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NATURAL TRANSFORMATIONS OF HIGHER ORDER TANGENT
BUNDLES AND JET SPACES
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Dedicated to Professor Otakar Borivka on the occasion of his ninetieth birthday
(Received May 22, 1987)

Summary. We deduce that all natural transformations of the functor of the r-th order tangent
vectors into itself are the homotheries only. We also determine all natural transformations of the
r-th order jet functor into itself.
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Using a general method developed in [5], we first deduce that all natural transfor-
mations of the r-th order tangent functor 7" into itself are the homotheties only.
From the general point of view it is worth pointing out that this property is related
with the fact that T" does not preserve products, and to contrast it with a recent
result by G. Kainz and P. Michor, [3], which describes all natural transformations
of the product-preserving differential geometric functors in terms of the homomor-
phisms of the related Weil algebras. Then we prove in a similar way that for r = 2
the only natural transformations of the r-th jet functor J” into itself are the identity
and the contraction, while in the first order case, in which we deal with vector bundles,
we have the one-parameter family of all homotheties. The authors hope that this
interesting fact on a certain rigidity of the higher order jet spaces will lead to a deeper
understanding of some general features of the higher order differential geometry. —
All manifolds and maps are assumed to be infinitely differentiable.

1. Let T™*M = J'(M , R), be the space of all r-jets of a manifold M into R with
target 0. Since R is a vector space, T™*M has a canonical structure of a vector bundle
over M. The dual vector bundle T"M := (T™*M)* is called the r-th order tangent
bundle of M, [8] Given a map f: M — N, the jet composition V- Vo jLf, Ve
€ T[N, determines a linear map T, N — T;*M. The dual map T/M — Tj,\N
will be denoted by Tyf and called the r-th order tangent map of f at x. This defines
a functor T" from the category ./ of all manifolds and maps into the category ¥"#
of vector bundles.

If x! are some local coordinates on M, then the induced fibre coordinates
Uy Uy, gy - Uyy..;, (Symmetric in all indices) on T™*M correspond to the polynomial
representant ux’ + u;; x"x"* + ... + u;,_; x" ...x" of any element Ue T™*M.

iz
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A linear functional on T7*M with the fibre coordinates X, X't%2, ..., X" (sym-
metric in all indices) has the form

(1) Xl + XM, 4+ Xy

Let y? be some local coordinates on N, let Y?, Y?'P2 _,  YP'Pr be the induced fibre
coordinates on T'N and let y? = f"(x') be the coordinate expression of a map
f: M - N. Evaluating the jet composition V. j3f, Ve Tj,N, we deduce by (1) the
following coordinate expression of Tf, cf. [4],

P 2¢p . r£p .
Y? = QLX‘ + l a f X'l'z + ... + l af _ Xil...lr
ox* 21 ox't dx™ rl ox™ ... ox'r
P1 'Ps .
@ YPuPe = __an —af. Xiveb
©ox't Ox'

afl;l afpr . .
Ypl...p,- == ... __Xn...l,-
ox" ox*

where the dots in the middle row denote a polynomial expression, each term of
which contains at least one partial derivative of f? of an order at least two.
--Since T" is a functor with values in the category ¥~ 4, for every k € R the homotheties

(3) (K)py: TM > T'M, X—kX

represent natural transformations of T into itself.

‘ Proposition 1. All natural transformations T" - T" form the one-parameter
family (3) with any ke R.

- Proof. First, consider T" as a functor on the subcategory .4/, = ¢ of all
n-dimensional manifolds and their local diffeomorphisms. Since T" is an r-th order
functor, its standard fibre S = TgR" is a G)-space, where G} means the group of all
invertible r-jets of R” into R” with source and target 0. By (2), the action of an element
(@}, a},jps -oenaly. ;) € Ghon (XF, XN, X e S s

4 - X' =aX) + aj ;, XV + ... + aj, ;X

Yiteeds __ 01 lgyiteeeds
X = aj}...a;X + ...

