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Normal structure and weakly normal structure
of Orlicz spaces

SHUTAO CHEN, YANZHENG DUAN

Abstract. Every Orlicz space equipped with Orlicz norm has weak sum property, therefore,
it has weakly normal structure and fixed point property. A criterion of sum property also
of normal structure for such spaces is given as well, which shows that every Orlicz space
has isonormal structure.
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Introduction.

T. Landes [4] shows that, under certain conditions, an Orlicz sequence space
with Luxemburg norm has normal or weakly normal structure iff it is separable.
For Orlicz spaces with Orlicz norm, we will discover that the results are much
different.

We begin with some notations. A sequence (z,) of a Banach space X is called
limit affine, if the limit A(z) := limy, ||z — || > 0 exists for every z € conv(zy),
and ) is an affine function on conv(zy,). (zy) is called growing, if A(zy) < Map41)
for all n» € N. X is said to have sum property, if it contains no growing limit affine
sequence. X is said to have weak sum property, if it contains no growing weakly
converging limit affine sequence. X is said to have normal structure, if it contains
no limit affine sequence (xy,) with A(zn) = A(zp41) > 0 for all n € N. X is said
to have weakly normal structure, if it contains no weakly converging limit affine
sequence (zp) with A(zp) = AMap4+1) > 0 for allm € N. X is said to have isonormal
structure, if it is isomorphic to a Banach space with normal structure. X is said to
have fixed point property if every nonexpansive selfmapping on a weakly compact
convex subset of X has a fixed point.

It is well known that sum property = normal structure and that weak sum
property = weakly normal structure = fixed point property.

Throughout this paper, we always denote by (G, X, u) a complete, nonatomic,
finite measure space. We say M : R — R™ to be an N-function, if it is a continuous,
convex, even function satisfying M(u) = 0, iff u = 0 and M (u)/u — 0 (resp. o)
as u — 0 (resp. o). If M(u) is an N-function, then we denote by p(u) its right-
hand derivative and by N(v) the conjugate N-function of M(u), i.e., N(v) :=
maxy {uv — M(u)}.
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Let M be an N-function. For every p-measurable function « : G — R we define
ori(@) = [y M(x(t)) dp, and

Ly ={x: op(Bz) < o0 for some (3 > 0},
(1) Eyn ={z: ops(Bz) < 00 for all g > 0},
lell =ll=llar = jf (1 + ons (ka)l/k, o € Lo

Then the Orlicz space (Lyy, | - ||) and its subspace (Ejy, || - ||) are Banach spaces.
Main results.

Lemma 1. Suppose xn, € Ly, |[|zn] < K,n € N and z,(t) — x(t) in measure as
n — oo, then x € L.

PROOF: Since ||z /K| < 1, by [1], opr(2n/K) < ||zn/K|| < 1,n € N. Without loss
of generality, we may assume x, (t) p-a.e. on G (pass a subsequence, if necessary),
then, by Fatou’s lemma, ops(z/K) < liminfy,,, (zn/K) <1, ie., x € Lyy. O

Lemma 2. Ifx, — 0 weakly in Ly; and xy,(t) — y(t) in measure, then y = 0.

PROOF: Again, we may assume zp(tf) — y(t) p-a.e. on G. Let F = {t € G;y(t)
# 0}. If uF > 0, then there exists F € ¥ with pE < puF and zp(t) — y(t) uni-
formly on G \ E. Define v(t) = signy(t)xp\g(t), then v € Ly« and (v, 2p) =
fF\Ev(t)xn(t) dp — fF\E ly(t)|dp > 0 contradicting the hypothesis z, — 0
weakly. 0

We say that an interval [a,b] is a structural affine interval of the N-function M,
if M is affine on [a,b] and it is neither affine on [a — £,b] nor on [a,b + €] for any
e>0.

Theorem 1. For any N-function M, Lj; has weak sum property, therefore, it has
weakly normal structure.

Theorem 2. The following are equivalent,
(i) Lps has sum property,
(ii) Lps has normal structure,

(iii) there exist a > 0,C > 1 such that for any structural affine interval [u,v] of
M with u > a, we have v/u < C.

