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ARCHIVUM MATHEMATICUM (BRNO)Tomus 28 (1992), 181 { 186CHARACTERIZATION OF GLOBALLY LIPSCHITZIANCOMPOSITION OPERATORS IN THE BANACH SPACE BV 2p [a; b]Janusz Matkowski and Nelson Merentes*Abstract. We give a characterization of the globally Lipschitzian compositionoperators acting in the space BV 2p [a; b]Introduction. In [8], F. Riesz introduced the so-called Riesz class Ap = Ap[a; b](1 � p < 1) in the following way: The function u 2 Ap[a; b] if u is absolutelycontinuous on [a; b] and u0 2 Lp[a; b]. In the same paper he proved that the functionu 2 Ap[a; b] (1 < p < 1) if and only if u has bounded p-variation on [a; b].Moreover the p-variation of the function u is given byVp(u; [a; b]) = ku0kpLp[a;b] :Recently N. Merentes [7] proved an analogous result for the class A2p[a; b] (1 < p <1) of functions u such that u0 is absolutely continuous on [a; b] and u00 2 Lp[a; b].More precisely, let 1 < p < 1. The function u 2 A2p[a; b] if and only if u hasbounded (p; 2)-variation on [a; b] and the (p; 2)-variation of u is given byV(p;2)(u; [a; b]) = ku00kpLp[a;b] :In [6] N. Merentes, making use of an idea of the �rst author (cf. [3]), applied theRiesz result to deduce a characterization of functions f generating a compositionoperators F satisfying a global Lipschitz condition on the space BVp[a; b]. In thepresent paper we will apply the characterization of the class A2p[a; b] to deduce ananalogous result for the space BV 2p [a; b].1991 Mathematics Subject Classi�cation : 47H30, 39B22.Key words and phrases: Riesz space, bounded p-variation, globally Lipschitzian compositionoperator.Received June 7, 1991.*Research supported by Fundaci�on Gran Mariscal de Ayacucho and Consejo de Desarrollo de laUniversidad Central de Venezuela 181



182 JANUSZ MATKOWSKI AND NELSON MERENTES1. Let u be a function on [a; b]. For a given partition � : a = t0 < � � � < tm = bof [a; b], let �p(u;�) := mXj=1 ju(tj) � u(tj�1)jpjtj � tj�1jp�1 (1 � p <1) :The number(1) Vp(u) = Vp(u; [a; b]) := sup� �p(u;�) ;where the supremum is taken over all partitions � of [a; b] is called the p-variationof the function u on [a; b]. By BVp[a; b] we shall denote the Banach space of allfunctions u for which the norm(2) kukp := ju(a)j+ (Vp(u; [a; b]))1=pis �nite.The space BV1[a; b] is simply denoted by BV [a; b] and is referred to as the spaceof functions of bounded variation.It is easy to see that every function u 2 BVp[a; b] is continuous on [a; b] provided1 < p <1. More precisely, the following embeddings(3) BVp[a; b] ,! AC[a; b] ,! BV [a; b] ; (1 < p <1)hold, where AC[a; b] is the space of all absolutely continuous functions on [a; b],equipped with either the BV [a; b]-norm (2) or the normkukAC[a;b] := ju(a)j+ ku0kL1[a;b] :Lemma 1. (F. Riesz [8]). Let 1 < p < 5. The function u 2 Ap[a; b] if and only ifVp(u; [a; b]) <1. Moreover Vp(u; [a; b]) = ku0kpLp[a;b] :Let �(p;2)(u;�) :=m�1Xj=1 ����u(tj+1) � u(tj)tj+1 � tj � u(tj)� u(tj�1)tj � tj�1 ����p 1jtj+1 � tj�1jp�1 :The number(4) V(p;2)(u; [a; b]) := sup� �(p;2)(u;�) ;



CHARACTERIZATION OF GLOBALLY LIPSCHITZIAN COMPOSITION 183where the supremum is taken over all partitions � of [a; b], is called the (p; 2)-variation of the function u on [a; b]. By BV(p;2)[a; b] we shall denote the Banachspace of all functions u for which the norm(5) kuk(p;2) := ju(a)j+ ju0(a)j+ (V(p;2)(u; [a; b]))p=1is �nite.The space BV(1;2)[a; b] is simple denoted by BC[a; b] and is referred to as thespace of functions of bounded second-variationRemark 1. The notion of second-variation was introduced in [10] by de laVall�ee Poussin.The following result is well-known (cf. [9]).Lemma 2. The function u 2 BC[a; b]; i.e., the function u has bounded second-variation if and only if the function u is representable in the form u = v1 � v2where v1 and v2 are convex and v01;+(a), v01;�(b), v02;+(a) and v02;�(b) are all �nite.Recently N. Merentes [7] proved the following characterization of the classA2p[a; b].Lemma 3. Let 1 < p <1. The function u 2 A2p[a; b] if and only if V(p;2)(u; [a; b])<1. Moreover V(p;2)(u; [a; b]) = ku00kpLp[a;b] :It is easy to see the following embeddingBV(p;2)[a; b] ,! BVp[a; b] ; (1 < p <1)holds, i.e., there exists a constant K > 0 such that(6) kukp � Kkuk(p;2) ; (u 2 BV(p;2)[a; b]) :2. Denote by F [a; b] the class of all functions u : [a; b]! R. Let f : [a; b]�R!R. The composition operator F : F [a; b]! F [a; b] is de�ned by(Fu)(t) := f(t; u(t)) ; (u 2 F [a; b]; t 2 [a; b]) :Theorem. Let 1 < p < 1 and f : [a; b]�R ! R. The composition operator Fmaps the space BV(p;2)[a; b] into itself and satis�es the global Lipschitz condition;i.e., there exists a constant L > 0 such that(7) kFu� FV k(p;2) � Lku� vk(p;2) ; (u; v 2 BV(p;2)[a; b])if and only if there exist functions g; h 2 BV(p;2)[a; b] such that(8) f(t; x) = g(t)x+ h(t) (t 2 [a; b]; x 2 R) :



