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0. Let M™ be an m-dimensional submanifold of an n-dimensional Riemannian
manifold M".

In the present paper we study the infinitesimal affine deformations of sub-
manifolds of a Riemannian manifold.

In Theorem 1 and Theorem 3 we answer the following question: when an
infinitesimal affine deformation of a submanifold M™ is infinitesimal isometric
or infinitesimal volume preserving.

In Theorem 4 and Theorem 5, conditions have been found in which a hyper-
surface M™ does not allow non-trivial infinitesimal affine deformations.

All manifolds, tensors and maps are assumed to be C*®.

All manifolds are assumed connected.

1. Let M" be an n-dimensional Riemannian manifold covered by a system of
coordinate neighbourhoods {U, x*}. Let means g;, I'};, V,, R?J,‘ and R,;, the metric
tensor, the Christoffel symbols formed with g;;, the operator of covariant differentia-
tion with respect to I't ;» the curvature tensor and the Ricci tensor of M” respectively.
The indices i, j, k, ... assume the values 1,2, ..., n.

Let M™ be an m-dimensional Riemannian manifold, covered by a system of
coordinate neighbourhoods {V, 4*} and let by g4, I'ss, V., R}, and R,, the cor-
responding quantities of M™ be denoted. The indices a, §, 7, J, ... run over the
range 1,2, ..., m.

We suppose that the manifold M™ is isometrically immersed in M" by the
immersion r: M™ — M" and we identify r(M™) with M™.

We represent the immersion 7 by

(1.1) x* = xMu)

* (Delivered at the Joint Czech-Polish-G.D.R. Conference on Differential Géometry and its
Applications, September 1980, Nové Mésto na Moravé, Czechoslovakia.)
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and denote

;  oxt
(1.2) B, = ,
ou” ,
B! are m linearly independent vectors of M" tangent to M™.
Since the immersion is isometric, we have

(1.3) 245 = 8B;B;.

We denote by N* (i =m + 1,m + 2, ..., n) n — m mutually orthogonal unit
normals to M™, and by D: Ix M™ - M", I = (—e¢, ¢) ¢ > 0 an arbitrary deforma-
tion of M™. Then the field z* of the deformation D can be represented as:

(1.4) 2 = "Bi + U'N],

where (@ = 1,2,...,m) and (*(A =m + 1, ...,n) are tangential and normal
components of the field of deformation z*, respectively. v

We call a deformation D of the submanifold M™ trivial, when the field of the
deformation z" is identically equal to zero. _

If the deformation vector z* is tangent to the submanifold, we say that the
deformation is tangential (i.e. {* = 0).

If the deformation vector z* is normal to the submanifold, we say that the
deformation is normal (i.e. {* = 0).

A deformation D of M™ is then and only then [2]

a) infinitesimal isometric, when the components ¢* and {* of the field of deforma-
-tion z"* satisfy the following system of equations:

(1.5) Vil + Vel — 2h,uC‘ =0,

where h; are the second fundamental tensors of M™ with respect to the normals N7};
By = 8%%huas by = h = gaphanp
b) infinitesimal affine, when &* and &* satisfy the system of equations:

(1-6) vy VﬁCa + RzyﬂaC‘ = Vy(hﬂzlcl) + Vﬁ(haylcl) - Va(hlylcl)- .
¢) infinitesimal volume preserving, if {* and {* satisfy:
1.7 : V.0* = b

2. Theorem 1. If an infinitesimal affine deformation of a submanifold M™ of
a ‘Riemannian manifold M" is infinitesimal isometric at least at one point of M™,
then this affine deformation is isometric on the whole M™. -

Proof: From equation (1.6) and

(2'1) : VY VﬂCﬁ + chﬂce = Vy(haﬂlcl) + Va(hyﬂlcl) - .vﬂ(haylcl)
in view of — Ry = R,,.s we obtain
(2‘2) V,(V,C, + quﬂ - Zhaﬂlcl) = 0.
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If we denote

(2.3) Ty = Vel + Vol — 2,500

then

2.9 V,T,; =0, T,p=7T; and T = T,g%g%.
We multiply (1.6) by T*#

(2.5 : T V,(Vgly — hopat®) = 0.
From (2.4) and (2.5) we have

(2.6.) T*(Vyls = hapal?) = Ci,

where C, is a global constant, since M™ is connected.
Since T** = T**, we can write (2.6) in the form

Q.7 T*T,, = 2C,.

The rest of the proof follows easily from the assumptions.
From this theorem we obtain some corollaries.

Corollary 1. If {* = (*B! + (*N"* is a deformation vector field of an infinitesimal
affine deformation, then the tensor T,; has a constant length.

Corollary 2. If z" = (*B" + (*N" is a deformation vector field of an infinitesimal
affine deformation, then
: 1
(2.8) 5 (Vb + Viylo) (VP + VPL%) 2 Ahop, LV — 2k B PR
The equality is valid only if the deformation is infinitesimally isometric.