Yitedr . i iryise.jr
Xt = apLLapXh

where the dots in the middle row denote a polynomial expression, each term of which
contains at least one of the quantities aj,j,, ..., a},. ;.. In the sequel we shall write
shortly (X!, X"%, ..., X"F) = (X, X5, ..., X,). '

~ According to a general theory, cf. [2], [7], the natural transformations T" — T"
are in bijection with GJ-equivariant maps f: S — S. There is a canonical injection i:
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GL(n, R) — G} transforming every matrix into the r-jet at O from the corresponding
linear transformation of R". The subgroup i(GL(n, R)) = G, is characterized by
aj,j, =0,...,a} ; =0. First consider the equivariancy of f = (f},...,f,) with
respect to the homotheties a} = kd}. Using (4) we obtain

5) (X oo Xy o0 X,) = f1(kXy, .o KX, KX
KX 1o Xy X)) = fikX oy, oo KX, o KX

KX 1o X oo X)) = f(kX 1, o KX, o KX)

To discuss (5), we need the following simple property of the globally defined smooth
homogeneous functions, a proof of which can be found e.g. in [9].

Lemma. Let g(x', y”, ..., z') be a smooth function defined on R™ x R" x ... x R?,
andleta>0,b>0,...,c > 0,d be real numbers such that

(6) Kig(x'. y? ..., 2%) = g(kx', Kby?, ..., k°z")

for every real k > 0. Then g is a sum of polynomials of degrees ¢ in x', n in
¥y%, ..., in z* satisfying
) al+bnp+...+cl=4d.

If there are no non-negative integers &, 1, ..., with the property (7), then g is the
zero function.

According to this lemma, f; is linear in X, and independent of X,, ..., X,, while
fo=a9{X,) + h(X,, ..., X,—,), where g, is linear in X, and h, is a certain polynomial
in Xq,...,X,_y, 2 £ 5 £ r. Considering the equivariancy of f with respect to the
whole subgroup i(GL(n, R)), we find that g, is a GL(n, R)-equivariant map of the
s-th symmetric tensor power S°R” into itself. By the classical theory of the invariant
tensors, g, = ¢,X, (or, explicitly, g""* = ¢,X"*) with any c, e R, cf. [1].

Further, consider the equivariancy with respect to the kernel of the jet projection
G, - G, = GL(n,R), which is characterized by aj = &}. Then the first line of (4)
implies
8) o, X! + af (e X + WYX ) + ..+ al, (e X +

+ WXy X)) = (X al X0 g Lt X

Setting aj, ;, = O for all s > 2, we find ¢, = ¢, and h/V/s(X,) = 0. By a recurrence
procedure of this type we further deduce ¢, = ¢; and W*(X,,...,X, ;) =0
foralls =3,...,r.

This implies that the restriction of every natural transformation T" — T" to each
subcategory /¢, = ¢ is a homothety with a coefficient k,. Taking into account
the injection R” - R™™, (xy,...,%,) = (X1,..0, %5, 0,...,0), we find k,ip, = k,
for all m and n. This completes the proof of Proposition 1.
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2. Let f: M — M be a local diffeomorphism and let g: N — N be any map. Then
there is an induced-map J'(f, ) from the space J'(M, N) of all r-jets of M into N
into J'(M, N) given by
©) I'(f0) (X) = (j38) o X o (S ™")
where x = aX or y = BX is the source or the target of X € J'(M, N) and the inverse
map f ! is constructed locally, cf. [6], This defines a functor J* from the product
category ¢, x M into the category of fibred manifolds (we consider J'(M, N)
as a fibred manifold over M x N).

Denote by §: M — N the constant map of M into y € N. Obviously, the assignment

A\
X > joxBX is a (trivial) natural transformation of J” into itself called the contraction.
'For r = 1, J(M, N) coincides with Hom (TM, TN), which is a vector bundle over
M x N.

Proposition 2. For r = 2 the only natural transformations J* — J' are the
identity and the contraction. For r = 1 all natural transformations J' — J!
form the one-parameter family of homotheties A+ kA, ke R.

