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PARITY OF ORTHOGONAL PERMUTATIONS
Ale3 DRAPAL, Tomd3 KEPKA

Abstract: The parity of orthogonal permutations of some finite abelian
groups 1s investigated.
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This paper is a continuation of [2]. Here, we are investigating the pari-
ty of some orthogonal permutations which are not automorphisms. Again, the

results yield constructions of idempotent quasigroups with prescribed order
and parity of translations.

7. The case n=15. Let G=le(+). Consider the following two 14-cycles f
and g:

£f=(1 133115978106 12 4 14 2),
g=(1372511104 96131412 8).

It is easy to check that (f,g) is a pair of orthogonal permutations of C
and that sgn(g)= -1=sgn(f).

7.1. Proposition. (’(G,f) is an orthostrophic idempotent quasigroup of
type (4) and order 15.
Proof. See (2, Lemma 3.6(iv)].

8. The case n£5.
8.1. Proposition. (i) Every idempotent quasigroup of order 1 is of ty-
pe (1).

(ii) There is no idempotent quasigroup of order 2.
(iii) Every idempotent quasigroup of order 3 is of type (4).

(iv) Every idempotent quasigroup of order 4 is of type (1).
Proof. (i) and (ii). Obvious.

(iii) Every translation is a 2-cycle.
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(iv) Every translation is a 3-cycle.

8.2. Proposition. There is no idempotent quasigroup of order 5 and type
1).

Proof. Let, on the contrary, Q(k) be such a quasigroup. Then its every
(left or right) trenslation f is composed from two 2-cycles, and hence 12=1.
Therefore ax b=c implies c¥ b=a and cx a=b for any a,b,ce Q. Without loss of
generality, we can assume Q=41,2,3,4,5% and &£(1,Q(% ))=(2 3)(4 5). Then
2x 3=1, and hence 2x 1=3. This implies $£(2,Q(x ))=(1 3)(4 5), a contradic-
tion.

9. The case n=6

9.1. Proposition. There is no idempotent quasigroup of order é such that
each right translation is an odd permutation.

Proof. Suppose that Q is such a quasigroup. Let R={® (a,0);ac Q}. For
any f¢ R, £=(a b)(c d e), we denote the set {a,b} by D(£) and the set {c,d,e}
by T(£). For a,beQ, let fa p denote the (unique) permutation f& R with f(a)=
=b. Obviously, {a,bls T(f, b) implies fa b}‘T(fb a)-

(a) Suppose there are f,g96 R, fag, such that T(£)=T(g)=T. Put D=(D(f) L
v D(g))-(D(£)n D(g)). As D(£)+D(g), we have Q=Tu D(£)u D(g), and hence
card(D)=2. If heR, f%h4g, then max(card(T(h)nD(f)), card(T(h)nD(g)),
card(T(h) nT)) <1, and therefore DST(h). This allows for only twe distinct
translations h, a contradiction.

(b) The sets D(f), f€R induce a graph on Q. Let G denote the graph com-
plementary to such a graph. Then G has 9 edges and degs(x)#l for any xeQ.
Moreover, by (a) degG(x)#Z for any x e Q. Suppose that there exists aeQ with
deg;(a)=0. The complete graph on five points has 10 edges, and therefore the-
re is exactly one translation f €R such that a¢D(f). For any geR, f4g, we
have a & T(g), T(£)=*T(g) and card(D(£)n T(g)) &1. Hence card(T(g) nT(£))=2.
However, this allows for at most three different translations g, a contradic-
tion.

(c) By (a) and (b) we have deg(x) 23 for any x €G. By counting the ed-
ges we find out that the equality has to take place. Choose any a €Q and let
b,c,d be its adjacent points. Then either fb,a”a,d or fb,a”a,c' Assume the
latter one. Then fy, o=fy o=fc 1 Ty o°ta b™Tb,d’ Tc,a™fa, g7 c 80 Ty b
=fb,c=fc,d' Therefore G has a complete subgraph on four points. However, such
a graph cannot be extended to a 3-regular graph on six points.

9.2. Corollary. There is no idempotent quasigroup of order 6 and type
(2) or (3) or (8).
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9.3. Example. Consider the following quasigroup Q:
Q 123856

134562
326145
653214
562431
241653
415326

N VW N

Then Q is an idempotent quasigroup of order 6 and type (1). (If P is a prolon-
gation of Q, then M, (P)= M _(P)= M(P)= H(P)).

