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A REMARK ON RADICAL-SEMISIMPLE CLASSES OF FULLY ORDERED GROUPS
S. VELDSMAN

Abstract: It is shown that a non-trivial radical-semisim-
le class of fully ordered groups cannot determine a hereditary
upper radical or a homomorphically closed semisimple class.
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The study of radical and semisimple classes of fully order-
ed groups was initiated by Chehata and Wiegandt [1). For referen-
ces to the subsequent work on this topic, the references of Gard-
ner [2] can be consulted. The radical theory of this class of
groups has some peculiar properties; the mentioned two papers
can be consulted. We will show here that a non-trivial radical-
semisimple class of fully ordered groups (such classes do ex-
ist) can never have a hereditary upper radical or a homomorphi-
cally closed semisimple class. This result is based on two re-
sults from Gardner [2] and the theory of complementary radi-
cals [3].

Let us firstly agree on some notation and conventions.
Fully ordered groups (f.o. groups) are not necessarily abelian.
If I is a convex normal subgroup of G, it will be denoted by
I46. A class of f.o. groups M s hereditary if 146G ¢ A oim-
plies I e AL and homomorphically closed if any O-homomorphic

image of a member from M is also in Al . We will also use the
following two conditions that M may satisfy:

(x) O0O#A<B and AeM implies B e Jti.

(x%x) 0=xA/Be M implies A e Al.

As usual, Y and ¥ will denote the upper radical and semisim-
le operators respectively. The next two assertions have been
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proved by Gardner [2) for fully ordered abelian groups. They
remain true for arbitrary f.o. groups.

Let R be a radical class of f.o. groups, % the correspon-
ding semisimple class. Then ’

(1) ® is hereditary iff ¢ satisfies the condition (x).

(2) ¢ is homomorphically closed iff /R satisfies the con-
dition (* x).

We shall also need the following: A radical class R of f.o.
groups is a complementary radical class if R « YR is the class

of all f.o. groups. A semisimple class ¥ is a complementary
semisimple class if i is a complementary radical class. In [3)

it was shown that there are no non-trivial complementary radi-
cal or semisimple classes in the class of all f.o. groups.

We can now state and prove our main result:

) Theorem. Let QR % 0 be a radical-semisimple class of f.o.
groups. The following are equivalent:
(i) UR is hereditary
(ii) 9R is homomorphically closed
(iii) R 1is the class of all f.o. groups.

Proof. Clearly only (i) =% (iii) and (ii) => (iii) need a
verification. Firstly, assume YR is hereditary. From (1) above,
it follows that YUR =R must satisfy the condition (k). Since
R is a radical class, Proposition 2.2 in [3] yields R a com-
plementary radical class. But such classes are only the trivi-
al ones (Example 5 in [3]) and we conclude that R must be
the class of all f.o. groups. If YR is homomorphically closed,
then from (2) above UYR = R must satisfy the condition (k x).
But any semisimple class which satisfies the condition (x x)
must be a complementary semisimple class in view of Propositi-
on 2.2% in [3]. As above, we conclude that R is the class of
all f.o. groups.
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