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DEFINABILITY DEGREES FOR CLASSES
IN THE ALTERNATIVE SET THEORY

A. TZOUVARAS

Abstract. We propose a notion of relative definmability using positive
formulas and study the induced ordering. We show that the degree of every cut
is minimal in this ordering. If I<J and J is semiregular, then the degrees
of I, J are different. Alsou, the ordering contains incomparable slements, k-
chains and upper bounds for codable classes of degrees.

Key words. Alternative set theory, normal formula, positive formula, cut
of natural numbers.

Classification. 02K10, 02B99

§ 1. Definability degrees. Let @(Z) be a normal formula of the langua-
ge FL,, where Z is a class variable of ¢ . (For the definition of the terms
Jjust used as well as of any other from the context of the Alternative Set
Theory, we refer to [V) .) @(Z) is positive in Z, or simply positive, if it
belongs to the smallest class of formulas which contains the set-formulas,
the formulas "x e 7" and is closed under the positive operations v ,A,3,V.

Positive formulas were introduced in [M01 to be used in inductive defi-
nitions. Given a formula @(x,Z) we put, for every class X

FepX0= x5 ¢ (x,X03

The main reason of employing positive formulas is that their operator T;'!

is increasing, i.e.

XSY— R0 g [.

From now on every normal formula used will be positive unless otherwise
stated.

Definition 1.1. Let X, Y be classes of the extended universe. We say
that X is definable in Y iff X= (g (Y) for some ¢ . X, Y are equidefinable
if X is definable in Y and Y is definable in X.

- 41 -



N

Proposition 1.2. The relation "X is definable in Y" is a preorder, that
is, it is reflexive and transitive.

Proof. If ¢(x,T)= xeZ, then I;(X)=X. On the other hand, if X=
= F'c’(Y) and Y= r',,(w>, and putting
6(x, )= gx, My(2)),
then 6 is positive in Z (cf. [T1, Lemma 1.2) and X= Mz (W). O

It follows that equidefinability is an equivalence relation. The class
[XJ =4{Y; Y and X are equidefinable}

is called the definability degree of X, or, simply the degree of X.

As usual, we write [X)&([Y] to denote the fact that X is definable in Y.
Clearly, & is a well-defined partial ordering of the degrees. [XJ<(Y] means
[X1& Y] and [XJ#1LY].

Examples. 1) If de is the class of all set-definable classes, then
xl =de iff XeSdV. We denote by [ V) the degree of the set-definable clas-
ses. Clearly, [ VI&[X) for every [ X], that is, a set-definable class is defi-
nable in any class.

2) The classes X,P(X) (the class of subsets of X) are equidefinable sin
ce UP(X)=X and the operators P, U are induced by positive formulas.

3) [FNl&rQ), since FN= {x;xeflax € N} and the formula xe LA x € JSL
is positive in & ( £ is the class of ordinals).

Proposition 1.3. If F is a 1-1 set-definable function and F"X=Y, then
X, Y are equidefinable.

Proof. If F"X=Y, then just note that

Y= {y; (I x e X)EG)=y}, X=4x;(Iy & Y)(F(x)=y)3,
and the defining formulas of X, Y are equidefinable. [J

Corollary 1.4. Any two countable classes are equidefinable.

Proof. If X, Y are countable, then f"X=Y for some 1-1 function f and
the conclusion follows from Prop. 1.3. O

One can see, however, that not all classes of [FN] are countable.

A class X is said to be zo if it can take the form X= U{ R"{n};ne FN}=
=R"FN where R is set-definable. 3= °-classes were introduced in [M] and are
the simplest X -classes from the point of view of definability. In[MJ it is

- 42 -



shown that = %% = .
Proposition 1.5. If X e =%-Sd, then [ XJ=(FN1.

Proof. Let X=R"FN. Then
x€X «>(AneFN)({x,n>eR)

and the r.h.s. formula is positive in FN. Thus [XJ £ IFN].
For the converse consider the set definable function F defined as fol-
lows:

F(x)=min {o¢ ;x& R"e}.

Then, clearly, F"XS€FN and, since X#de, F"X is cofinal in FN. Therefore
UF"X=FN and the operator UF is positive. This shows that [FNJ&[XJ. O

The preceding result can be extended to hold for classes defined as ZO
but with FN replaced by an arbitrary cut.

Let us say that X is a = I-class if X= U{R"{x?} ;€ & I{=R"I for some
set definable class R. Obviously for I=FN we just get > O-classes.

The following generalizes Prop. 1.5.

Proposition 1.6. If X cZI—de, then [ XJ=[1J.