Proof. We shall consider the subcategory Y, x Y, c My, x My only,
since the remaining part of the proof is quite similar to the end of the proof of
Proposition 1. The standard fibre S = J3(R™ R"), is a G, x Gj-space, see [6].
The action of (4, B) € G}, x G, on X € § is given by the jet composition
(10) X=BoXoA"!.

Quite analogously to the classical case, the natural transformations J" — J" are
in bijection with the G, x Gj-equivariant maps f: S — S.

Write A~ = (a},...,a}_;), B=(b%....,02 ), X =(X2 ..,X2 )=
= (X4, ..., X,). First, consider the equivariancy of f = (fy,...,f,) with respect
to the homotheties a} = k™8] in i(GL(m, R)). This gives the homogeneity con-
ditions of type (5). Taking into account the homotheties b? = ké? in i(GL(n, R)), we
further find '

(11) kf(X1,.... X)) = fi(kXy, ..., kX,)

(X1 oo X,) = fi(kX 4, ooy KX,) .

Applying our lemma to both (5) and (11), we deduce that f, is linear in X, and in-
dependent of the other coordinates, s = 1, ..., r. Further, consider the equivariancy
with respect to the subgroup i(GL(m,R)) x i(GL(n,R) = G, x G;. This yields
that f, corresponds to a GL(m,R) x GL(n, R)-equivariant map of R" ® S'R™*
into itself. By Lemma 3 of [5], we have f, = ¢,X, (or, explicitly, f%, , = ¢,X7..)
with any c,e R.

For r = 1 we have deduced f7 = ¢,X?, which proves Proposition 2. For r =2
consider the equivariancy with respect to the kernel of the jet projection G x
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x G — G, x G}!. Taking into account the coordinate form of the jet composition,
we find that the action of an element ((8}, a},), (62, b)) on (X7, X%)) is X} = X} and

r,

(12) X% = X§ + bhLXIX] + X{a'{, .
Then the equivariancy condition for f7; reads
(13) e, X% + cIb2XIX] + o XPaf; = (X% + bRXIX] + XPak).

This implies ¢; = ¢, = 0 or ¢; = ¢, = 1. Assume by induction that Proposition 2
holds for the order r — 1. Consider the equivariancy with respect to the kernel of
the jet projection G;, x G, = G,~! x G,~'. The action of an element ((6},0, ..., 0,
at . ;). (82,0,...,0,b2 ) leaves X, ..., X,_, unchanged and

q1.-.9r

(14) X, =X . + 0 ... XY + X%a]

q1.e.Qr J%ig.ip e

Then the equivariancy condition for f7,, ; requires
(15) ch’i:...fp + Crlbp X?: b X‘II: + Clxga'ii;.. ir —

q1...9r ip
= (X5, + Df o XU XY + XTal, ).
This implies ¢, = ¢, = 0 or 1, QED.
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Souhrn

PRIROZENE TRANSFORMACE TECNYCH VEKTORU VYS$SfHO RADU
A JETOVYCH PROSTORU

IvAN KOLAR, GABRIELA VOSMANSKA
Dokazuje se, Ze vSechny pfirozené transformace funktoru tednych vektoru »-tého fadu do sebe

jsou pouze homotetie. Urfuji se rovn&Z viechny ptirozené transformace funktoru jet »-tého ¥adu
do sebe.
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Pesome

HATYPAJIBHBIE IIPEOBPA30BAHUS PACCJIOEHMI KACATEJIBHBIX
BEKTOPOB BBICHIET'O TTOPSIIKA U ITPOCTPAHCTB CTPYI

IvaN KOLAR, GABRIELA VOSMANSKA

IToxa3eIBaeTCH, YTO FOMOTETHH SIBJISIOTCA €AMHCTBEHHLIMH €CTECTBEHHBIMH NIPEO6pa3OBaAHUAMHE
(dyHKTOpa KacaTelIBHBIX BEKTOPOB BLICIIErO MOPSAKA B ceOA. OmpeaensoTcs TaKXKe BCE €CTECTBEH-
HBle npeo6pa3oBanua QyHKTOpA CTPYit Jmo6oro nopsaka B cebds.
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