori-
es T, if T and J is its formalization and finite formaliza-
tion in AST respectively (see [S 1]), then if a finite formula

¢ 1is provable in T with a proof of finite length then
T I-—F ® .
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