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Casopis pro pé&stovini matematiky, ro&. 91 (1966), Praha

THE INVESTIGATION OF THE EXISTENCE OF MAXIMAL
SUBGROUPS OF SOME SIMPLE GROUPS

LADISLAV BERAN, Praha
(Received January 26, 1964)

Since the existence of a simple group without maximal subgroups is an unsolved
problem (compare e.g. [3]), it is interesting to examine from this point of view some
of the known simple groups. As concerned with the question of simplicity of mentioned
groups see detailed description in [1]. :

The investigation was carried out by using appropriate systems of generators. The
systems of generators of the groups Sp,,(k), 0. used here — as far as I know — are
new. '

I

In this paragraph we denote by I an arbitrary set of at least five elements. The
symmetric group S(M) of the set M is the group of all one-to-one mappings of the
set M onto itself, which change only a finite number of elements. The alternating
group A(M) is defined as the subgroup of S(M) of index 2 in the usual way. Let us
denote H, a subgroup of ‘II(‘.IR) which consists of all permutations s which leave the
element a unchanged: s(a) = a.

We have

1) Every permutation of (M) is a product of a finite number of cycles containing
three elements.

2) If t is a permutation such that #(a) = b, then tH,t™! = H,,.

Theorem 1.1. The group H, is a maximal subgroup of A(M).
Proof. Obviously H, € (M) and if we assume for some subgroup G
H,c G cuAWM),

then there is an element s € G, s ¢ H,. Write s(a) = b, b % a. Let us choose arbitrarily

185



my, my € M, suchthat m, + m,, m; + a, m; 4 bfori = 1,2. Then (m,, m,, k) e H,
for k % a, (my,my,k)eH, for k+b. But G > sH,s~! = H, which implies
(my, m, a) € G.and therefore G = A(M).

18

Definition 2.1. The group of all the square matrices of n rows with elements in
a skew field k and having the determinant equal to 1 '), will be denoted by SL,(k),
where n = 2.

This group — as it is well known — is generated by all the matrices B;(4), where
B, ,{).) is a matrix, which has the identity element in the principal diagonal and in the ij
positior (i # j) the element A, the others elements being zeros.

The center Z of this group consists of all matrices Lof the form

a0...0
L-[0e-0):
00..a

where o belongs to the center of the group k* (k* is a multiplicative group of k) and
det L= 1.

Definition 2.2. The factor group SL,(k)/Z will be denoted by PSL,(k).

Theorem 2.3. All the matrices of the form

(1) ()' Nl,n-—l )

Cn—l,l An—l,n—l
(where the indices indicate the type of the matrix, N is the zero matrix), which
belong to SL,(k), form a maximal subgroup of the group SL,(k). We shall denote it

by MSL,(k).

The proof is carried out by investigation of a subgroup G for which MSL,(k) ¢
€ G < SL,(k). This subgroup necessarily contains a matrix

(2 (/1 a, ... a"),_a(ak=t=0,2§k_s_n)
k

Bu-*-l,l An-—l,n—l

and also all generators B;j(4) which belong to MSL,(k). Using them, (2) can be
modified by suitable multiplication on the right and on the left into an arbitrary
matrix of the form B,,(v) and By,(v) further to an arbitrary matrix B, ,(v),2 < j < n,
which means that G contains all generators uf SL,(k), and hence G = SL,(k).

1) For the definition of the determinant over a skew field see [1], Chap. IV.
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From here, the statement about the maximal subgroup of the group PSL,(k)
follows easily.

Theorem 2.4. The group MSL,(k)/Z is a maximal subgroup of PSL,(k).

I

Definition 3.1. A matrix A4 is said to be s-orthogonal if A’'SA = S, where A’
denotes the transpose of the matrix A and where

01 00.. 00O
-10 00.. 00
00 01.. 00
S=| 00-10... 00f.
00 00.. O1
00 00..-10

The group Sp,(k) will be considered as a group of all square matrices of n rows which
are s-orthogonal; n is even, n = 2, k is a commutative field.
The center Z of Sp,(k) consists of +E.

Definition 3.2. The factor group Sp,(k)/Z will be denoted by PSp,(k).

Definition 3.3. Let i be an integer, 1 < i < n. We associate the integer i with the
integer i in the following manner:

i=i—1 for i=0mod2, i=i+1 for i=1mod?2.

I

For i % j we write D;(1) = (d,,), where
d,=1 for 1Sr<n d;=24 dj=¢l ¢=(-1)"*,

the other d,, = 0.
It follows easily that D,;(4) € Sp,(k).

Theorem 3.4. The group Sp,(k) is generated by all matrices D;[(A), ek, 1 < i <
é n9 1 éj é n.

Proof. Let us consider an s-orthogonal matrix A = (a;;). It can happen that the
element a,, is the unique non-zero element in the first column. In this case let us.
multiply the matrix 4 on the left by matrix D,,(1). Hence, we obtain a non-zero
element a3,. Then, it can be supposed that an m exists, 2 £ m < n, for which
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@y * 0. Let us multiply the matrix 4 on the left by the matrix D,,((1 — a;1) a;7)-
In this way we get a matrix

- 1 aiz ... Qqp
a a ..o a
(3) :21 :22 :ZII .