Proof. Similar to that of 1.5. O

Fully revealed classes 3 -semisets and TT-semisets are totalities of
classes essentially disjoint (that is, their common elements are just the
set-definable classes). We shall see that for any two of them, the only com-
mon predecessor is (V1 again.

First a lemma:

Lemma 1.7. If (un)ncFN is an increasing (decreasing) sequence of sets,
/
then for every @ , f‘q( l'.')' un)= %f"q(un) (F‘?(Q un)= Ql:'(un)).

Proof. The = -case is just Lemma 2.3 of [T). The proof of the TT-case
is similar. (Both use heavily the prolongation axiom.) O

Proposition 1.8. Let Y be definable in X. Then:
i) If X is fully revealed, then Y is fully revealed.
ii) If X is X -semiset, then Y is a & -class.
iii) If X is TT-semiset, then Y is a TT-class.

Proof. i) is immediate from the definition of fully revealed classes,
while ii), iii) follow from 1.7. QO
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§2. Minimal degrees. We say that the degree [X]) is minimal if [XJ#([V]
and for every ¢ , either [r;!(x)] =[V)or [r‘?(x)l = [X].

We shall see in this section that for every cut I, [I] is a minimal deg-
ree. And if I<J and J is semi-regular, then [I] #*[J] (hence incomparable).

Lemma 2.1. Let cy(x,Z) be a positive formula. Then there is a set-for-
mula y , strings of quantifiers Ei and strings of variables ')?i, Vi such
that

@ (x,2) <> (ﬁli'l)(ivle 0...@x)3F ey,

where (3 ¥ eZ) is an abbreviation of (3 Y€ 2)...(3 Y€ Z), for some n, and
JyeZ is the usual bounded quantifier.

Proof. By induction on the length of positive formulas. If @ is a set-
formula, the assertion is vacuous. If @ = xe€Z, then @ «>(Jye I)(x=y).
The in duction steps for the positive operations are immediate. D

Lemma 2.2. Let I be a cut and suppose the formula (32 € I)go is given,
where ¢ is a set-formula. Then, there is a set-formula y such that
St eDg<->BaeDy-

Proof. It suffices to observe that for every set formula g(X) and every
cut I,
PQueDgE)e>@xel) Ax<x)gp(x). O

Lemma 2.3. For any formula of the form (Vx)(3x € I)¢p , where ¢ is
a set-formula, there is a set-formula ¢ such that

(V)(3ec e Do <> (Jx € (VXY -
Proof. Define the (Skolem) function G:V— N as follows: G(x) = the

least e« such that ¢(x,e« ). If the given formula is true, then G"VE&1I.
Clearly, G"V is bounded in I, whence

(Vx)Qx e Dy <> (IR e N(VX)(3x <fplep-
Putting ¥ = (Jec <R )y , we are done. O

Theorem 2.4. For every cut I and any formula ¢ , P?(I) isa ZI-
class. '

Proof. We have to show that given ¢ (x,I), we can find a set-formula
6 such that g@(x ,I) e» (3 cc € I)& . The algorithm is as follows: Write
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9(x,I) in the form described in Lemma 2.1. Then, in the subformula

(3 = I)y contract the string of existential gquantifiers to a single ex-
istential quantifier 3 oc € I by the help of Lemma 2.2. Then, using Lemma
2.3, carry, step by step, the quantifier 3 o € I in front of the string
quk. This way, 3 « & I joins the string 3 a?,k_lc_ I. Contract again and
so on. It is clear that the finmally resulting equivalent formula is as re-
quired. O

Theorem 2.5. For any I, 1I] is minimal.

Proof. By Theorem 2.4 !'39(1) is a ZI-class for any ¢ . And by Prop.
1.6, either R(I)eSdyor [R(DI=I1). O

Remark. P. Vopénka pointed out that, as regards semisets, the converse
of Th. 2.5 is also true, that is, every minimal degree is the degree of some
cut. In fact, given the semiset X, the cut I={e ;(3 x &X)(|x|= e¢ )} (a kind
of "inner measure" of X) is positively definable in X, hence [I) £ [ X].

To show that [I1=#[J) in the case that I<J and J is semi-regular, we
need some terminology.

Let I be a cut, X is an I-class if there is a 1-1 function f such that
1€ dom(f) and X=f"I.

A class X is I-revealed if for every I-class Yc X there is a set u such
that Ye u&eX.

Recall that a cut I is semi-regular if for every oc & I and every f,f'ac
is not cofinal in I.