184 JANUSZ MATKOWSKI AND NELSON MERENTESProof. Suppose that the operator F satis�es the Lipschitz condition (7). Sincethe embedding (6) holds, we have(9) kFu� Fvkp � KkFu� Fvk(p;2) � KLku� vk(p;2)(u; v 2 BV(p;2)[a; b]) :Fix t; �t 2 [a; b], (t < �t) and x1; �x1; x2; �x2 2 R, and de�ne two functionsui : [a; b]! R byui(s) := � �xi � xi�t� t ��(s � a)2 + �1� (�t� a)2 � (t� a)2�t� t � (s � a)��(t � a) ��1� (�t � a)2 � (t� a)�t� t � (�t� a)�+ �xi (i = 1; 2):Obviously, the functions ui 2 BV(p;2)[a; b], (i = 1; 2), and the relations(u1 � u2)(a) = j�x1 � �x2j; (u1 � u2)0(a) = 0and jj(u1 � u2)0jjpLp[a;b] = �2pj�x1 � �x2 � x1 + x2jpjt� �tjp�1 �1=phold.The inequalities (9) give for the above functions(10) kFu1 � Fu2kp � M  j�x1 � x2j+�2pj�x1 � �x2 � x1 + x2jpj�t� tjp�1 �p=1!where M := KL.Since ui(t) = xi and ui(�t) = �xi, (i = 1; 2), then by de�nition of the norm k � kpwe obtain � jf(�t; �x1)� f(�t; �x2) � f(t; x1) + f(t; x2)jpj�t� tjp�1 � �� 2p�1Mp�jx1 � x2jp + 2pj�x1 � �x2 � x1 + x2jpj�t� tjp�1 �which can be rewritten in the form(11) jf(�t; �x1)� f(�t; �x2)� f(t; x1) + f(t; x2)jp �� 2p�1Mp(jx1 � x2jpj�t� tjp�1 + 2pj�x1 � �x2 � x1 + x2jp) :For every �xed x 2 R the constant function u0(t) = x belongs to BV(p;2)[a; b],whence the function f(�; x) belongs to BV(p;2)[a; b], consequently the function



CHARACTERIZATION OF GLOBALLY LIPSCHITZIAN COMPOSITION 185f(�; x) is continuous on [a; b]. Therefore letting �t! t in the inequality (11), we get(12) jf(t; �x1)� f(t; �x2) � f(t; x1) + f(t; x2)j �� 4M j�x1 � �x2 � x1 + x2jfor all t 2 [a; b] and x1; �x1; x2; �x2 2 R.Let us �x t 2 [a; b] and de�ne the function Pt : R! R by the following formula(13) Pt(x) := f(t; x) � f(t; 0) (x 2 R) :Setting x1 := w+ z, x2 := w, �x1 := z and �x2 := 0 in the inequality (12) we getf(t; w + z) = f(t; w) + f(t; z) � f(t; 0)which, using (13), can be written in the following formPt(w + z) = Pf (w) + Pt(z) ; (w; z 2 R) :Setting �x1 = �x2 = 0 in the inequality (12) we getjPt(x1) � Pt(x2)j � 4M jx1 � x2j ; (x1; x2 2 R) :Thus the function Pt is additive and continuous. Consequently it is linear and,therefore there exists a function g : [a; b]! R such thatPt(x) = g(t)x ; (x 2 R) :De�ne the function h : [a; b]! R byh(t) := f(t; 0) ; (t 2 [a; b]) :It follows from (13) thatf(t; x) = g(t)x + h(t) ; (t 2 [a; b]; x 2 R) :Since the composition operator F maps the space BV(p;2)[a; b] into BV(p;2)[a; b],then the function h(�) = f(�; 0) belongs to BV(p;2)[a; b], and the function g(�) =f(�; 1) � f(�; 0) also belongs to BV(p;2)[a; b]. Thus the function f has the aboveform with g; h 2 BV(p;2)[a; b].Now suppose that the function f has the form (8); i.e., f(t; x) = g(t)x + h(t),where g; h 2 BV(p;2)[a; b].Since BV(p;2)[a; b] is an algebra, we obtainkFu� Fvk(p;2) � kgk(p;2)ku� vk(p;2)(u; v 2 BV(p;2)[a; b]) ;consequently the composition operator F generated by the function f maps thespace BV(p;2)[a; b] into itself and satis�es the global Lipschitz condition (7).Remark 2. A similar problem has been investigated in [3], [2], [4], [1], [5], [6]in the spaces: Lip[a; b], Lip�[a; b], Cr[a; b], Lip Cr[a; b], BV [a; b] and BV'[a; b].
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