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CONTINUITY OF CHARACTERS IN PRODUCTS OF ALGEBRAS
Angel R. LAROTONDA, Ignacioc M. ZALDUENDO

Abstract: A topological m-convex algebra A over the com-
plex Tield Is called functionally continuous if every charac-
ter of A is continuous. In this note we prove: a product of a
family Ai (i€ I) of functionally continuous algebras is func-

tionally continuous if and only if the cardinal of the set I
is non measurable.
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§ 1. One of the automatic continuity problems is to find
conditions on a topological m-convex algebra, A, which ensure
that every character h: A—C is continuous. Such an algebra
ig called functionally continuous. It is well known that Ban-
ach algebras are functionally continuous, whereas the same pro-
blem for Fréchet algebras remains unsolved.

In this note we are concerned with the stability of the
property of functional continuity by products. In other words,
given a family (Ai)ieI of functionally continuous algebras, is
the product aslgebra functionally continuous? We prove that this
problem is related with the existence of measurable cardinals.
More precisely, the product algebra is functionally continuous

if and only if the cardinal of the set I is non-measurable.
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Throughout, (Ai)i e1 Yill denote a family of algebras over
the field of complex numbers, € , and A = TT(A;:1€1I).
pizl i d Ai will be the projection mappings, and we will write
Py(x) = x;, and x = (xi)iaI‘ We do not suppose the A; to be
unitary, dbut when they are, e will denote the idempotent ele-
ment of A defined by ey = (d'y4)y 1, where d}, is Kronecker s
delta. A character is a non-zero algebra homomorphism h from
the algebra to the complex numbers. Note that when the algebra
is unitary, h(1) = 1,

§ 2, We will prove now that every character h of A factors
through some A (there is a character ¢ of A, such that h =
= Qg ?k) i1f end only if the cardinal of I is non-measurable. We
will need the following lemma.

Lemma 13 If the cardinal of I is that of the continuum, e-
very character of A factors through some "k‘

Proof: Let h:h —>» € be a character, and #:I— € - {0}
a bijection, We uuppoui tirst that all the A; are unitary.

The element x = (*!:(1))1e 1 ©f A is invertible, so that
h(x) 4 0. Hence there is a unique k6 I for which t(k) = h(x).
Let y = x(1-.k)-h(x).1.y is also invertible, because,

(1) - t(k), 1f idk
V1 { -t(1), 121 =k,
It h(ek) were zero, we would have a contradiction, for then
h(y) = h(x) (1-h(e,))-h(x)=h(x)-h(x) = 0. Therefore h(e, )= O3
in fact, h(ok) = 1, because e, is idempotent, Then h factors
through A, beceuse Ker (@, 1s contained in Ker h: if @,(a) = 0,
h(a) = h(a).h(e,) = h(a.e,) = h(0) = O,
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If the A, are not unitary, we may consider TT (AixieI)
as a bilateral ideal of TT{ AI:ic I} where AI is obtained by
edjoining & unit to A;, and apply Theorem C.1 of [21.

We shall also need the following:

Lemma 2§ If the cardinal of I is lesser than, or equal
to that of the continuum, then every character of A factors

through some Ak.

Proof: Consider a disjoint union J = IuI’ so that the
cardinal of J is the cardinal of the continuum, and Ai =C
for all 1€I°. Then A may be identified with a bilateral ide-
al of W(Aj:jeJ), and we apply once again Theorem C.1 of [21],

and Lemma 1.

We recall now that a cardinal « is said to be measurab-
le if there is a set I whose cardinal is «« , and a € -addi-
tive measure @ defined on the &-algebra of all subsets of
I verifying:

i) PFor ell JcI, @(J) is either 0 or 1,

ii) For all i6¢I, w({i}) = 0.

1ii) @ (I) = 15 in other words, w is non-trivial.

Obviously, all numerable cardinals are non-measurable.
In fact, 8ll known cardinals are non-measurable, but we will
only use this in the case of the cardinal of the continuum.
(See 131.)

We are now ready to prove:

Theorem 1: Let I be a set. Then the following are equi-
valent,

&) The cardinal of I is non-measurable.
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b) PFor every family “‘1)161 of algebras, every character of
the product A =TT{A :ie€ I} factors through some Ay.

