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CHARACTERIZATION OF GLOBALLY LIPSCHITZIAN
COMPOSITION OPERATORS IN THE BANACH SPACE Bsz[a,b]

JANUSZ MATKOWSKI AND NELSON MERENTES™

ABSTRACT. We give a characterization of the globally Lipschitzian composition
operators acting in the space BVg [a,b]

Introduction. In [8], F. Riesz introduced the so-called Riesz class A, = A4,[a, b]
(1 < p < o0) in the following way: The function u € Ap[a, b] if u is absolutely
continuous on [a, b] and v’ € Ly[a, b]. In the same paper he proved that the function
u € Apfa,b] (1 < p < o0) if and only if v has bounded p-variation on [a, b].
Moreover the p-variation of the function u is given by

Vi (us [a, 0) = lW'[7, 00y -

Recently N. Merentes [7] proved an analogous result for the class A2[a,b] (1 < p <
o0) of functions u such that «' is absolutely continuous on [a, ] and u” € Ly[a, b].
More precisely, let 1 < p < oo. The function u € Az [a,b] if and only if u has
bounded (p, 2)-variation on [a, ] and the (p, 2)-variation of u is given by

V(p,Z)(u; [Cl, b]) = ||u//||zl),p[a,b] :

In [6] N. Merentes, making use of an idea of the first author (cf. [3]), applied the
Riesz result to deduce a characterization of functions f generating a composition
operators F satisfying a global Lipschitz condition on the space BV,[a,b]. In the
present paper we will apply the characterization of the class Az [a,b] to deduce an
analogous result for the space BV,?[a, b].
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1. Let u be a function on [a, b]. For a given partition 7 :a =1tg < -+ <ty = b
of [a, b], let
-t ~)I”
(I1<p< o).
]Z:; |t _ty 1|p !
The number
(1) Vp(u) = Vp(us [a,b]) := supoy (u; )

m

where the supremum is taken over all partitions 7 of [a, b] is called the p-variation
of the function u on [a,b]. By BV,[a,b] we shall denote the Banach space of all
functions u for which the norm

(2) lfullp := lu(a)]+ (Vp(us [a, 1) /7

1s finite.

The space BVi[a, b] is simply denoted by BV [a, b] and is referred to as the space
of functions of bounded variation.

It is easy to see that every function u € BV, [a, b] is continuous on [a, b] provided
1 < p < o0. More precisely, the following embeddings

(3) BV,[a,b] — AC[a,b] — BV[a,b], (1<p<o0)

hold, where AC(a,b] is the space of all absolutely continuous functions on [a, b],
equipped with either the BV {a, b]-norm (2) or the norm

||U||ACab |u( )|+||U/||L1[a,b] :

Lemma 1. (F. Riesz [8]). Let 1 < p < 5. The function u € Ap[a,b] if and only if
Vp(u; [a, b]) < 0o. Moreover

Vi (us [a, 0]) = JW/[7 a0y -

Let
T(p2) (5 T) =
—1
N |ultn) —ulty) - ulty) — - | 1
el B R Rt lj—tj [tj41 =t~

The number

(4) Vip,2)(w; [a,0]) := supay o)(u; )
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where the supremum is taken over all partitions 7 of [a,b], is called the (p,2)-
variation of the function u on [a,b]. By BV{; 2la,b] we shall denote the Banach
space of all functions u for which the norm

() ullp 2y = ul@)| + [ ()] + (Vip 2 (s [a, b])""*

1s finite.

The space BV(1 3)[a, b] is simple denoted by BC[a,b] and is referred to as the
space of functions of bounded second-variation

Remark 1. The notion of second-variation was introduced in [10] by de la
Vallée Poussin.

The following result is well-known (cf. [9]).

Lemma 2. The function u € BC|a,b]; i.e., the function u has bounded second-
variation if and only if the function u is representable in the form u = vy — vs
where vy and vy are convex and v} 4 (a), v} _(b), vy 4 (a) and vy _(b) are all finite.

Recently N. Merentes [7] proved the following characterization of the class
A2la,b].
P 3

Lemma 3. Let 1 < p < co. The functionu € Az [a, b] if and only if Vi, 5)(u; [a, b])<
0. Moreover

V(p,Z)(u; [Cl, b]) = ||u//||zl),p[a,b] :

It is easy to see the following embedding

BVip 2yla,b] — BVpla, 0], (1 <p< c0)
holds, 1.e., there exists a constant K > ( such that
(6) lully < Kllullp2) (v € BVipo)a,b]) -

2. Denote by Fla, b] the class of all functions u : [a,8] — R. Let f: [a,b)] x R —
R. The composition operator F' : Fla,b] — Fla,b] is defined by

(Fu)(t) .= f(t,u(t)), (u€ Fla,b], t €a,b]) .

