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A remark on uniqueness criteria for initial
value problem
Z. DOŠLÁ, O. DOŠLÝ

Dedicated to the memory of Svatopluk Fučík
Abstract. Relations between tfee recently published uniqueness criteria for the Cauchy's
problem for ordinary differential equations are discussed and their equivalence to the Per
ron's theorem is proved.
Keyword*: Ordinary differential equation, uniqueness criterion
Classification: 34A10

1. Introduction. This paper is motivated by the results of the articles [5] and [2]
where the uniqueness criteria for the initial value problem
(1)

1

x = /(*, x)

x(U) -= a?o

are considered. Theorem 1 of [2] is the generalization of [10]. In [5] it is shown
that this result can be obtained from [4].
The aim of this paper is to insert the results of the above mentioned papers to the framework of Theorem 1 of [8].
We shall show how the criteria of [10], [4] and the recent one of [2] follow from this
general theorem. It will be proved that these results are in some sense equivalent
to the Perron's theorem [7].
The case of functions with their values in a Banach space as well as the connection
of uniqueness theorem on the convergence of sequences of succesive approximations
will be given elsewhere.
2. Historical background. A. Cauchy was thefirstone dealing with the problem
of the uniqueness for (1). It took place in the second decade of the nineteenth
century. He was followed by Lipschitz, Osgood, Nagumo, Perron, Kamke and others
whose theorems are contained as usual in monographies on ordinary differential
equations. These results guarantee the uniqueness of the solution of (1) under the
assumption of the form
(2)

\f(t,*)-f(t,v)\<9(i,\*-v\)

•

Here g(t, u) is a nonnegative real-valued function for which u(t) = 0 is the unique
solution of the initial value problem
u' = g(tyu)

u(*o) = 0
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and which satisfies various additional assumptions.
Since fourtieth of this century the most general of these results - Kamke's theorem
- has been generalized in various directions. The first generalization consists in
replacing of the left-hand side of (2) by the derivative of a Ljapunov function along
the trajectories of (1) (see, e.g. references in [8]). It was motivated by the fact that
the Kamke-type criteria fail to prove the uniqueness in the case like x' = yfx + 1,
x(0) = 0; in this case the left-hand side of (2) is the same as for the (nonunique)
problem x' = y/x, x(0) = 0.
Recently some efforts were made to uniqueness criteria for (1) under some weaker
assumptions on / , often without even assuming / ( i , x) to be continuous on the line
t = *o« This direction of generalization is followed in our article.
3. List of known results. In this section we enlist some known uniqueness criteria
in order to show that they are special cases of the general theorem from [8]. Note
that this theorem is a slight generalization of [3].
Denote R+ = (0, oo), .R~ = (—oo,0). Let C[Di;D2] be the class of all continuous
functions / : D\ —• D2 and let f(t) = o(g(t)) as t —• <0+ mean lim f(t)/g(t) = 0.
Put
D = {(i,x) = t0 < t < T, |a: - x 0 | < b]
D = {(<, x,y): t0 < t < T + e, \x - x01 < b + e\y - x 0 | < b + e,e > 0}
Theorem A. (Theorem 1 and Remark 1, [8]). Let f(t,x) € C[D;R] and let the
following condition be satisfied:
(i) there exist a positive function B(t) 6 C[(t0, T); R+] and a function g(t,u) 6
C[(t0,T) x R+;R] such thai for every h 6 (t0jT) the function u(t) = 0 is
the only differentiate function satisfying
(3)
(4)

u'(<) = flr(i,u(<)) for <€(t 0 ,*i)
u(t) = o(B(t))
as < ^ t 0 + ;

(ii) there exists a function F(t,x,y) € C[J&;.R+] such that V(t,x,y) is locally
Lipschitzian in x, y for (t, x, y) € D and for any two solutions x(<), y(t) of
(i)
V(t,x(t),y(t))

= 0*=>x(t)sy(t)
V(t,x(t),y(t))

(iii) for (t,x),(t,y)

= o(B(t))ast^t0+

(t0,T)

foT

x(t)#y(t);

6 D, x j4 y, t <T the inequality

D+,V(t,x,y)<g(t,V(t,x,y))
D+/V(t,x,y)

on

hold*, where

m ]hawf[V(t + h,x + hf(t,x),y + hf(t,y)) -

V(t,x,y)]/h.
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Then the initial value problem (1) has at most one solution.
Theorem B. (Witte [10]f Let f(t, x) 6 C[D; R] and let the following assumptions
be satisfied:
(5)
where

\f(t,*)-f(t,y)\<h(t)\x-y\

on D

h(t)eC[(t0,T);R+];
\f(t,x)\ < g(t)h(t) exp{/ h(s)ds}

on D

T

where g(t) € C[(t0,T);R], g(t0) = 0.
Then (1) has at most one solution.
Theorem C. (Lemmert [4]). Let f(t,x) 6 C[D; R], (5) holds and let .
(6)

the function

T

H(t, x) := f(t, x) exp{/ h(s)ds}/h(t)
t

is uniformly continuous on D.
Then (1) has at most one solution.
For completeness' sake we introduce the following unpublished generalization of
Witte's theorem presented by the first author in the Czechoslovak student competition in 1978.
Theorem D. Let f(t, x) € C[D; R], (5) hold and let
(?)