Ant Gnz -+ QG

Here we should write more correctly aj; instead of a;;; to simplify the notation we
omit the commas. We shall often proceed similarly.

We multiply the matrix (3) on the left by matrices D;,(—a;,) for 2 < j £ n. The
matrix (3) will get the form of the matrix

1 alz e aln
’ ’ 14
a21 a22 e a2"
0 a3, ...aj5,
0 a, ...a,

Then, we multiply also on the left by matrix D,;(—a3,) and we obtain a matrix of
‘the form

lay,..a,
” "
0 a3, ... a3,
’ ’
0a, .. a,

Now we shall use the induction. Let j = 2 and suppose we have already adjusted
the (j — 1)-th column of the matrix 4 and therefore for the j — 1 first columns the

following equalities

Oy =04 for 1Sk<n 1=mgj-1

hold. Here is, as usual, é;; = 1 and §,,, = O for k + m.
We will show that also the j-th column can be brought to this form.

a) Let j be odd.
Then a,; = 0 for 1 £ k < j — 1; for, the matrix being transformed is also s-ortho-
gonal. The remaining a,; (i.e. kK > j — 1) cannot be all zeros and if we proceed in
a similar way as in the first column we get

d;=1,a,;=0 for j<k=n.

b) Let j be even.
The considered matrix is s-orthogonal; hence,

;=0 for 1sk<j-1,a;=1.
Now we multiply successively on the left by the matrices D, (—a; Jforallk,j < k<
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< n; in this way we obtain an element aj_, ; (for j = j — 1); then we multiply on the
left by the matrix D;_, (—aj_, ;).

JIn both cases we continue till we arrive to the n-th column. In this manner we
obtain the unit matrix. Taking into account the fact, that the matrix D;}(—4) is
inverse to the matrix D;;(4), we obtain the statement of the theorem.

Theorem 3.5. All matrices of the form

(j' Nl,n— 1 )

Cn-l,l An-l,n-l

(where 2 € k, A *+ 0), which belong to Sp,(k), form a maximal subgroup of the group
Sp.(k); we shall denote it by MSp,(k).

The proof is based on the same idea as the proof of the Theorem 2.3. We do not
give it here, because it is too long. The large extent of the proof is caused — amongst
other things — by the necessity to examine separatly the case of the field of the
characteristic 2 (see [2]).

The result for PSp,(k) is obtained now easily.

Theorem 3.6. The group MSp,(k)|Z is a maximal subgroup of PSp,(k).

In this paragraph we turn our attention to the square matrices of n rows with
elements in the field of real numbers. It is supposed n = 3.

Definition 4.1. A matrix A is said to be orthogonal if A4’ = E; it is said to be
properly orthogonal if it is orthogonal and det A = 1. The group of all the orthogonal
matrices will be denoted 0,, the group of all the properly orthogonal matrices O .

The center of the group O, is E for n odd, + E for n even.

Definition 4.2. We shall denote by F;j(x, y) (i # j) the matrix (f,), where

fl'i =X, fjj = X, fij =) fji ==Y frr =1 for r+ i, r=j, frs = 0 otherwise,
and where, moreover, x? + y? = 1, x, y being real.
It is easily to be seen that F;; € O, .

Theorem 4.3. The group O, is generated by all matrices F;(x,y), 1 i < n,
1£j<n . ,

Proof. Let us take a properly orthogonal matrix 4. If a;; = 0, thena j > 1 exists
so that aj; =+ 0. Let us multiply the matrix A by the matrix F;;(0, —1) on the left.
In this way we shall get in the first place the element a3, = a,; F 0. Therefore we
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can suppose a,, + 0. Let us choose arbitrarily j > 1. We shall prove that multiplying
by the matrices F;; we can achieve a;; = 0.

If we multiply the considered matrix on the left by the matrix F;(x, y), we get
aj; = xa;; + yay;. By a convenient choice of x, y we achieve aj, = Ofor1 < j < n.
Then, necessarily a,; = +1. If a,; = —1, let us multiply the matrix on the left
by F,,(—1,0); then aj, = 1 (for f > 1 we have still aj, = 0). Since the considered
matrix must be properly orthogonal, it is of the form

/10 ...0
0 Azz ... Azl

04y, ... ay,
Suppose we have already adjusted in this way the first j — 1 columns of the original

matrix so that

a,,,,=51,,,, lélSn, 1§m§j—1.

Here the elements a,; for 1 < k < j — 1 must be equal 0. In the same way as for the
first column, we get first a;; + 0 and then a,; = 0 for j < k £ n with a;; = *1;
in the case j < n we make a;; = +1 if multiplying on the left by the matrix
Fj4+1,(—1,0); in the case j = n must be a,, = 1 — it follows from the fact that
A€ 0}, F,;e0,;. Therefore, it is possible by multiplying by the matrices F;(x, y),
to bring an arbitrary matrix 4 to the unit matrix. If doing so we have to use the fact
that F,(x, y) is an inverse matrix to F;;(x, —y). The theorem follows.

