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REGULARITY IN ARITHMETICAL VARIETIES
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An algebra U is regular if any two congruences on 2 coincide whenever they
have a congruence class in common. A variety ¥ is regular if it contains only
regular algebras. Denote by Con(2) the lattice of all congruences on . A variety ¥~
is distributive (modular) if Con() is distributive (modular) for each Ae¥ .
A variety ¥ is permutable if ©@,.0, = 0, .0, for each 0,, @, € Con(¥) and
every A €¥”. By A. F. Pixley [7], permutable and distributive varieties are called
arithmetical.

As it was mentioned in [9, Theorem 2.7], J. Hageman proved that regularity
of 7" implies modularity of ¥~ (see also [1]). Since modularity is a weaker condi-
tion then permutability as well as distributivity, it is interesting to ask about mutual
connections of permutability, distributivity and regularity. These three conditions
are mutually independent (for independence of permutability and regularity, see
e.g. [2], [10], [11], other relationships are well known). The aim of this paper is
twofold:

— to give a Mal’cev characterization of regular arithmetical varieties,

— to give conditions under which an arithmetical variety is regular.

To the first topic, we can give an immediate answer applying results of [2] and [8]:

Theorem 1. For a variety ¥, the following conditions are equivalent:

(1) ¥ is permutable, distributive and regular;

(2) there exist a (3 + n)-ary polynomial p and ternary polynomials q, t,, ..., t,
such that

q(x, x, z) = q(x, z, x) = ¢q(z, x, x) = x, t{x,x,2) =z fori=1,..,n,

x=p(X,922..,2), y=pXpztx,12), ..., 4,(x, y, 2)).
The sketch of the proof. Applying the Theorem of [2] (we can simplify it using
diagonal relations instead of tolerances as it was done by J. Duda), we have that ¥~
is regular and permutable if and only if there exist n-ary p and ternary ¢,, ..., 1,
fulfilling their part of (2). By [8], permutable variety ¥~ is distributive if and
only if there exists ¢ with g(x, x, z) = q(x, z, x) = q(z, x, x) = x, whence (2) is
completed.
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Although (2) of Theorem 1 is not too complicated, we can give also another
Mal’cev characterization of regularity, permutability and regularity containing no
separated polynomial for one of these three conditions. Such a condition can be
more convenient for the second topic of our paper as we shall see later.

Theorem 2. For a variety ¥, the following conditions are equivalent:
(1) ¥ is permutable, distributive and regular,
(2) there exist 2k-ary polynomial r, (3 + n)-ary polynomials p,, ..., p,. and
ternary polynomials t,, ..., t, such that
ti(x,x,2) =z forj=1,..,n,
X ¥y Xy ooty X) = pUX, ¥, X, t(X, Y, X), ..., t(X, ¥, X)) fori=1, ..k,
PX, %, ¥y s Y) = PilX 3, 3, 1%, 3, 9)s s b, 3, 9))  for i
x=r(p,(x, 92,2, ..., 2) oo, (X, ¥, 2, 2, ..., 2)),
y = r(pl(xs Y, 2, tl(x’ s Z)a cees tn(x3 s Z)), cees
ka(x9 Y.z, tl(x3 ) Z)s cevy tn(x’ Vs Z)))
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Before the proof, we must introduce some concepts and formulate two lemmas.
Let A = (A4, F) be -an algebra. Denote by A the so called diagonal of U, i.e.
A= {{x, x); x € A}. A binary relation D on A will be called a diagonal relation if
(a oD,
(b) D is a subalgebra of A xA, i.e. D satisfies the substitution property with
respect to F. '
Clearly the set of all diagonal relations on 2 forms a complete lattice with respect
to the set inclusion, where A is the least and 4 x A the greatest element. Denote
by V the operation join in this lattice. Clearly the operation meet coincides with
set intersection. Since this lattice is complete, there exists the least diagonal rela-
tion containing a set M = A x A; denote it by D(M).

Lemma 1. Let R, S be two diagonal relations on W. Then {x,y>e€ RV S if and
only if there exists a 2k-ary polynomial r over W such that

x = r(ay, ..., Az,
y =r(by, ..., b,
where {a,, by e R fori=1, ..,k and {a;,b;yeS fori=1k + 1, ..., 2k.