9.4. Example. Consider the following quasigroup Q:
Q 123456

134562
421635
563124
652413
246351
315246

N VN1 & W N

The left translations of @ are even permutations as well as the right trans-
lation by 1. On the other hand, the remaining five right translations are
odd permutations.

10. Numbers divisible by 8

10.1. Let nz 2 and let mz1 be odd. Let §=2"m, t=2""lm and G=6(+)=

=Z,(+)x Z,(+). Put A= £(0,1);0£ i< t}, B={(0,1);t= 1< s}, C= 1(1,1);0£1¢ t-1§,
D= {(1,i);t-1¢ i< s-1% and E= {(1,s-1)}. Hence card(A)=card(B)=card(D)=t,
card(C)=t-1, card(E)=1 and G is the disjoint union of these sets, G=AuBuC u
u DUE. Now, we shall define a transformation q of G as follows:

(1) q((0,1))=(0,1) for every (0,i) € A; hence t:||A=1A and q(A)=A.

(i1) q((0,1))=(1,1) for every (0,i)e B; hence q|B= 5£((1,0),Q)|B and
q(B)=(Duv E)- {(1,t-1)}.

(ii1) q((1,1))=(1,i+1) for every (1,i)e C; hence q|C= £((0,1),6)|C
and q(C)=(C v §(1,t-1)})- 1(1,0)%.

(iv) q((1,1))=(0,i+1) for every (1,i) s D; hence q|D= &((1,1),6)|D
and q(D)=B.

(v) q((1,s-1))=(1,0); hence q|E= %((0,1),6)|E and q(E)= £(1,0)}.
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10.1.1. Lemma. q is a permutation of G and sgn(q)= -1.
Proof. Clearly, q(G)=G and q is a permutation. On the other hand, it is
easy to check that q is a cycle of length 3t, so that q is odd.

Now, put £(x)=q(-x) and g(x)=q(x)+x for every xeG.

10.1.2. Lemma. Both f and g are permutations of G, (f,g) is a pair of
orthogonal permutations and sgn(f)= -1.

Proof. First, £ is a composition of q and the even permutation x—» -x.
Consequently, f is a permutation and sgn(f)= -1. Now, define four transforma-
tions of G by hl(x)=2x, hz(x)=2x+(l,0), h3(x)=2x+(0,1) and h,(x)=2x+(1,1).
Then glA:hllA, gl8=h,[B, g|C=ny|C, g|D=h,|D and g|E=hs|E. Further, h,(a) =+
*h,(b), if a,be A (resp. B, CUE, D) and a#b, and (1,0),(0,1),(1,1),
(0,5-1),(1,3-1)¢-h1(6). Using this, it is easy to see that g is injective,
and therefore g is a permutation.

10.1.3. Lemma. sgn(g)= -1.

Proof. Let < denote the sharp lexicographical ordering on G ((i,j) <
<(k,1) iff either i<k or i=k and j<1). Put M= {(x,y); x,yeG, x<y, g(x)>
>g(y)} and d=card(M). Then sgn(g)=(-1)d and d=X d(U,V), U,ve{A,8,C,D,E},
d(U,V)=card((U= V) n M). Clearly, d(A,A)=d(A,B)=d(A,D)=d(A,E)=d(B,A)=d(B,B)=
=d(C,A)=d(C,B)=d(C,C)=d(C,D)=d(C,E)=d(D,A)=d(D,B)=d(D,C)=d(E,A)=d(E,B)=
=d(E,C)=d(E,D)=d(E,E)=0. Further, d(A,0)= £, 1=t(t-1)/2:2" Zn(2" 1n-1),

d(B,C)=card(Bx C)=t(t-1)=2"" (2" In-1), d(B,D)= :§4° i=t(t-1)/2-2"2n(2" In-1),

d(B,E)=card(B)=t=2""n, d(D,D)=t-1=2""n-1, d(D,E)=card(D)=t=2""1m. From this,
d=(s+1)t-1=(2"m+1)2" In-1 is odd.

10.1.4. Lemma. 14 is a 5-cycle.

Proof. f is composed from t-2 4-cycles of the form
((0,i) (1,s-i) (1,i+1) (0,s-i)), 14i<£t-2, from the S5-cycle
((0,t-1) (1,t+1) (0,t) (1,t) (0,t+1)) and from the 2-cycle
((1,0) (1,1).

10.2. Proposition. Let k=3 and let m21 be odd. Then there exists an
orthostrophic idempotent quasigroup Q of order ka and type (4). Moreover,
CR(EI,Q)A is a 5-cycle for any a€Q.

