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A remark on uniqueness criteria for initial
value problem
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Dedicated to the memory of Svatopluk Fué&ik

Absiract. Relations between the recently published uni iteria for the Cauchy’s
problem for ordinary differential equations are discussed and their equivalence to the Peb
ron’s theorem is proved.
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1. Introduction. This paper is motivated by the results of the articles [5] and [2]
where the uniqueness criteria for the initial value problem

(1) ' = f(t,z)  z(to) =20

are considered. Theorem 1 of [2] is the generalization of [10]. In [5] it is shown
that this result can be obtained from [4].
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The aim of this paper is to insert the results of the above mentioned papers to -

the framework of Theorem 1 of [8].

We shall show how the criteria of [10], [4] and the recent one of [2] follow from this
general theorem. It will be proved that these results are in some sense equivalent
to the Perron’s theorem [7).

The case of functions with their values in a Banach space as well as the connection

of uniqueness theorem on the convergence of sequences of succesive approximations
will be given elsewhere.

2. Historical background. A. Cauchy was the first one dealing with the problem
of the uniqueness for (1). It took place in the second decade of the nineteenth
century. He was followed by Lipschitz, Osgood, Nagumo, Perron, Kamke and others
whose theorems are contained as usual in monographies on ordinary differential
equations. These results guarantee the uniqueness of the solution of (1) under the
assumption of the form

() 1f(t, 2) = f(t, )] < 9,z - yl)

Here g(t,u) is a nonnegative real-valued function for which u(t) = 0 is the unique
solution of the initial value problem

u' =g(t,u) u(t,)=0
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and which satisfies various additional assumptions.

Since fourtieth of this century the most general of these results - Kamke’s theorem
- has been generalized in various directions. The first generalization consists in
replacing of the left-hand side of (2) by the derivative of a Ljapunov function along
the trajectories of (1) (see, e.g. references in [8]). It was motivated by the fact that
the Kamke-type criteria fail to prove the uniqueness in the case like z' = /z + 1,
z(0) = 0; in this case the lefi-hand side of (2) is the same as for the (nonunique)
problem z' = /z, z(0) = 0.

Recently some efforts were made to uniqueness criteria for (1) under some weaker
assumptions on f, often without even assuming f(¢,z) to be continuous on the line
t = to. This direction of generalization is followed in our article.

3. List of known results. In this section we enlist some known uniqueness criteria
in order to show that they are special cases of the general theorem from [8]. Note
that this theorem is a slight generalization of [3].
Denote Rt = (0,00), R~ = (—00,0). Let C[D1; D;] be the class of all continuous
functions f : D; — D, and let f(t) = o(g(t)) as t — to+ mean t_l_1;1‘11+f(t)/g(t) =0.
0

Put

D={(t,z) =ty <t<T, |z—z0|<b}
D={(t,z,y):to <t <T+e,Jz— 20| Sb+ely—zo| < b+e,e> 0}

Theorem A. (Theorem ! and Remark 1, [8]). Let f(t,z) € C[D; R] and let the
following condition be satisfied:

(i) there ezist a positive function B(t) € C|(to, T); RY] and a function g(t,u) €
C[(t0,T) x R*; R) such that for every t € (to,T) the function'u(t) = 0 is
the only differentiable function satisfying

®3) u'(t) = g(t,u(t)) for tE€(to,t)
4 u(t) = o(B(t)) as t—tos;

(ii) there ezists a function V(t,z,y) € C[D; R¥] such that V(t,z,y) is locally
Lipschitzian in z,y for (t,z,y) € D and for any two solutions z(t), y(t) of
(1)

V(t, z(t), y(t)) = 0 <= z(t) = y(t) on (o, T)
V(t,z(t),y(t)) = o(B(t)) ast = to4+ for z(t) # y(t);

(iii) for (t,z),(t,y) €D, z #y, t < T the inequality
D4yV(t,z,y) < g(t,V(t,z,y)) holds, where

DysV(t,z,y) = lim gx:f[V(t +h,z + hf(t,z),y + hf(t,¥) = V(t, 2, 9)]/h.
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Then the initial value problem (1) has at most one solution.
Theorem B. (Witte [10]). Let f(t,z) € C[D; R] and let the following essumptions
be satisfied:
(8) If(t,z) = f(&, )| S h(D)lz —y| on D

where h(t) € C[(to,T); R*);
£t 2)1 < oK) exp{[ h(s)ds) on D

where p(t) € C|[(to, T); R], o(to) = 0.
Then (1) has at most one solution.