Proof. It is clear that the set of all pairs {x, y) for which there exists a poly-
nomial r and elements a;, b; (i = 1, ..., 2k) such as in this Lemma forms a diagonal
relation on U containing R and S. Moreover, every diagonal relation on ¥ contain-
ing R and S must contain also all these pairs, hence it is RV S.

Lemma 2. Let A = (4, F) be an algebra and M = Ax A. Then {x, y) € D(M)
if and only if there exists an n-ary algebraic function f over W and élements
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X1y eees Xns V15 -os Yo € A such that

x=f(x1a""xn)’ y=f(}’x’---:yn),
where {x;,yyeMfori=1, ..., n.

The proof is straightforward and hence omitted. If M = {<a, b)}, denote
D(a, b) instead of D({<a, b>}).

Proof of Theorem 2. (1) = (2): Let ¥ be regular, permutable and distributive
and let Fy(x, y, z) be a free algebra of ¥~ generated by the free generators x, , z.
Let ©® = O(x, y) and C = [z]s, i.e. it is the congruence class of @ containing z.
Denote by @{C} the least congruence on F,(x, y, z) containing a congruence
class C. Since ¥ is regular, we have @{C} = O(x, y). Clearly ©{C} = O(M)
for M = {z} x[z]e, where O(M) is the least congruence collapsing M. Since ¥~
is permutable, the Theorem of Werner [12] implies @(M) = D(M), thus o(x,y) =
= D(M). Hence
(1) {x, ¥> € D(M).

By this Theorem of Werner, permutability of ¥~ implies that for each W e ¥", the
lattice of all diagonal relations on & and Con(A) coincide, thus V is also join in
Con(). Hence

{x,y) €0(x,2) vV O(z, y)
implies also
(i1) {x,y> € D(x,2) vV D(z, y),
thus (i) and (ii) give
(x, y> € (D(M) n D(x, z)) vV (D(M) n D(z, )

with respect to the distributivity of #". By Lemma 1, there exists a 2k-ary poly-
nomial r such that .

x = r(ay, ..., ),

y =r(by, ..., by,

where
{a;, bYe DIM) D(x,z) fari=1,..,k,
{a;, b)) € D(M) n D(z, y) fori=k+1,..,2k,i.e.
{ay, b;) € D(M) for i =1, ..., 2k,

and

{a;, b;) € D(x, 2) fori=1,..,k,
{a;, b,y € D(z, y) fori=k+1,...,2k.
By Lemma 2, there exist
(3 + n)-ary polynomials p,, ..., P, such that
a, =p{x, 27z .., 2), -
by = px,y, 2, vy,"..., ),
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where vy, ...,v,€[z]e. Since v;€ Fy(x, y,z), there exist ternary polynomials
ty, ..., t, wWith
) v; = tx, y; 2), i=1,..,n

Then v, € [z]e for @ = O(x, y) implies
tix,x,2) =z fori=1,..,n

By the permutability, D(x, z) = @(x,z) and D(z,y) = O(z, y), thus {a;, b,) €
€ D(x, z) implies

pi(x, ¥, %, ..., X) = px, ¥, x, t;(x, , X), ..., t,(x, ¥, X)) fori=1,..,k,

" and <a;, b, € D(z, y) implies

Pl P, ¥y s ) = pdx, 3 0 (6 3, 9)s s (X, ) for i =k + 1, ..., 2k

(2) = (1): We prove separately every of these three properties:

Regularity. By [11], it remains to prove that for each A e ¥, if @ € Con(A) has
a one-element class, then @ = A. Suppose a, b, c€ 4, <a, b) € ® € Con(A) and
let {¢} be a class of ©. By (2), we have