Theorem 4.4. All the properly orthogonal matrices of the form

(8 Nin-1 ) e= +1
Nn-l,l Anf-l,n-l

constitute a maximal subgroup of O, ; we denote this group by MO, . Obviously
MO} = 0,_,. ]

This theorem can be proved by reducing the case with general n to the case n = 3
which can be handled more easily. (See [2]). Hence we have

Theorem 4.5. The group MO; |Z is a maximal subgroup of the group O, |Z.

V.

Definition 5.1 Let us consider the groups SL,(k), SL;(k), ... and the isomorphisms
¢, mapping SL (k) into SL,,,(k) so that '

A€ SL(k) = ¢ (A) = (’; 11v i ) ;
1,i

190



in this way a unique group is determined. It is the union of the increasing sequence of
the groups SL(k) (i = 2, 3, ...) 2). We shall denote it by SL,(k).
Further let us take into consideration the groups

€] Spa(k), Spy(k), ...
and the isomorphisms ¢, mapping Sp;(k) into Sp, ,,(k) defined by

A Ni,z).

A e Sp(k) = ¢(4) = <N E
2,i 2,2

Again, in this way a unique group is determined which is the union of the increasing

sequence of the groups (4). We shall denote it by Sp,(k).
Finally, let us take into consideration the groups

©) 0%, 0}, ...
and the isomorphisms ¢; mapping O;' into 0, ; defined by

A€ 0} = o[4) = (IZINT) .
1,i

In this way a unique group is determined which is the union of the increasipg
. sequence of the groups (5)- We shall denote it by 0. .

Theorem 5.2. The groups SL,(k), Sp,(k) and O, are simple.

Proof. We will show it e.g. for SL,,(k). The proofs for the other groups are similar.
If M belongs to a normal subgroup of SL,(k), then an n exists such that the matrix
M, , corresponding to M is an element of SL,(k) and we have

«0..0

M,, = an , detM,,=1;

00..a
for, M, is in a normal subgroup of SL,(k) and, hence, it belongs to the center.

Similarly,

80 ..0
0...0

Mn+1,n+1 = ﬁ ’ detMn+l,n+1 : 19
00..8

where (Pn(Mn.n) = Mp+1,n+1- Therefore, « = f = 1 and thus M,,=E.

2y See [4], pp. 67— 68.
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By means of the above mentioned isomorphisms we get from the subgroups
MSL,,(k), MSp,(k), MO, further groups which we denote by MSL(k), MSp.(k),
MO}.

The following theorem is then an immediate consequence of the theorems 2.3, 3 5,
4.4,

Theorem 5.4. The groups MSL,(k), MSp,(k), MO, are maximal subgroups of
the groups SL,(k), Sp.(K), O, respectively.

In conclusion I wish to express my gratitude to Prof. VL. KoRINEK for his advice
and help during the work.
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Vytah

VYSETREN{ EXISTENCE MAXIMALNICH PODGRUP
JISTYCH JEDNODUCHYCH GRUP

LADISLAV BERAN, Praha

V &lénku jsou popsdny maximélni podgrupy H,, MSL Ak)|Z, MSp,(k)|Z, MO, |Z
grup A(M), PSL,(k), PSp,(k), O*/Z

V grupdch SL,(k), Sp,(k), O, jsou maximdlni napfiklad podgrupy matic tvaru (1),
kde na 4, C,-4,1, Ay—1,-1 jSOu kladeny odpovidajici podminky.

Z uvaZovanych grup jsou metodou niti konstruovdny jiné Jednoduche grupy, v nichZ
jsou opé&t uddny jisté maximdlni podgrupy.
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Pe3oMme

HNCCJIIEJOBAHUE CYMECTBOBAHUA MAKCUMAJIBHBIX
IMOATPYIIIT HEKOTOPBIX ITPOCTBIX I'PVIIIL

JIAOUCJIAB BEPAH (Ladislav Beran), Ilpara

B crarbe ommcaHEl MakcumaibHeie moarpymnst H,, MSL(k)/Z, MSp,(k)/Z,
MO, |Z rpynn U(IM), PSL,(k), PSp,(k), O, |Z.

B rpynmax SL,,(k), Spi(k), O, sBJAIOTCSA, HATIPUMED, MAKCHMAJIbHBIMU TIO/T PYTITIBL
matpuy Buna (1), roe Ha 4, C,_; 4, A, ; »— 1 HAJOXKEHBI COOTBETCTBYIOLIAE YCIOBHSI.

N3 paccMaTpuBaeMBIX TpyNIl KOHCTPYHPOBAHBI METOAOM HUTeH IpyrHe IpocThie
TPYNNbI, B KOTOPBIX CHOBA ONPEeJIeHbl HEKOTOPhle MaKCHMAaJIbHbIE MOATPYIIHI.
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