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ON THE COMPLETENESS-NUMBER OF A FINITE GRAPH

IvaN HAVEL, Praha

(Received March 6, 1964)

In this note the method of adjoining a graph G’ to a given finite non-
directed graph G without isolated vertices is described and the equality
w(G) = x(G’) is proved.
We shall deal with finite non-directed simple graphs without loops. The complete-
ness-number o(G) of the graph G is defined as follows:

Definition 1. We shall say that the system & of the complete subgraphs of the
graph G = (U, H) covers G, if every vertex y € U and every edge h € H belongs to
some subgraph F € ®. The smallest cardinality of the system & covering G is called
the completeness-number of the graph G and denoted by w(G).

Note. Let G = (U, H), a¢ U, G; = U U {a}, H); let a be an isolated vertex
of the graph G,. Then obviously, w(G,) = o(G) + 1.

On investigating the completeness-number of the graph G we are enabled, according
to the note above, to pass over to the graph which is obtained by removing the isolated
vertices of the graph G.

Definition 2. We say that the edges h,, h, of the graph G are quasineighbours,
if hy * h, and h,, h, both belong to a certain complete subgraph of G.

Let G = (U, H) be the graph without isolated vertices. We shall denote by G’ =
= (U’, H") the graph, which satisfies the following conditions:

Condition 1: the edges of G correspond uniquely to the vertices of G’ (let us denote
the one-to-one mapping of the set H onto the set U’ by ¢).

Condition 2: the vertices u}, u; of the graph G’ are connected by a certain edge
in G’ if and only if the corresponding edges, i.e. ¢ ~'(u}) and ¢ ~*(u}) are not quasi-
neighbours in G.

If G is an arbitrary graph without isolated vertices, then obviously there exists just
one graph G’ with the required properties (with the exception of isomorphism).

Theorem. Let G be the graph without isolated vertices. Then
o(G) = »(G'),
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where G’ is the graph satisfying the conditions 1 and 2 and y(G’) is its chromatic
number.

Proof: Let G = (U, H) be an arbitrary graph satisfying the condition of the
theorem. Let u$ construct the graph G’ = (U’, H") satisfying the conditions 1 and 2.
Let % be its chromatic decomposition (i.e. ¥ is the decomposition of the set U’ and
if uj, uy € A, A€, then u} and u} are not connected by any edge in G’). We shall
construct the system & of complete subgraphs G covering G, which has the same
cardinality as U has. For each 4 € ¥ let us define

U, = {u € U; there exists he ¢~ '(A4) so that u is its end vertex} .

The subgraph U, of the graph G, which is induced by the set of vertices U, (i.e. the
graph (U, (U4 x U,) n HY) is obviously complete. Let @ = {U,; A€ U}. @ is the
required system covering G. We have proved the inequality o(G) < x(G’).

Let now & be an arbitrary system of complete subgraphs of the graph G covering G.
We shall construct the chromatic decomposition U of the graph G’ satisfying the
following inequality: card % < card .

For each Fe@®, if F = (¥, K), we put Uy = ¢(K). Let us denote the system
{Uy; F € @} by U,. For each F € @ U} is the set of internal stability of the graph G/,
because two arbitrary edges of the complete subgraph F are quasineighbours. The
system & covers G, hence it covers each edge of the graph G too. Of necessity, each
vertex u’ € U’ belongs to some U} € U,. Therefore, U, is the covering of U’. Starting
from the system 2, we shall construct the systems U,, ¥, ..., U,, as follows: if 4,
BeU;, An B+ 0 (i =0), we replace the set B by the set B — A if B — A =+ 0.
If B— A = 0, then the set B will be left out. After a finite number of steps we get
the system %, which is the chromatic decomposition of the set U’. We shall put
A = U,,; thus card ¥ < card ¥, = card G holds. Hence x(G’) < o(G) q.e.d.

Note. Let G, = (U , H) be an arbitrary graph. There need not always exist such
a graph G that G’ = G, (G’ denotes the graph adjoined to the graph G satisfying the
conditions 1 and 2). The necessary condition for the existence of such a graph is the
following

condition 3: the intersection of an arbitrary system of maximal (in the sense of
inclusion) complete subgraphs of the graph G has a number of vertices equal to some
of the numbers 0, 1,3, ..., k(k — 1)/2,... Here G} is the complementary graph
to G, taken without the loops, i.e.

Gt = <U, {(u, v); u + v, (u,v) ¢ H}),

by the intersection of the system consisting of one maximal complete subgraph we
understand the subgraph itself and the numbers 0, 1, 3, ..., k(k — 1)/2‘, ... determine
the number of edges in a complete subgraph of the order 1, 2, ..., k, ...
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The condition 3, however, is not sufficient for the existence of graph G. This can
be seen from the example of graph G, such that G} = G,; U G,, U G,, consists of
three complete hexagons:

6}: {(ul" uj); i *js 1 é i,j é 6}) ’
9}’ {(ub uj); l 4:.’: 4 é i:.] é 9}> ’
12}, {(upry); i % j,7 S0, j 12

Gll = <{u‘; 1 é i
Gy ={uzd<i
Gz = <{“i; 15

IA A A

References

[1] K. Culik: Applications of graph theory to mathematical logic and linguistics. Theory of
graphs and its applications. Proceedings of the Symposium held in Smolenice (Czecho-
slovakia), June 17—20, 1963. Nakladatelstvi CSAV, Praha 1964, 13—20.

Vytah
O CISLE UPLNOSTI KONECNEHO GRAFU
IvaN HAVEL, Praha
V pridci je posdn jisty zpisob, jak pfifadit danému kone&nému neorinetovanému
grafu G bez izolovanych uzlii graf G'. Je dokdzdna rovnost w(G) = x(G’), kde w(G)
je ¢islo tiplnosti grafu G a x(G') je chromatické &islo grafu G'. w(G) se’ definuje jako

nejmensi mohutnost soustavy & tiplnych podgraft grafu G, pokryvajici G (tj. vSechny
uzly a hrany G).

Pe3ome
O YUCIJIE ITOJIHOTBI KOHEYHOI'O I'PA®A
WBAH T'ABEJI (Ivan Havel), IIpara

B 3aMeTKe onucaH ONPEAETICHHBIN CIIOCO0 COMOCTaBICHUS 3aJaHHOMY KOHEYHOMY
HeopueHTHpoBaHHOMY Tpady G 6e3 n30JMpOBaHHBIX BepiuuH rpada G', U Joka3aHo,
yTo HMeer Mecto paseHCTBO (G) = 2(G’), rae w(G) — 4ucao monHOTH rpada G
u y(G’) — xpomatiyeckoe uucio rpada G'.w(G) ompenenseTcsi KAK HaHMeHbIUAs
MomHocTs cucteMbl & noanbix moarpados rpada G, moxpeiBaromel G (T. e. Bce

BEpLIKMHHL ¥ pebpa G).
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