PROOF OF THEOREMS 1 AND 2: For any limit affine sequence (zy) in Lj; with
x; # xj whenever i # j, by [1], the “inf” in (1) is attainable for all 2 # 0. Therefore,
for all i # j, we may find k;; > 0 such that

(2) i — ;) = [1 4+ onr (Kij (i — 25))] /K -

First we show that there exists a subsequence Ny of NV such that for any j €
N1,{kij}ien, is bounded. Indeed, if {k;;}; is bounded for all j € N, then we let
N1 = N. Otherwise, there exist some m € N and a subsequence I of N such that
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kim — oo as i(€ I) — oo. Hence, for any o > 0, if we define G; = {t € G :
|z; (t) — xm(t)] > o}, then by (2), we have

i = zmll > enr (|2 — mlkim)/ Kim 2 [M(0kim)/kim]uGi -

Since A(xpm) < oo and M(u)/u — oo as u — oo, we must have uG; — 0 as
i(€ I) — oo. This shows that {x;};c5 converges to z,, in measure. We may assume
that I does not contain m. We claim that N7 = I satisfies our requirement. In
fact, if k;; — oo as i(€ I;) — oo for some j € I and some subsequence I, of I, then
in the same way we can show that z; — z; in measure as i(€ 1) — oo. This is
impossible since x; # Ty,.

By the diagonal method, we can find a subsequence N2 of Ni such that k;; —
kj < oo asi(€ N2) — oo for each j € N1. We claim that k; — oo as j(€ N2) — oo.
In fact, if this is not true, then No contains a subsequence N3 such that k; — k < oo
as j(€ N3) — co. By (1) and (2), for all n,i,j € N3, n # 1,7,

lzn — zill + ll2n — 25| = 1220 — i — 25| >
> [1 + QM(km(xn - xl))]/knz + [1 + QM(knj(xn - ‘Tj))]/knj—
@ (1 + on (220 — 25 — ) knikng /[ (kni + kng) (kni + knj)/kniknj =

- /G M (@ (£) — 3 (8) o) o+ M (@ (£) — 25 (6) ) Ko —
- M((2$n(t) - xz(t) —Zy (t))kmkn]/(km + kn]))(km + kn])/knzkn]] dp.

Denote the last integrand in (3) by f,;;(t), then by the convexity of M, f,;;(t) > 0
for all t € G. Since X is affine on conv(zy), let n — oo, by (3), [ fnij(t)du
— 0, therefore, f;; (t) — 0 in measure. By the diagonal method, we can choose
a subsequence N4 of N3 such that f,,;;(t) — 0 p-a.e. on G as n(€ Ng) — oo for all
1,7 € N3.

For each t € G, choose a subsequence {nr = nr(t)} of N4 such that

(%) ()] = linrgji\}}lflxn(t)l, lim 25,7 (1) = (2),

then by Fatou’s lemma, |v(t)| < co p-a.e. on G (one may prove this analogously as
in Lemma 1). Let 7 — oo, by the continuity of M,

0= li¥n fnn'j(t) =

(4) = M((0(t) — i (t))ki) ki + M((o() — 5(0)kj) /Ry
— M(@0(t) — i(t) — (ki (ki + k) (ki + k) Rk

p-a.e. on G. Since for p-a.e. t € G, (4) holds for all ¢, j € N3, by replacing j by nr
in (4) and taking 7 — oo, for each t € G, we have

M((v(t) — xi(t))k;) ki =

) — M(o(t) — ws(O)kik/ (ki + F) (s + k) Rk
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p-a.e. on G. Since 0 < k/(k; +k) < 1,and v # 0,0 < a < 1 implies M (au) <
aM (u), for all t € G satisfying v(t) # x;(t), we have

M((v(t) = 2i()kik/ (ki + k) (ki + k) / Rk < M((v(t) — 2(8))ki) /i -

Since this inequality contradicts (5), we have z;(¢t) = v(¢) p-a.e. on G for all i € N3,
which contradicts the assumption x; # z; whenever i # j.