Theorem. Let 1 < p < co and f : [a,b] x R — R. The composition operator F
maps the space BV, 2)[a, b] into itself and satisfies the global Lipschitz condition;
1.e., there exists a constant L. > 0 such that

(7) [ Fw = FVll(p2) < Lllw = vllgp,2) » (u,v € BVp,2)[a, b))
if and only if there exist functions g, h € BV{; 2[a,b] such that

(8) ft,z) =gz +h(t) (¢t €la,b], z€R).
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Proof. Suppose that the operator F' satisfies the Lipschitz condition (7). Since
the embedding (6) holds, we have

[|[Fu— Fo|l, < K||Fu— Fv||(p72) < KL||u-— v||(p72)
(u,v € BV(pyz)[a, b)) .

9)

Fix t,7 € [a,b], (t <%) and 1, %1, x2, T2 € R, and define two functions
u; : [a,b] — R by

W@y;(“_xq[@—af+<1_“_“y_“‘“y)@_ay

t—1

—(t—a)— (1_ (t_a)z_(t_a))(t—a)] +z (i=1,2).

t—1

Obviously, the functions u; € BV(, 2)[a, b], (i = 1,2), and the relations
(u1 —uz)(a) = |21 — 22|, (w1 —u2)'(a) =0

and

W%y — Bz — 21 + 22ff v
_ 1P =
[|(u1 — u2) ||Lp[a,b] = ( |t —tjp—t

hold.

The inequalities (9) give for the above functions

2p|i‘1—i‘2—l‘1—|—l‘2|p r/
=1

(10)  [[Fur — Fuo|l, <M (|l‘1—xz|+ (

where M := K L.
Since u;(t) = #; and u;(t) = z;, (¢ = 1,2), then by definition of the norm || - ||,
we obtain

(If(t, 71) = f(t, @) = f(t,20) + [(2, xz)lp) <
[t — tjp—1 =

< or=ipgr <|x1 _pp BBz Tt x2|p)

[t —t|p—1
which can be rewritten in the form

[F(E,20) = f(E,22) = f(t,21) + f(8, 22) P <
S 2p_1Mp(|l‘1 — l‘2|p|{—t|p_1 + 2p|i‘1 — i‘z — 1+ l‘2|p) .

(11)

For every fixed # € R the constant function wuo(t) = = belongs to BV, 2)[a, 8],
whence the function f(-, x) belongs to BV(; 2)[a, b], consequently the function
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f(-,z) is continuous on [a, b]. Therefore letting ¢ — ¢ in the inequality (11), we get

|f(ta£1) - f(tajZ) - f(taxl) + f(t,l‘z)| S
§4M|i‘1—i‘2—l‘1—|—l‘2|

(12)

for all t € [a,b] and a1, &1, x2, 22 € R.
Let us fix t € [a,b] and define the function P; : R — R by the following formula

(13) Pia) = f(t,2) — f(10) (2 €R).
Setting 1 := w+ z, 3 := w, 1 := z and &5 := 0 in the inequality (12) we get
Pt wt 2) = ftw) + £(t,2) — F(1,0)
which, using (13), can be written in the following form
Pw+z) = Pp(w) + P(z), (w,z€R).
Setting 1 = Z3 = 0 in the inequality (12) we get
|Pi(21) — Pr(2)| < 4M|x1 — 22|, (21,22 €R) .

Thus the function P; is additive and continuous. Consequently it is linear and,
therefore there exists a function ¢ : [a, 5] — R such that

P(z)=g(t)xr, (z€R).
Define the function h : [a,b] — R. by
h(t) = f(t,0), (t€[a,b]).
It follows from (13) that
ft,z) =gz +h(t), (t€abl,xeER).

Since the composition operator F' maps the space BV(, 2)[a,b] into BV, 2)[a, b],
then the function h(-) = f(-,0) belongs to BV{, 2[a,b], and the function g(-) =
f(-,1) = f(-,0) also belongs to BV{; 2y[a,b]. Thus the function f has the above
form with g, h € BV{; 2)[a, b].

Now suppose that the function f has the form (8); i.e., f(t,z) = g(t)z + h(t),
where g, h € BV, 2)[a, b].

Since BV{;, 2[a,b] is an algebra, we obtain

|1Fw = Follp,2) < |lgllp,2)llw = vllp,2)
(u,v € BV(pyz)[a, b,

consequently the composition operator F' generated by the function f maps the
space BV(, 2)[a,b] into itself and satisfies the global Lipschitz condition (7).

Remark 2. A similar problem has been investigated in [3], [2], [4], [1], [5], [6]
in the spaces: Lip[a, b], Lip®[a, b], C"[a, b], Lip C"[a,b], BV [a,b] and BV, [a, b].
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