!/(*> x)\ — °(H(t))

for

t —> <o+uniformly with respect to x

where H(t) is a non-negative function defined for t € (t0iT) and satisfying
I H(s)ds < oo,
(8)

f

fT

liminf[ / H(s)ds exp /
*"* *o+ Ji0

h(s)ds] < oo.

Jt

Then (1) has at most one solution.
Remark 1. Theorem D can be obtained as a corollary of Theorem A (see proof
of Theorem 2). However, its original proof was based on the usual method for
uniqueness.
Putting H(t) = h(t) exp / j . h(s)ds one can easily verify that Witte's theorem is a
corollary of Theorem D.
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Theorem E. (Banat'-Rivero [2]). Let f(t,x) € C[(t0,T) x R;R] satisfying
,9v
'

\f(t,x)-f(t,y)\<h(t)\x-y\
|/(«, - ) - /(*, V)\ - «W«) exp(A(.))

(

«

. -+ t 0+

uniformly with respect to xty € (x0 — £,a-0 -f £), £ > 0 arbitrary, where h(t) €
C[(i0,T); 1S+] an<* A(t) : (t 0 ,T) -».ft JUC.4 that A'(t) = Zi(t) /or almost all t 6 (t0, T)
and there exufe a limit lim A(t) C/intte or notf
Then (7j no* at most one solution.
Remark 2. Note that the criteria given above could be formulated also for vectorvalued functions. Some further uniqueness criteria have been obtained as corollaries
of Theorem A in (8).
4. Application of Theorem A. The main goal of this section is to prove Theorems B-E as corollaries of Theorem A. In all proofs which follow, we use the same
choice of V(t, a:, y) = \x — y\ and g(t, u) = h(t)u. In case of the first function we
have according to (5)
D + / V(t, *, y) = ~ - ( » - y) • (/(*, *) - /(«, y)) < h(t)\x - y| =

-*(M*-vl)
for (t, x), (t, y) € .0, t ^ t 0 , a: ^ y. In case of the function g(t> u) observe that the differential equation u'(t) = h(t)u has the general solution u(t) = u(ti) exp[— f\l h(s)ds]
for arbitraryfixedt\ € (t0, T). Thus, to obtain a uniqueness criterion as a corollary
of Theorem A it remains to find a function B(t) such that
(i) u(t) s 0 is the only differentiate solution of it' = h(t)u satisfying (4) and
(ii) \x(t) - y(i)| = o(B(t)) for every two solutions x(t), y(t) of (1).
Theorem 1. Theorem C is the corollary of Theorem A.
PROOF : Put B(t) = exp fT h(s)ds. Then

t u ? mk=<**&

exp(

7^<if) - "<*>>«* / * * « *

l >l

f
" o+ --H*)
-*o+ exp(JTh)
Jtt
and «(t) = o(B(t)) if and only if u(tt) = 0. So u(t) = 0 because ti € (t0,T) is
arbitrary.
Further, it follows from (6) that for every e > 0 there exists 6(e) > 0 such that
for («!,»), (t 2 ,x) € .D, |t! - 1 2 | + |* ~ y| < *(e) it holds

(10)

|/(ti,*)/[n(i,)exp T h) - /(t2,y)/[n(t 2 )exp Tfc]|< e.
JT

JT
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Let x(t), y(t) be arbitrary two solutions of (1). With respect to the initial condition
there exists r e (t0,T) such that \x(t) - y(t)\ < 6 for t0 < t < r. Thus, from (10)
it foHcws
(il)

ltol/(M(0-/(t,y(.))l=0
«-«o+
h(t)exp£h

If Hm f*h~K
is finite then Hm B(t) = e"K and |x(i) - y(t)\ = o(B(t)) as
i-*t0+.
If Hm fth = oo then Hm £(*) = 0 then, using PHospital rule, we get from

(ll) K*T-y(t)\ = o(B(«))M f f-1 0 +.