Now, we prove (iii) = (i) in Theorem 2. If L,; does not have sum property, then
there exists a growing limit affine sequence. Without loss of generality, we may
assume that every two points in the sequence are different. By the above discussion,
it contains a subsequence (z,,) satisfying k;; — k; < 00 as i — oo and k; — 00 as
J — o0, where k;; satisfies (2), 4,7 € N. Since M(u)/u — oo as u — oo, for the
constant @ > 0 in (iii), we can find b > a such that M(%(a—k b)) < %[M(a) + M (b)].
Since M is convex, by (iii)

(6) M(ou+ (1 —a)v) < aM(u) + (1 —a)M(v)

forall 0 < a < 1landall u<a,v>boru>a,v>Cu If wedefine v(t) as in (x),
then by (4) and (6), for p-a.e. t € G, if k;|v(t) —z;(t)| < a, then kj|v(t) —x;(t)] < b;
if kilv(t) —z;(t)] > a, then kj[v(t) —x;(t)| < Cki|v(t) — z;(t)|. Therefore, for p-a.e.
t e @,

(7) kjlo(t) — 2 ()| < max{b, Cks|o(t) — ()|} == ui(t).
By (2) and Fatou’s lemma, we have
(®) M) = [L+om(kj(v — )]/ kj 2 [lv — ]].

Thus, v — z; € Lyy, therefore, u; € Lps. Since A > 0, we have liminf [[v — z;|| :=
7> 0. It follows from (7) that

kj = lkj(v = z)l/llo =25 < lluall/llv = 2]l

Let j — oo, we get a contradiction oo < |Jug||/7 < oo.

Next, we turn to Theorem 1. If L;; does not have weak sum property, then
by (3), there exists a weakly converging (to zero) limit affine sequence (x) with
lzn]] — 1 and A(z,) — 1. By the first part of the proof, passing a subsequence
if necessary, we may assume k;; — k;j < oo as i — oo and k; — o0 as j — oo,
where k;; satisfies (2). It follows from (8) that x; — v in measure (similarly verified
as in the first part of the proof). Therefore, by Lemma 2, v = 0. We may also
assume x; — 0 p-a.e. on G. We prove the theorem by showing lim A(z;) > 4/3
contradicting the assumption A(z;) — 1.

For each j € N, we choose a set G; € ¥ such that x; is bounded on G; and

L+ onm(kjzixe,)l/ ki > [+ om(kjzy)l/kj — 1/k;
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then by (1) and (8),

ANaj) = [1+ onr(kjay)]/kj =
= [L+ om(kjzixe,; )/ kj + [L+ om(kjzixana, )/ kj — 1/k; >
> L+ onm(kjzj)]/kj — 1/kj + [lzjxeng; | = 1/k; =
> |lzjll + llzjxana; | — 2/k;
i.e.
9) lzjxang; | < Axj) = llajll + 2/k; -

It follows that

(10) lzixa, | = Izl = lzjxene, | > 2l = Aaz) —2/k; -
Since x; is bounded on G, there exists § = ¢(j) > 0 such that

(11) llzjxel < 1/kj whenever EC G; and pk < 6.

Since x; — 0 p-a.e. on G, there exists F' € ¥ with uF < § such that z; — 0
uniformly on G \ F. Hence, there exists I = I(j) € N such that for all ¢ > I, we
have

(12) lzixe\rll < 1/kj.

It follows that

(13) lzixpll = llzill = lzaxe\pll > @il = 1/k; .
Hence, by (1), (2), (9)—(13),

i — ]l = [+ on(kij(zi — z5)Xen @\ 7))/ i+

+ [+ on(kij (i — z5)xg\F)l/Kij — 1/ kij 2

Z (@i — z)xa\(e\m)ll + (@i — z)xg\rFll = 1/kij =
Z lzixa\(e\p)ll = lz5xe\ @\ F) I+

+llzjxa\rll = lzixg\rll —1/kij =

= lzixe\@,\p)ll — 7jxang; + TjXa\rll+

+llzjxa; — zixarll — lzixa\rll — 1/kij >

> (sl = 1/k5) = (Mxj) = llajll +2/k; + 1/k;)+

+ Qllzjll = Awj) = 2/kj — 1/kj) — 1/kj — 1/kij =

= ||z + 3|5l — 2M(xj) — 8/kj — 1/ksj .
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Let i — oo, we have

Let j — oo, then lim A(z;) > 4/3.