Proof: a) ==> b)., Let h be a character of A, As in Lem-
ma 1, we may suppose all A; to be unitary, and it will be en-
ough to see that h(ek) = 1 for some keI,

If JcI, let e; denote the idempotent element of A such
that

) { 1, 1ir ieJd
P;le =
179 0, 4if 14J.
For all JCI, h(eJ) is either 0 or 1, so we may define
@ P(I)—> {0,1}, @(J) = h(ey)

(¢ is non-trivial, for & (I) = h(1) = 1. @ is readily seen
to be finitely edditive: if J,nJ, = g, eJ1 and e"a are or-

thogonel idempotents, so «(J,) and w(J,) cannot both be 1.
To prove that “ is 6-additive, let (Jn)nell be a sequence
of disjoint subsets of I. We must consider two cases:

First, if some Jm has measure 1, it is the only element
in the sequence of measure 1, for if the same were true for
In»

@(@pudy) = h(eJman) = h(eJm+ eJn) = h(eJm) + h(eJn) =2,

absurd.

Hence, 12 w(Y J )z @(Jp) =1 =2 «(J), s0 « is 6-
additive in this case.

On the other hand, if a(Jn) = 0 for all n, we must pro-
ve that @ ( ) = O where J = ¥ J;. If not, w(J) = h(ey) =1,
so that h factors through Ay =TTiA;:i¢ Jf. But

A; =TT A; , Where Ay =TT{A,:1eJ 3.
T "m0y In i n
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By Lemma 2, h finally factors through some AJ » 80 there
n
is an ne¢ N for which h(e; ) = (L(Jn) = 1, a contradiction.
n

Since the cardinal of I is non-measurable, the measure
cannot be zero on the singleton {i)} for all ié& I. Therefore
there is a k¢ I such that @ ({k}) = h(e) = 1,

b) = a), Let :P(I) — 10,1} be a non-trivial measure.
We will prove that w({k}) = 1 for some k ¢ I.. Every character
h, of A = ¢® factors through €(u(x) = %, for some keI, and
all xe€A).

Let M = {x€A: @ (x"1(0)) = 1). M is an ideal of A:

OeM, for « is non-trivial.

If xeM and ye€ M, then x+y € M, because

e @ Uy (0) +alx(0n57(0)) =z 0+ @y (o))
so that (4.(x"1 (0))n y"(o))) = 1, and therefore
@c((x+y)"1 (0))) = 1, because 1 (0)n y"1 (0)c (xi-y)'1 (0).
If xeM, and a€ A, ax€ M:

1= u(x"(0) & ((ax)™1(0)) 4 1, becamse x™'(0) c (ax)™}(0).

M has codimension one. To prove this we will see that all
x6 A may be written as

(x) x=y+XA. 1, where y6M, and A ¢ € .

Let »:P(C) —> 10,13, »(s) = w(x"'(8)). ¥ is then a
non-trivial & -additive measure, but the cardinal of the con-
tinuum is non-measurable, so »({A}) =1, for some A ¢ € .
Now write y=x-A.1. Then ye M, because

@(x - anN~1(0)) =w(x"'({A3)) = »(fA}) = 1, which
proves (x).

h:A —> € defined by h(x) =A 1if x =y +A.1 (yeM,
AeC), is a character, so h(x) = X, for some k €I, and all
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x€ A, Therefore x - xk.1s M for all x¢€ A, Then x = e, we ha-
ve o, - 1M, 8o that u({k}) = @((e,~1)""(0)) = 1. The car-

dinal of I is therefore non-measurable.,

§ 3. Now, if the algebras considered are topological al-
gebras, we apply Theorem 1 to obtain immediately the following:

Theorem 2: Let I be a set, Then the following are equi-
valent:

a) The cardinal of I is non-measurable,

b) EBvery product A = TT{A;:1& I} of functionally conti-

nuous algebras is functionally continuous.

Note that when the cardinal of I is non-measurable, Theo-
rem 2 says that every maximal ideal of codimension one of A is
closed, but this does not mean that every maximal ideal is clo-
sed (as in the case of Banach algebras). For example any maxi-
mal ideal of the product c‘ containing the direct sum C(N)
is necessarily dense, and therefore not closed, but of infini-
te codimension., Actually, in Theorem 2, the algebras need not
be topological algebras (that is, with continuous sum and pro~
ducts); algebras with topologies making all characters conti-

nuous will do.
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