t{a, b,c)Otya,a,c) = c,

thus #;(a, b, ¢) € {c}, i.e. t;(a, b, ¢) = c. By (2),

a= r(pl(a5 b’ C, Cyuney C), ---aP?k(aa b9 G Cy oy C)) =
= r(pl(a’ b’ ¢, zl(a, b’ C)’ cevy tn(a’ b, C)), e
""PZk(a’ b: c, tl(a, b9 C), ceey tn(a’ bs C))) = bs
thus @ = A, and, by [11], the regularity is proved.
Permutability: Put
t(a’ b’ C) = r(pl(as ¢, b’ ti(ba (2 b)s cecy tn(b9 ¢, b))! cevs
s pada, ¢, b, t,(b, ¢, by, ..., t,(b, c, b))).
Then clearly t(a, c,c) = a and t(a, a,c) = ¢, thus ¢t is a Mal’cev polynomial,
_i.e. ¥ is permutable.
Distributivity: Let
q(a, b, c) =
r(pda, c, b, t,(a, ¢, b), ..., t,(a, ¢, b)), pa, c, b, ty(a, a, b), ..., t(a, a, b)),
where i = 1, ..., k,j =k + 1, ..., 2k. Then clearly g(a, c, a) = q(a, a, ¢)) =
= q(c, a, @) = a and, by [8], the existence of such g in a permutable variety
secures the distributivity of ¥~

Example 1. Let ¥ be a variety of Boolean algebras. We canputn = 2,k = 1 and

(6, 02)=EONAGONV(xD 2]
L2, 2)=[(ONAP D V(ED2)] D x,
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Pl(x5 » 2z, 0, W) =0,
DA% ¥, 2,0, W) = XD w,
r(xy, x3) = X, @ x,,

where a@® b = (@ Ab) V (a Ab), the so called symmetrical difference of a,’b.

Now, we are ready to give sufficient conditions for the second topic of our paper.
A Pixley polynomial is a ternary polynomial p over ¥~ such that
plx,x,z) =2z, plx,y,x)=x, p(x,2z2) =x

As it is proved in [7], a variety #” is arithmetical if and only if there exists a Pixley
polynomial in 7.

Theorem 3. Let ¥~ be an arithmetical variety. If there exists a binary polynomial
(denote it by +) such that

x+(O+2)=x+y +z

x+xX)+y=y+x+x) =y
then ¥ is regular.
Proof. Let p be a Pixley polynomial in¥". Put k = 1, n = 2 and

ti(x, y, 2) = p(x, y, 2),
t2(x, 9, 2) = p(x,,2) + (v + %),
Pi(%, ¥, 2,0, W) =,
p(x,y,z,0,w) =w + x,
r(xy, x2) = X1 + Xx5,.
Then
t,(x, x,z) = p(x, x, 2) = z,
t,(x, x,2) = p(x, x,2) + (x + x) = z,
P1(X, Vs X, tl(x’ ¥, X), ty(x, y, X)) = ty(x, », x) = x = py(x, y, x, X, ),
Pa% ¥, ¥ 11(x, 7, ¥), 12(%, 3, ) = t(%, 3, ¥) + x =
=px, 3N+ +x)+x=x+y=px)
(rpy(X, ¥, 2, 2, 2), P2(X, ¥, 2,2, 2)) = Py(X, 9,2, 2,2) + pa(x, ¥, 2,2, 2) =
=z+(z+x)=(zb+z)+x=x,
r(pl(-xn Y 2, tl(xa ¥, Z), tz(x’ Vs Z)), Pz(x, Y 2, tl(xa Vs Z), tz(x’ Vs Z))) =
=1,(x,5,2) + (t2(x, 5, 2) + x) =
=p(x,»,2) + (P(x,»,2) + (y + X)) + x) = .
By Theorem 2, ¥~ is regular. '

Example 2. In the case of Boolean algebras, we can clearly puta + b =a @ b.
We can give also another Mal’cev condition formulated in ternary polynomials:
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Theorem 4. Let ¥ be an arithmetical variety and p be its Pixley polynomial.
If among their Mal’cev polynomials exists a polynomial q with

q(p(x, y, 2), 4(p(x, y, 2), X, ¥), X) = », |
then ¥ is regular.
Proof. We can putn = 2, k = 2 and

t1(x, y, z) = p(x, y, 2),

1:(x, y, 2) = q(p(x, ¥, 2), x, ),
pi(x, ¥, z, 0, w) = v,

p2(x, y,z, 0, w) = x,

pi(x, ¥, z, 0, w) =

Pax, y, 2,0, w) =y,

r(xy, Xz, X3, X4) = q(xq, X3, X3).

One can easy see that (2) of Theorem 2 is satisfied and hence ¥ is regular.
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