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A REMARK ON ALGEBRAIC IDENTITIES
FOR THE COVARIANT DERIVATIVE
OF THE CURVATURE TENSOR

DEMETER KRUPKA, Brno
(Received December 27, 1979)

In the author’s paper [1] lectured in a shortened form at the Colloquium on
Differential Geometry in Budapest, September 3-7, 1979, there are discussed,
among others, the algebraic identities for the curvature tensor of a linear connection
and its first covariant derivative. These well-known identities involve the so called
first- and second Bianchi identities, and an identity expressing the standard anti-
symmetry property of both tensors with respect to two covariant indices. The compo-
nents of the curvature tensor and its covariant derivative are considered, roughly
speaking, as functions defined on a certain space of jets, 72Q. Free unknowns of
these identities are found, and it is shown that a system of free unknowns is a sub-
system of a global coordinate system on T2Q.

At the same time the “jet origin” of the algebraic identities for the curvature
tensor and its covariant derivative is clarified, and there is given a proof of the
assertion that these tensors do not satisfy any other non-trivial identities.

All these considerations concerning the identities for the covariant derivative of
the curvature tensor are based on an algebraic lemma given in [1] without proof.
Since I was asked at the Budapest Colloquium by some mathematicians for the
details, I consider this remark to be a complement to the paper [1].

Let n be a positive integer, and consider the system of 3n* homogeneous linear
equations

(1a) Pum + Ppjw = 0,
(1b) Pruism + Pjam + Pipy = 0,
(1c) Puijm + Puijt + Pipyp = 0

for n* unknowns Py where 1 < k,1,j, m < n. Obviously, these equations are
identical with the algebraic identities for the components of the covariant derivative
of the curvature tensor.
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Lemma, (1) The rank of the system (1a—c) is equal to
@ 714_"(19"3 - 6n* + 51 + 6),
and each solution of this system is a linear combination of

3) -—;Tn(n —1)(5r + lin + 6)

Jfree unknowns.

(2) (@) Let n = 1. Then the unique solution of the system (1a—c) is the trivial
solution.

(2) (b) Let n = 2. Then the free unknowns of the system (l1a—c) may be taken as

(4) Plle’PIZZI’PI.le!PIZZZ'
(2) (¢) Let n = 3. Then the free unknowns of the system (1a—c) may be taken as
(5) P1212!P1221’P1211’P1222’P1313’P1331’PI3II’P1333’

P2323’ P2332’ P2322’ P2333|
P12319P1232’>P1312! P1321’ P13239 P2312’P2321’P2313’ P2331°

(2d) Let n = 4. Then the free unknowns of the system (1a—c) may be taken as
(6) ' Pklﬂ’A Pkuk9 Pkl&k’ Pkllh k < lf .

Primes Primis Pimkis Pimiks Prmims Pimkts
Pimics Pimims Pimms K < 1. <m,
Prjims Pujiks Pimkjs Pmjrts Pijmir K < I<m < j. .

Proof. 1. Firstly, we shall show that the system (la—c) is equivalent to the
following system of linear equations: Co

(7a) Pyijm + Pyjm = 0,." S
(7o) - - Piijm + Pjim + Py = 0, -
(7c) Putjm = Paimy = Pimiy + Pjpy = 0i

Consider the system (1a—c). (Ic) implies o
Ppim + Pujix + Pimgy = 0.

Using this equation and (1b) we obtain

‘ —Pijin + Ppiji + Pipyy — Py = 0.

(7c) now follows from (1a) if we change the subscripts j and k. Conversely, consider
the system (7a —c). Beside (7c), write

Ppim + Pyjwi + Puyjp + Pppy; = 0,
Pijym + Py + Py + Py = 0.



Adding these equations to (7c) and using (7b) and (7a), we get

Pyijm + Pptm + Pippm + Py + Prugy + Prgyy +
N + Pojt + Pyjmi + Pinji + Ppmix + Pyt + Py = 0,
i,
2P(kmj + ZPH,.‘ + ZP_",,* = 0,
which gives (1¢).

2, Secondly, consider the system (7a—c) instead of the equivalent system (la —c).
In this part of the proof we assume that n 2 4. To examine (7a—c), we shall use
a method applied in a different context by Rashevskij [2, p. 544]. We shall divide
the system (7a—c) into four subsystems in such a way that each of these subsystems
contains the unknowns which are not present in the remaining three subsystems. This
will enable us to solve each of these systems separately. The first subsystem will be
formed by all equations of (7a—c) containing the unknowns of the form Py, with
i =j =k = 1. The second (the third or the fourth, resp.) subsystem will be formed
by the equations containing the unknowns Py, in which the subscripts i, , k, I take
only two (three or four, resp.) different values. We shall determine the free unknowns
of each of these four subsystems. Accordingly, this part of the proof is divided into
four steps.

(a) Consider the first subsystem of the system (7a—c). This subsystem defines
no free unknowns P,y,, since by (7a), Py = O for each i.