Finally, we prove (ii) = (iii) in Theorem 2. If (iii) does not hold, then there exist
the sequences {u;}, {v;} such that M (u1)uG > 1,ujt1 > 2u;,v; > 2Ju; and p(u)
is constant on [uj,v;], j € N. By the first two assumptions, we can choose disjoint
sets g; € ¥ such that uG \ UjenGj > 0 and

(14) 277 = wjp(uy)pGy = [M(u;) + N(p(uj))]pG;

(the last equality holds by the special case of Young’s inequality). Hence, we can
find ug large enough so that there is G satisfying

(15) YienN(p(u;))pGj + N(p(ug))pGo = 1.
Define

v = Xj>0p(uj)XG,

Tn = UOXG, T LjeNViXG; T Lj>nljXaG,,
then by (15), on(v) = 1, therefore, v € L}, and [|v|| = 1 (cf. [1]).

First we show that z,, € Ejy for any n € N. Given arbitrary K > 1, choose
J > n such that 27 > K, then v; > 27u; > Kuj; > u; for all j > J. Therefore

Ejs g M(Kuj)uGj = Xjs j[Kujp(Kuj) — N(p(Kuy))|nGj <
< i g Kuip(Kuj)pGy = Bjs gKujp(uj)uG; = KXjs 7277 < oo

This implies gp; (Kxpn) < 0o. Since K > 1 is arbitrary, we have xzp, € E)y.
Let kp, = ||n|| and yn, = zn/kn, then y, € Ejr and |lyn| = 1. By (1) and (15),

lynll > (v, yn) = [uop(uo)nGo + Ej<nvip(uj )G + Sjsnuip(u;)uGjl/kn =
= [on (v) + oM (knyn)]/kn > |lynll = 1.

Moreover, since
kn = llznll > (v,20) > Sj<pvip(u)uGj > Lj<p2ujp(uj)uGj = n,

we have k, — oo as n — oo.

We complete the proof by showing A = 2 on conv(yy). Indeed, for any y €
conv(yy), there exist \; > 0, 3;<,,A\; = 1 such that y = 3;<,, \jy;. Since (v, yp) = 1,
we have (v,y) = Eigm)\i@,yn_) = 1. For any € > 0, since y € E};, there exists
I > m such that |lyxp|| < e, where F = U;~1G;. In view of zp(t) < max{vy,up}
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on G\ I and ky, — 00 as n — 00, we can find ng € N such that |[ynxq\r|| < e for
all n > ng. Define vg = vxg\p — vXF, then [lvg| = [[v[| =1 and for all n > ny,

22 |yl + lynll = lly — ynll = (vo,y — yn) =
= (v0, yXa\F) + (v0, yxF) — (V0, YnXe\F) — (V0, YnXF) =
= (v, yxe\F) — (U, YxF) — (U, UnXe\F) + (U, YnXF) =
= (v,y) = 2(v,yxF) = 2(v, ynXc\F) + (U, Yn) >
>1=2|yxrll = 2llynxe\rll +1 > 2 — 4e,

which shows that A(y) = 2. O
Theorem 3. L), has isonormal structure.

PRrROOF: If M is strictly convex, then the condition (iii) in Theorem 2 holds for all
u # 0 and all C' # 1. Therefore, Lj; has normal structure in this case. By [1], for
any Orlicz function M and any € > 0, we can construct a strictly convex Orlicz
function H such that

el < llzllg < (T4 &)zl

for all x € Lj;, which shows that Lj; is isomorphic to Ly, i.e. Ljs has isonormal
structure. O
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