Theorem C. (Lemmert [4]). Let f(t,z) € C[D; R}, (5) holds and let

(6) 4 the function H(t,z):= f(t,z) exp{?h(s)ds}/h(t)

is uniformly continuous on D.

Then (1) has at most one solution.

For completeness’ sake we introduce the following unpublished generalization of
Witte’s theorem presented by the first author in the Czechoslovak student compe-
tition in 1978.

Theorem D. Let f(t,z) € C[D; R), (5) hold and let
) |f(t,z)| = o(H(t)) for t— ty+uniformly with respect to z

where H(t) is a non-negative function defined for t € (to,T) and satisfying

T
H(s)ds < oo,
) e T
léi‘i,iﬁf[/‘o H(s)ds exp/‘ h(s)ds] < oo.

Then (1) has at most one solution.

Remark 1. Theorem D can be obtained as a corollary of Theorem A (see proof
of Theorem 2). However, its original proof was based on the usual method for
uniqueness.

Putting H(t) = h(t) exp [1 h(s)ds one can easily verify that Witte's theorem is a
corollary of Theorem D.
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Theorem E. (Banas’-Rivero (2]). Let f(t,z) € C[(to,T) x R; R] satisfying

1f(t, ) = f(t, )| < h(t)lz — ]

© I£(t,2) = F(t, )| = o{h(t) exp(A(D)) a5 & tos

uniformly with respect to z,y € (zo — 6,20 + 6), § > O arbitrary, where h(t) €
C|[(to,T); R*] and A(t) : (to, T) — R such that A'(t) = h(t) for almost allt € (¢, T)
and there ezists o limit ‘ln‘n A(t) (finite or not).

%ot

Then (1) has at most one solution.

Remark 2. Note that the criteria given above could be formulated also for vector-
valued functions. Some further uniqueness criteria have been obtained as corollaries
of Theorem A in [8].

4. Application of Theorem A. The main goal of this section is to prove Theo-
rems B-E as corollaries of Theorem A. In all proofs which follow, we use the same
choice of V(t,z,y) = |z — y| and g(t,u) = h(t)u. In case of the first function we
have according to (5)

D4fV(t,z,y) = - l(z -y)- (f(t,2) = f(t,¥)) < h(t)|lz - y| =

= g(t) ll' y')

for (t,z),(t,y) € D,t # to, z # y. In case of the function g(¢,u) observe that the dif-
ferential equation u’(t) = h(t)u has the general solution u(t) = u(t, ) exp[— [{* h(s)ds]
for arbitrary fixed t; € (%o, T'). Thus, to obtain a uniqueness criterion as a corollary
of Theorem A it remains to find a function B(t) such that
(i) u(t) =0 is the only differentiable solution of u’ = h(t)u satisfying (4) and
(i) |z(t) — y(¢)| = o(B(t)) for every two solutions z(t), y(t) of (1).

Theorem 1. Theorem C is the corollary of Theorem A.
PROOF : Put B(t) = exp [%h(s)ds. Then

ut) _ exp(— J* h) _ T
t=tot B(t) ut l)t-.:o _ET’TF = u(t;) exp /“ h(s)ds

and u(t) = oB(t)) if and only if u(t;) = 0. So u(t) = 0 because t; € (t,T) is
arbitrary.

Further, it follows from (6) that for every ¢ > 0 there exists §(¢) > 0 such that
for (1,2), (t2,2) € D, [t1 — t2| + |z — y| < 8(¢) it holds

) If(tn o)/ b)) exp /T " h= f(tary)/h(ta) exp /T "Hl<e.
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Let z(t), ¥(t) be arbitrary two solutions of (1). With respect to the initial condition
there exists 7 € (t,T) such that |z(t) — y(t)] < 6 for ¢, < t < 7. Thus, from (10)
it follows

£t 2(t) — Fy@) _

11
(n “"‘o+ h(t) exp [ h
‘d' : ST h = K is finite then hm B(t) = e K and [2(t) — y(t)] = o(B(t)) as
t— to+
‘_‘ m lim [ T h = oo then hm B(t) = 0 then, using 'Hospital rule, we get from

(1) IZ(t) y(®) = o(B(t)) as - to+. .
Theorem 2, Theorem D is the corollary of Theorem A.