(b). Consider the second subsystem of the system (7a—c). Let us first examine the
equations involving the unknowns indexed by k, k, I, I where k + I/, and then the
equations involving the unknowns indexed by k,/, 1, /, k & I.

Consider, for example, the indices 1, 2. Then we have the following unknowns:
Py122, Piz125 Prza1s Pasrzs Prizrs Prann- By (72), Pyyzz = 0, Pyyyy = 0. Apply-
ing (7a) again, we can see that the free unknowns may be found among the unknowns
Pys12, Pyasy. The conditions (7b, c) do not give any new independent equations,
which implies that these two unknowns are precisely the free unknowns for the choice
of the indices k, / considered. Repeating this consideration for all pairs of indices &, /,
k % I we obtain altogether

n
°(3)

free ‘unknowns, and we can see that these free unknowns may be chosen as Py,
Pun, k<L :

Consider the case of unknowns indexed by k, /, /, /, where k + /, and examine,
for example, the case of the indices 1,2. To this choice of indices there correspond
the unknowns Py322, P2y, P2111» Pi211, and the unknowns Pj2425 P2221s Pra21s
P,,,, Which are, however, equal to 0, by (7a). Using (7a) again, we get

Pirig +Pygy =0,  Pyyyy + Pyyzp =0,




which implies that the free unknowns of the system of equations considered may be
found among the unknowns P;211, P1222. Consider (7b) for m = 1. Then Py, +
+ P14, = 0, and we have no new independent equation. Analogously, Py;;> +
+ P,5,, = 0. These two equations represent the system (7b), since P,;,; = 0 and
Pyy1; = 0. It remains to examine whether the system (7c) gives a restriction of the
two free unknowns. We obtain the relations

Pyiys — Payyy — Pr1ay + Pryg2 =0,
Pi3iy = Pyzyy — Piyra + Pyyzy =0,
P21 = Pyyy2 — Paggg + P2ygy =0,
Pyyi2 — Pyyzy = Paing + P2y =0,

which are identically satisfied. In the case considered one can therefore take Pyayy
and Py,,, for the free unknowns. Repeating this consideration for all possible
choices of k, ], k % I, we obtain
n
2(;)

free unknowns of the second subsystem of the system (7a—c) in the form Piu,
Py, k <.

(c) Consider the third subsystem of the system (7a—c), and assume that the
three mutually different indices are equal to 1, 2, 3. By (7a), the free unknowns may
then be found in the collection

(8) P1213, Pl231’ Pl223’ PIZBZ’ P1233:
P13129P1321’P1322’P1323!P1332s

Pj3115 P23szs P23zg, Pr31ss Paass-
Equations (7b) give
® ‘ Pyzas + Pagzq + Py3gz =0,
Pyy31 + P3gzp + Pa3gz =0,
Pi233 + P3123 + P2313 =0,

where, by (7a), Py;33 = —Pi3z5, P3j2z = —Pi3zz, Psj2s = —Pysz5. Each of the
remaining equations (7b) arises by a cyclic permutation of the first three indices,
or by a change of the first two indices followed by a cyclic permutation of the first
three ones. It is directly verified that all these equations are reduced to the system (9).
The equations (9) allow to compute P,3,,, P;322, Py233 as functions of the remaining
unknowns. Consider the equations (7c). Putting in these equations j = mor k = /
we obtain identities. Independent conditions for the considered unknowns (8) thus
arise only if the index, having the same value as another one, stands on the first
or the second place. We therefore obtain
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(10) P13 = Pyagy = Pysgz + Pysay =,
Py123 = P33z = Pyazy + P32 =,
Pyy32 — Py1a3 — Pyzan + Pyzgz =0,

Using (7a), we may substitute

P13 = —Pi323, Pyysy = —Pi232s Pagag = —Pyaszs
Py123 = —P13z3; P33y = —P33315 P3213 = ~Pia13-

For example, the equation arising from the first of the equations (10) by the change
2 3, is dependent. The systems (10) and (9) are independent; it follows from the
fact that (10) contains the unknowns P, ,,3, Py223, Py33, which are not contained
in (9). One can compute these unknowns from (10). Altogether, we excluded the
- unknowns Py311s Pi322, P1233> P1213> P12235 P1332 from (8) and the remaining 9
unknowns Piz315 Pyzazs Przizs Praars Prazss Pasizs Pasar, P2arss Pasay are the
free unknowns of the system considered.

Taking into consideration all possibilities of the choice of the indices in the third
subsystem of (7c—c), we can see that there exist precisely

(3

free unknowns of this subsystem. For the free unknowns one may take the unknowns
Pyimks Primis Pimits Pimiks Prmims Pimicts Pimiks Pimkms Pimmis kK < 1 < m.

(d) Consider the fourth subsystem of the system (7a—c). Let us first examine
equations in which the indices of P;;, take the values 1, 2, 3 and 4. Then (7a) implies
that the free unknowns of these equations can be found in the system

Pi2345 P1243s P13245 Praazs Prazss Prasa,
Pr314s P23ass Praxss Paasts Paagz, Pagsy .