10.3. Let mel, s=2", t-1™1, nZ2.

10.3.1. Lemma. ' g contains the following n+2-cycle:

((0,s-1)...(1,s-21-1)...(1,s-1)), 0£i4n-1.

Proof. g((1,s-1))=(1,s-23+1) for any 2<j £t+1 and g((0,s-1))=(1,s-2),
a((1,5-1))=(0,s-1).

Now, put H=6- {(1,s-1)} and define a permutation h of H by h(x)=g(x) for
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every xe H, x#(1,t-1) and h((1,t-1))=(0,s-1).

10.3.2. Lema. Let a,a),...,3,€40,11, i=8)2" Lea 2" % ha 240,
04i<s. Then h((a,i))=(al,21¢a) (2i+a computed in Z).

Proof. Easy.

10.3.3. Lemna. Let a ,a),...,a 640,13, i=al2n'1+..,+an_12+an. For 0«3«

£ n, put xj=(a.,Zji+23'lao+23'zal+...+Zaj_2+aj_1). Then x_=(a,,i) and h(x, )=
=1 for any 0£k#£n-1, h(x )=x.
Proof. Use 10.3.2.

10.3.4. Lema. h™la1.
Proof. This is clear from 10.3.3.

10.3.5. Lemma. gn+1 is an n+2-cycle.
Proof. The result is an easy consequence of the preceding ohservati-.

ons.

11. Numbers divisible by 4

11.1. Let H=H(+)=22(+)x 22(+) and let Q be a finite idempotent quasi-
group of order mZ 3. Put G=H(+)x Q and consider the following four 2-cycles
from ¥(H): £=((0,0) (0,1)), g=((0,1) (1,1)), h=((1,0) (1,1)), k=((0,1)(1,0)).
Define an operation © on H by ao b=k(g(a)+h(t)).

11.1.1. Lemma. H(o ) is an idempotent quasigroup and every of its trans-
lations is an even permutation.

Proof. Easy.

Put G(o )=H(e )=Q and let t € (Q) be a regular permutation (i.e. t fi-
xes no element). Now, we shall define an operation x on G as follows:

(i) (a,x)x(b,y)=(a+b,xy) for all a,beH, x,yeQ, x+y+t(x).

(ii) (a,x)x (b,x) =(aeb,x) for all a,beH and xe Q.

(iii) (a,x)% (b,t(x))=(f(a+b),xt(x)) for all a,beH, xeQ.

11.1.2. Lemma. G(x ) is an idempotent quasigroup and every of its trans-
lations is an odd permutation.

Proof. From 6.1.1 and from the fact that H together with the operation
(a,b) —> f(a+b) is a quasigroup, it is easy to see that G(x ) is an idempo-
tent quasigroup. Now, let acH and xe Q. Put q=<£((a,x),6(x )) and p=£((a,x),
G(o)). Then p, p'1 are even permutations and sgn(m'1)=sgn(q). But
qp'l(...,y)=(...,y) for each yeQ, and hence there are permutations W of the
set H such that cp'l(b,y)=(w (b),y). Obviously, sgn(q:l_l)=Tngn(wy). However,
for y+x,xt(x), W éﬂ(a,H(+§);ﬂ(a,H(o N1 and sgn(wy)=1. For y=x, "'yle
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ond again sgn(wy)=1. Finally, for y=xt(x), wy=f2(a,H(+)):£(a,H( o)} and
sgn(w, )=sgn(f)= -1. We have proved that the left translations of G(x) are
odd. In the right hand case, we can proceed similarly.

11.1.3. Lemma. Let m be odd, Q=2 (a), xay=2x-y. Then EC((O,X),G(*))“
is a 3-cycle for every xe Q.

Proof. Clearly, $£((0,x),6(x)) is composed from the following cycles:
((a,y) (a,2x-y)), aeH, yeQ-{ x ,E(x), 2x-t(x)§;
((0,%)); ((b,x) (kh(b),x) ((kh) (b) x)), b=(0,1);
((c,t(x)) (c,2x-t(x))), c=(1,0),(1,1);
€0,t(x)) (b,2x-t(x)) (b,t(x)) (0,2x-t(x))).

11.2. Corollary. Let mZ3 be odd. Then there exists an idempotent qua-
sigroup of order 4m and type (4) such that $£(a, 0 isa 3-cycle for some
aeq.
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