Lemma 2.6. a) Let I<J and J be semiregular. Then, every J-class is
I-revealed.

b) Let X be a (proger) = I-class. Then, for some K&€I, X is not K-re-
vealed.

Proof. a) Let X=£"J, Y=g"I, with f, g 1-1, such that YeX. Then,

(Ve 6 I)(3R & I)(glee)=£(B)),

and if we define h by
h(e¢ )=min{f ;9(ec)=£(3)},

then h is 1-1 and h"I< J. Since J is semi-regular, there is some - € J such
that h"I & o . Then it is easy to see that Ye f" & X.
b) Let X= ULR"{ec};oce I} be a T I-class. Define recursively:

f(o), f(ee+1)=min{p ;R"{A3 - R"{f(ec )i f}.
Since X is proper (non set-definable), if K=F_1(I), then £"K is cofinal in I
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and K€ I. Put
g(ec) = least element of R"{f(ac +1)3 - R"ff(ec)}.

We easily see, then, that there is no u such that g"K&u€& X, which shows that
X is not K-revealed. O

Theorem 2.7. If I<J and J is semiregular, then [I]#1J].

Proof. Suppose [11=[J1. Then J= I"q,(I) for some ¢ . By Th. 2.4, J is a
= I-class, hence (by 2.6 b)) not K-revealed for some K&I. But J is a J-
class, hence (by 2.6 a)) K-revealed for every K<J. A contradiction. D

Remark. Concerning Theorem 2.5, K. Cuda made the following comment:

The theorem is no longer true if we replace the cut by an arbitrary
class. That is, we can find classes X, Y such that Y= r‘q(x) but Y cannot be
put in the form Y= U{R"{x};x € X)=R"X for some Re S, (cf. [C)). Indeed, take
the classes

Y=FN > (e¢ -FN) and X=(FN x4£0%) u ((cc -FN) = {1})
for some ot >FN.
Then, clearly, lY)#£[X]). Suppose Y=R"X.

Then, there are sets L, I, such that Y=r{FNur§(oc -FN). Define

£,(B)=min { ;(3 K, g€ ] )

fz(B Y=max {9 ; (3" YKy ,d7€ r;(d—{s).
Then,

(Vne FN)(fl(n) € ot -FN)
and

(Ve -FN)(£,()e FN).
Hence, there are {3&0(. -FN , ke FN such that

(Vne FN)(fl(n) >B)

and
(Vo € < -FN) (£ ()< k).

Therefore rIFNSFNx(a-{;), r;(oc -FN)€ k% (e -FN). It follows that
FN x (e¢ -FN) € FN % (ec~ 3 ) u k x (¢ -FN)

which is false.
§ 3. Incomparable degrees and chains of degrees
Theorem 3.1. For any [XJ=#[V), there is a Y such that [X1, LY) are in-

comparable.
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Proof. Suppose first that X is real (cf. IC-V] for the notions of real
and imaginary class). It suffices to choose a Y fully revealed and Y¢ de.
Then for every ¢, PQ(X) is real. If r‘v(x) is not revealed, then

l"q(X)*Y. If \"q(X) is revealed, then it is a TT-class, thus again # Y.

On the other hand, f‘?(Y) is fully revealed, thP:refore = X,

Now, let X be imaginary. There are codably many real classes definable
in X, while all real classes are uncodable. Choose a real Y not definable in
Y. Then [X1, 1Y) are incomparable. O

Theorem 3.2. For any X there is a Y such that [X1<[Y].

Proof. Given X take Z so that X, Z be incomparable. Put Y=(X»={0}) v
U(Zx41}). Then obviously [X1&(Y]. Suppose LYJE[X], that is r'q,(x)=
=(X%{0%) v (Zx{1}). Then

X6 Ze><{x,1) € l"q,(X)

and the r.h.s. formula is positive in X. Thus [Z1&(X], a contradiction. O
Corollary 3.3. Any codable class of degrees has an upper bound.

Proof. Let {X"{c};ceC% be a codable class with code ¢X,C». Then, obvi-
ously, [X"{c1) &{X) for any ceC. O

Corollary 3.4. i) For any X there is an JSL-chain of degrees above X.
ii) The class of degrees above [X] is uncodable.
iii) The class of degrees below [ X1 is codable.

Proof. i) It follows from 3.2 (for the successor stages) and from 3.3
(for the limit stages).

ii) If WM ={lY);IXI&(Y)} were codable, there would be, by 3.3 an
upper bound [W] of 42 and, by 3.2, a LUY>[W]. Then (U) € W, while
{UI> 1Y) for every LY) € @, a contradiction.

iii) Immediate from the fact that the class of positive formulas is co-
dable.
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