The equations (7b) give four independent equationé

§8)) Py23a + P3jaq + Pr3ge =0,
Pi243 + Pyyz3 + Py =0,
Py324 + Paz3z + Piayz =0,
Piaas + Pazay + Pyypy =

where, by (7a), P3jz4 = —Piazes Parzs = —Piazy, Pazaz = —Paazzs Pazss =
= —P,,3,. The independence of these equations is obvious. They can be used to
compute, for instance, Py234> P1243> P1342, and P,34,. Consider the system (7c).
(7a) implies that independent equations may be found among the equations with
k < I. Furthermore, if k < /, then the equations with j = m are dependent, which
means that the independent equations are contained in the subsystem defined by the
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inequalities k < /, j < m. In the case considered we have six different pairs of indices
1,2,3,4:(1,2), (1, 3), (1, 4), (2, 3), (2, 9), (3, 9). Under the change k «» j, ! +» m the
expression (7c) changes the sign, hence the equation obtained is dependent. Con-
sequently, a system of independent equations in (7c) may be chosen in the form

(12) Pi334 = Piygy = Pyag2 + Paazy =0,
Py324 — Pyygy — Pragy + Prazy =0,
Pi423 — Pig3y — Pryga + Pa3as = 0.

We shall find an explicit solution of the system (12), (11). (11) implies

Pi334 = Py3za — Pa3ges
Pi343 = Piazs — Paasss
Py324 = Piazz — P3aas
Py341 = Paa3r — Pagas-

Substituting into (12), one gets

(13) Py324 — P231s — Prazs + Praas — Pyggz + Pygyy = 0,
Pi32s — Prasz + Pagsz — Pagys + Pyy3y =0,
Pi4zs — Prazz — Pazta + Pagzy — Pyyyy =0.

Subtracting the third equation from the second one, we obtain
Py324 + P3gyz2 — Paays — Praas + Payyy + Pyyyy =0,

and adding this equation to the first one,

(14) Pi324 = Praz3 + Pygzy = 0;

subtracting (14) from the first equation (13), we get

—Pj314 + Pyars — P32 = 0.
Hence

P1324 = Puzs - P3421’
Pi413 = P3a1z + P2aygg.

The second equation (13) gives
Piazz = Piazs = P3arz — Pazgq + Pagsy.
The result of our explicit calculation can be summarized as follows:

Py234 = Piazs — Paaas — Paaga,s
Py243 = Piazs — Paasz — Paases
Pi324 = P1azs — Pazta + Paaay — 2P34y,,
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Py3a1 = Pyesy — Pygass
Py3ze = Pyazs ~ P3aan»
Pya13 = Pyyyy + Praes
Prasz = Praas = Pyagz = Pasia + Pras.

In particular, these formulae show that the free unknowns for the considered equat-
ions indexed by 1, 2, 3, 4 may be taken as Pyq33, Piga1» Paar2s Paests Passe-
Now it is easy to determine the total number of free unknowns for the fourth

subsystem of the system (7a—c). Since there are (:) quadruples of different indices

i,7,k,1in the set 1,2, 3, ..., n of indices, there are precisely

(5

free unknowns of this subsystem. One can take Pyjim» Pmjiks Pimkss Putr Prjmas
k < 1 < n < j, for these free unknowns.

Let us summarize the results of the steps (a)—(d) for n = 4. The total number of
the free unknowns of the system (7a~—c) is given by

4('2') + 9(;) + s(';) = -2—14—n(n — 1)(5n® + 11n + 6).

This proves (3) for n = 4. Subtracting the total number of the free unknowns of the
system (7a—c) from the number of all unknowns, we obtain the rank of this system:

o_ 1 2 _ 1 3 2
n —-ﬂ—n(n—-l)(Sn +11n+6)—-§-4—n(19n — 6n" + 5n,+ 6),

which proves (2). Finally, collecting the free unknowns of (a)—(d), we obtain exactly
the system (6). This proves our lemma for n 2 4.

3. Thirdly, consider the cases n = 1,2, 3. Let n = 1. Then (7a—c) is a system of
equations for a single unknown P,,,, which is, however, equal to 0, by (7a). The
rank of (7a—c) is equal to 1, and we can see that there hold all assertions of the
Lemma.

Let n = 2. Then the total number of the free unknowns of (7a—c) is, by (a)

and (b), equal to 4(2) = 4. The relation (3) gives

1 48
64+ 1L.2+6) =1 =4,

and again the Lemma holds.
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Let n = 3. Then by (a), (b), and (c), the total number of the free unknowns of
(7a—c) is equal to
4G)+9=12+9=2L
which coincides with (3). Clearly, this implies that (2) must also hold. The considera-
tions (a), (b), (c) of the second part of the proof imply directly that (5) is a system
of free unknowns of the system (7a —c).
This completes the proof of the Lemma in all its parts.
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