•

Theorem 2. Theorem D is the corollary of Theorem A.
PROOF : Put B(t) = ft H(s)ds. According to (8) there exists a sequence {*„},
limt„ = <o, <w € (t0>t\) such that
*
Km / " H(s)exp í * h(s)ds = K > 0.
Jt©

"It»

If a solution u(t) of u' = Ji(<)u satisfies u(t) = o(£(*)) as t -> *0+ then also
Urn -*(*„)/£(*«) = Km u(ti)exp(~/£ * ) / / £ # = "(<_)/# = 0. As K > 0 we
get ti(*i) -a 0 and thus u(t) s 0 on (*o,*i).
Now we have from (7) Hm j £ |/(s, x(s))|<is/ ff H(s)ds = 0 and thus for every
two solutions x(t), y(t) of (1) it holds

Km '«<*> - y(*)l ^ 1im WO - *ol , 1Sm I - y ( * ) + - 1

n

Theorem 3. Theorem E is the corollary of Theorem A.
PROOF : Let B(t) = exp.A(t). Then

J& m=««»>.]& «»<j[* - * « - u^eCO"'
since A' = ft a.e. on (i 0 ,<i). Thus (4) holds iff ti(*i) = 0, i.e. u(t) s 0.
In the same way as in the proof of Theorem 1 (starting from the relation (11))
we get from (9) |x(t) - y(t)\ = o(B(t)) as t -> t 0 +.
•
5. Uniqueness criteria and Perron theorem. In [6] and [9] it was shown
that several uniqueness theorems (among them the theorem of Kamke) - formally
more general then the following Perron's theorem - are actually equivalent to this
criterion.
We are going to show that Theorems B-E are also (in some sense) equivalent to
the following criterion.
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Theorem F. (Perron [7]). Let D :t0 <t <T>\x - x 0 \ <b. Let f(tyx) € C[DyR)
and let
\f(tyx)-f(tyy)\<h(ty\x-y\)
in D
hold, where h(tyu) £ C[(t0yT) x JR + ,.R + ] and for every tt £ (t0yT) the function
u(t) 5 0 is the only differentiate function on (t0yti) such that
(12)

u' = h(t,u)

u(*o) = 0.

Then (1) has only one solution.
The function h(ty u) from Theorem F will be called the Perron function of (1).
Theorem 4. Let B(t) £ C1[(*0,-T);.R+], lim B(t) = B(t0+) exist (finite or not),
«-><0+
f(tyx)£C[D\R)

and
\f(tyx)-f(tyy)\<g(ty\x~y\)

on Dy

where g(tyu) satisfies the assumption (i) of Theorem A. Suppose
(13)
|/(t, x) - f(t, y)\ = o(B'(t))
t -> t 0+
uniformly with respect to xyy £ (x0 — 6yx0 + 6), 6 > 0 arbitrary.
Let
' sup \f(ty x) - /(<, y)\
for 0 < u < 6
\x-y\
=
u
(14)
h(t,u) =
xyy £ [x0 -6yx0 +6]
for u > 6.
k h(ty 6)
Then h(ty u) is the Perron function of (1).
PROOF : From (13) we get h(ty u) = o(B'(t))y t —> t0+, uniformly for 0 < u < 6. Let
u(t) be a solution of (12). Then u'(t) = h(tyu(t)) = o(B'(t))y t~+t0+. If B(*0+) = 0,
using PHospital rule lim u(t)/B(t) = lim u'(t)/B'(t) = 0. If B(<0+) > 0, then
f-*< 0 +

<-*<o+

also obviously u(t) = o(B(t))y t —> <0+.
On the other hand, suppose that u(t\) > 0 for some t\ £ (t0yt0 + «), According
to the continuity of u(t) we can assume, without loss of generality, that u(*i) < £.
Denote by v(t) the left minimal solution of v1 = g(tyv)y v(tx) = u(ti). Since
h(tyu) < g(tyu) for t £ (t0yt0 + *), 0 < u < 6y we have t>(<) ^ o(B(t)), t -• t0+.
Hence also u(f) .7-. o(B(t))y t —> <0+ and thus, in view of (4), u(t0) > 0. Consequently,
u(t) =s 0 is the only solution of (12) on (t0yt0 + AC). From [9, Folgerung A] it follows
that the same holds for t £ (t0yT)y i.e., h(tyu) is the Perron function of (1).
•
Corollary. If f(tyx) £ C[D;R) and the assumptions of Theorem X, X £ {ByC,
Dy E) are satisfied then h(ty u) given by (H) is the Perron function of (1).
PROOF : Put g(ty u) = h(t)u and B(t) = exp £ h in case of Theorems B,C, B(t) =
/ t H(t) in case of Theorem D, B(t) = exp A(t) for Theorem E. The conclusion
follows from Theorem 4.
•
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