PROOF : Put B(t) = f:ﬂ H(s)ds. According to (8) there exists a sequence {t,},
limt, = to, t, € (to,%1) such that N

tn : 21
lim H(s)e /h ds = K > 0.
Jm [ H@exp [ 1)

If a solution u(t) of u' = h(t)u satisfies u(t) = o(B(t)) as t — 2o+ then also
Jim u(ta)/B(tn) = lim u(t1) exp(~ S [P H = u(ty)/K = 0. As K > 0 we
get u(t1) = 0 and thus u(t) = 0 on (to,t;).
Now we have from (7) Lim f:ﬂ |f(s,2(s))|ds/ [ H(s)ds = 0 and thus for every
—to4 0
two solutions z(t), y(t) of (1) it holds

)yl . Je® =0l , . |=u(t) ol _
dm g STt g =

Theorem 3. Theorem E is the corollary of Theorem A.
PROOF : Let B(t) = exp A(t). Then

i, ;((?) = u(t:) lim exp| / h — A(t)] = u(t; e

since A' = h a.e. on (¢o,t;). Thus (4) holds iff u(¢;) =0, i.e. u(t) =0.
In the same way as in the proof of Theorem 1 (starting from the relation (11))
we get from (9) |z(t) — y(2)] = o( B(t)) as t — to+. ]

8. Uniqueness criteria and Perron theorem. In [6] and [9) it was shown
that several uniqueness theorems (among them the theorem of Kamke) - formally
more general then the following Perron’s theorem - are actually equivalent to this
criterion.

We are going to show that Theorems B-E are also (in some sense) equivalent to
the following criterion.
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Theorem F. (Perron [7]). Let D:ty <t < T,|z — 20| < b. Let f(t,z) € C[D;R)
and let _
If(t,z) = f(t,¥) < h(t, |z —yl) in D
hold, where h(t,u) € C[(ty,T) x R*,R*] and for every t, € (to,T) the function
u(t) = 0 is the only differentiable function on (to,t1) such that
(12) u' =h(t,u)  u(te) =0.
Then (1) has only one solution.
The function h(t, u) from Theorem F will be called the Perron function of (1).
Theorem 4. Let B(t) € C*[(t, T); R*], Jim B(t) = B(ty+) ezist (finite or not),
_ ot
f(t,z) € C[D; R] and
If(tv :t) - f(tv y)l < g(ta I.’L’ - y‘) on Dv
where g(t,u) satisfies the assumption (i) of Theorem A. Suppose

(13) If(t,z) = f(t,y)] = o(B'(t))  t— to+
uniformly with respect to z,y € (zo — 8,20 + 6), 6 > 0 arbitrary.
Let

sup |f(t,z) — f(t,y)l for 0<u<$
lz—yl=u

T,y € [zo — 6,20 + 0]

h(t,6) for u>é.

Then h(t,u) is the Perron function of (1).

PROOF : From (13) we get h(t,u) = o(B'(t)), t — to+, uniformly for 0 < u < §. Let

u(t) be a solution of (12). Then u'(t) = h(2,u(t)) = o( B'(t)), t — to+. If B(ty+) =0,

using 'Hospital rule ‘lix¢n+u(t)/B(t) = tlign u'(t)/B'(t) = 0. If B(tg+) > 0, then
—t —1g4

also obviously u(t) = o( B(t)), t — to+.

On the other hand, suppose that u(t;) > 0 for some t; € (to,%o + ). According
to the continuity of u(t) we can assume, without loss of generality, that u(¢;) < 6.
Denote by v(t) the left minimal solution of v' = g(t,v), v(t;) = u(¢;). Since
h(t,u) < g(t,u) for t € (to,to + £), 0 < u < §, we have v(t) # o( B(t)), t — to+.
Hence also u(t) # o(B(t)), t — to+ and thus, in view of (4), u(to) > 0. Consequently,
u(t) = 0 is the only solution of (12) on (to, o + «). From [9, Folgerung A] it follows
that the same holds for ¢ € (to,T), i.e., h(t,u) is the Perron function of (1). m

Corollary. If f(t,z) € C[D;R] and the assumptions of Theorem X, X € {B,C,
D, E} are satisfied then h(t,u) given by (14) is the Perron function of (1).

PROOF : Put g(t,u) = h(t)u and B(t) = exp f;, h in case of Theorems B,C, B(t) =
f: H(t) in case of Theorem D, B(t) = exp A(t) for Theorem E. The conclusion
follows from Theorem 4. L]

(14) h(t,u) =
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