Theorem 2. If z* = (*B" + (*N% is a deformation vector of an infinitesimal affine,
deformation of a non-totally geodesic compact orientable submanifold M™ of an
orientable Riemannian manifold M", then

@9 [ PagshPCLAV 2 [ hypl VP dV.
Mn Mn
The equality is fulfilled only if the deformation is infinitesimally isometric.
Proof: By Green’s theorem and equality (2.4) it follows
(2.19) 0= [ VAT {)aV = | T, v¢fdv.
Mm Mm

From this equality in view of (2.6) and (2.7) we have

1 @, @, m ‘ )
@.11) J 5 TuT Pdy = Mjm{zh,,uh,,,”c‘c — 2k 0 VY AV
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From (2.11) it follows that
§ 2k BPLHmAV 2 [ 2Ryt VECR AV
Mm Mn

The theorem is proved.
If we take into consideration

1 a, 1 a v a
(2'12) 7 TaﬁT b o E—(VQCﬂ + VpCa) (V Cﬂ + Vﬂg ) - 4haﬁlcz v Cﬂ + 2huﬂ).h:’clcuy

then from (2.11) we have

Corollary 1. If z" is deformation vector of an infinitesimal affine deformation of
a compact orientable submanifold M™ of an orientable Riemannian manifold M", then

(2.13) | [ hapal VP AV 2 0.
Mn

Theorem 3. An infinitesimal affine deformation of a minimal compact orientable
submanifold M™ of an orientable Riemannian manifold M" is necessarily infinitesimal

volume preserving.

Proof: If a submanifold is minimal, then
(2.14) hi, =h, =0.

From equation (1.6) we can get the following equalities:
(2.15) VP Vpla + Reol? = 2 VP(hypa0Y) — Va(hil%),
(2.16) V.(* = hi* + C, _

where C is;i global constant, since M™ is connected.
From (2.14) and (2.16) it follows

2.17) ) v, (* = C.
Since the submanifold M™ is compact and orientable, then

(2.18) [ V.2 dv =o0.
Mm

From (2.17) and (2.18) we obtain that C = 0. ~

Theorem 4. Let M™ be a non-minimal compact orientable hypersurface of an
orientable Riemannian manifold M". If; the submanifold M™ satisfies the conditions
a) the second fundamental tensor h,g is parallel, i.e.
V,h,, = 0,

b) the quadratic form with the components R,; of the Ricci tensor as coefficients
is negatively definite, then M™ does not allow non-trivial infinitesimal affine deforma-
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tion for which the divergence of the tangential component of the deformation vector is

equal to zero and the deformation vector is tangent to M™ at least at one point of M™.
Proof: Let us suppose that M™ allows non-trivial infinitesimal affine deforma-

tions. Then & and  do not vanish at the same time and satisfy the equation (1.6).
The equation (1.6) in view of condition V h,, = 0 becomes

(2.19) V, Vele + Reypal® = hge VU + hyy Vo — hy, Vo4
From (2.19) we can get the following equations:

(2.20) VPV, + R = 2KV — h VY,

(2.21) V.l = hy + C,

where C is a global constant.
Since the divergence of the vector {* is equal to zero we have

(2.22) v.(* = 0.
From (2.21) by virtue of (2.22) and V,h,; = 0 we obtain
(2.23) hVy =0.

The hypersurface M™ is not minimal, i.e. & # 0. Then from (2.23) it follows
that , '
(2.24) ¥y =0C,
where C is a constant.

The equality (2.19) in view of (2.24) becomes
(2.25) V,Vela + Ryppel® =0,
which shows that 'C“ is an affine Killing vector. Since M™ is compact and orientable,
¢* is also a Killing vector:
(2.26) V(s + Vel = 0.

For a compact orientable submanifold M™ the following integral formula is
valid

(2.27) [ {Regl?? + VP VL, — (VL) dV =0,
Mm

for any vector {* in M™ [3].
From (2.26), (2.22) and (2.27) we have

(2.28) [ Rgl*(Pdv = [ VPV L, dV.
Mm Mm

This equality, considering condition b) of the theorem, is fulfilled only if (* is_
identically equal to zero. The theorem is proved.
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Corollary 1. If a hypersurface M™ satisfies the conditions of the theorem, then M™
does not allow non-trivial infinitesimal affine deformations for which the tangential
component of the deformation vector is a harmonic vector and the deformation vector
is tangent to M™ at least at one point. '

Corollary 2. A compact orientable hypersurface M™ of an orientable Riemannian
manifold M" does not allow non-trivial tangential infinitesimal affine deformation
if the Ricci form R,, is negatively definite.

Theorem 5. Let M™ be a non-minimal compact orientable hypersurface of an
orientable Riemannian manifold M" with negative (or equal to zero) constant scalar
curvature. If M™ has a parallel second fundamental tensor (V,h,, = 0), and the
quadratic form with coefficients h,hly — h§hl,, is negatively definite, then M™ does
not allow non-trivial infinitesimal affine deformation for which the divergence of the
tangential component of the deformation vector is equal to zero and the deformation
vector is tangent to M™ at least at one point.

Proof: The Gauss equation of a submanifold of M" is:

(2.29) R s = RU”.BLB;B:BS + hdalhzr - h’aAh:.’.

apy

The curvature tensor of a manifold M" with constant scalar curvature K is:

K
(2.30) Ry = W‘:’l‘)'(gihgjk — 8ix&jn)-

From (2.29), (2.30) and g,; = g,;B;B} we obtain

_m(m-—1)

2.31) =T

Kgg, + h;h}, — h&:hi,.

Further the proof is analogous to that of Theorem 4.
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