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A FEW TOPOLOGICAL PROBLEMS

Mary Ellen RUDIN

Dedicated to Professor M. Kat&tov on his seventieth birthday

Problems have always fascinated me. I will discuss here a few problems:
they are not equally difficult nor equally fundamental but are problems I ha-
ve worked on or would like to work on. g

We begin with a purely set theoretic question asked by Dowker in 1955
(one recognizes the normal, not collectionwise normal topological pathology
in it). Does there exist a set X and filter F on X having the following pro-
perties?

(1) If f:X —>F, then there is x %y in X with x ef(y) and y ef(x), but

(2) if YeX, then there is f:X —=>F such that, for all xe(X-Y) and y e
eY, either x¢f(y) or y&f(x).

It was already known to Dowker (1) that a counterexample must have car-
dinality greater than w . The answer to a related problem is found in [2],
but there are no partial results known on this problem.

A trio of fundamental set theory questions which are also interesting
topologically are the L-space, c.,*‘: w‘i, and box product problems: Is the-
re a regular, hereditarily Lindelof, nonseparable space (called an L-space)?
We would like a "real" L-space or a model for ZFC containing no L-space, for
we know many models of ZFC contain L-spaces. (The related S-space problem has
been solved [3] by showing it is undecidable in ZFC.) Similarly, [4], we know

that in many models for ZFC, w*

is not homeomorphic to m"l . (By w‘i we
mean the remainder in the Stone-Cech compactification of a discrete set of
cardinality <y when the discrete set is removed.) Is it just a theorem
that <o™® is not homeomorphic to c.)*l ?

The box product problem [5] is really many problems: which infinite box
products are normal; which are paracompact ; is there a difference? Lawrence
[67 has recently shown that a box product of countably many copies of the ra-

tionals is consistently paracompact; this has long been known for locally
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compact metric spaces [7]. There are countable box products of compact spa-
ces which are not normal [8] and a nontrivial infinite box product having the
irrationals as one factor is not normal [91. The whole question remains a my-
stery except for isolated, mostly inconclusive, results.

Another rather set theoretic topological problem which has haunted me
for many years and one on which there are no partial results is the question,
is there a normal space with a 6 -disjoint basis which is not paracompact?
(We assume ‘all spaces are Hausdorff.) A related problem is partially solved
in [10].

Most recently I have been working with metrizability in manifolds. A ba-
sic open question here is,are all normal manifolds collectionwise Hausdorff?
We know that it is consistent that normal manifolds not be collectionwise
normal [11], but there are no partial results on the collectionwise Hausdorff
problem. A less basic problem of interest to me concerns the fact that the
Continuum Hypothesis can be used to construct a normal nommetrizable manifold
with a countable, point-separating open cover [12]; can one construct such an
example without any special assumption? If so, Balogh has shown {137 that the
Lindelof number of the space must be cardinality of the continuum.

The next group of questions all have to do with normality in products.
Such questions are tied to the shrinkability of open covers. (An open cover
{V loc & A3 shrinks an open cover {Uy |« e A} if v, e U, for all=eA.) Dow-
ker spaces are normal spaces with countable open covers which cannot be
shrunk. Is there a small Dowker space, say one of cardinality or weight c&l?
We only know that the existence of such a Dowker space is consistent with ZFC.
In fact any Fowker space other than that found in [147 would constitute a ma-
jor break through. Let us call a space a se-Dowker space if it is normal and

% is the minimal cardinality of an open cover which cannot be shrunk. For
% > c the situation is similar to the case 3¢ =co : we know essentialy on-
ly one real example of a «e-Dowker space. Many questions depend on the exis-
tence of further examples. For instance, is there an aJl—Dowker P-space? (A
P-space being one whose product with every metric space is normal.) The exi-
stence of such a space would prove two old conjectures of Morita [151; as of
now we only know that the existence is consistent with ZFC [161.

Beslagi€ [17J has a number of interesting normality questions. For inst-
ance:

(a) If every monotone open cover of a normal space X has a countable
refinement, is X Lindelof?

(b) If X is normal and Y is a collectionwise normal perfect image of X,
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is X collectionwise normal?

(c) Suppose every open cover of X is shrinkable. If Y is compact and
X =Y is normal, is every open cover of XxY shrinkable?

Let C_(X) be the space of all continuous real valued functions on a com-
pletely regular space X, using the topology of pointwise convergence. A num-
ber of Soviet mathematicians, notably Arhangelskii [18] have been studying
properties of C_(X). Two of many open problems in this area which attract me
are: For normal Cp(X) is Cp(X)x Cp(X) always normal? For Lindelof Cp(X) is
Cp(X)><Cp(X) always Lindelof?

Michael ‘s conjecture that X% is Lindelof if X=Y is Lindelof for all
Lindelof Y also remains unproved.

Junilla has the rather technical conjecture that a space must be ©-ref-
inable if every directed open cover of the space has a &-cushioned refinement.
(The related strict p-space problem has recently been solved L19{.)

These remind me of the better known conjecture that all M3 spaces are M1
spaces, that is, that every stratifiable space has a 6 -closure preserving
open base. (See 120] Chapter‘lo for background on this and Junilla’s prob-
lem.)

Z. Balogh has recently asked if there can be a closed discrete set of
cardinality col in a normal, first countable space, which is not a G4 -set.
(By a theorem of W. Fleissner [21] the answer is consistently no.)

Caryn Navy [22) has shown us normal spaces which are para-Lindelof but
not paracompact. Could such a space be collectionwise normal?

In mathematics, when we answer one question, it leads us to another one.
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