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o

ON A CERTAIN ORDERING OF THE VERTICES OF A TREE

FRANTISEK NEUMAN, Brno
(Received February 28, 1963)

This paper proves the necessary and sufficient condition under which'it is
possible to order the vertices of given finite tree T into 4 simplé séquence,
every two neighbour vertices of this sequence having the distance it most 2 in
the metric of the tree T.

Our considerations will refer to finite, connected, non-oriented graphs without
circles, which have at least two vertices. We call these graphs trées (see-for example
C. BERGE [1], p. 165). Consider a tree T. Let {T} denote the set of the vertices of this
tree. By the order of vertex z in the tree T we mean the number of different edges of
the tree T, which the vertex z coincides with. When vertices z;, z, € {T} are joined
with an edge, denote this edge by (z;, z,). We say that (23, ..., z,41), n = 1, is a path
of length n of the tree T when z; are mutually different vertices of the tree T for i =
=1,...,n+ 1 and (z; z;,,) are edges of the tree T for i = 1, ..., n. The path
(23, --+s Zy+1) connects vertices z; and z,,. ‘

Let (2, ..., 2,4+,) be a path of the tree T. By the distance between vertices z; and
Z,4, We mean the number pu(zy, z,+,) = n.') z,, ..., z, are the inner vertices of the
path (zy, ..., Z,41)-

Let a, be {T}, a + b. We say that the tree T'is 2 — (a, b) orderable when there
exists an ordering of the set {T'} into the simple sequence a = t,, t,,...; ¢, = b, where
s=card {T}, ;e {T}fori=1,....s p(t; t;sy) <2 fori=1,...,s — L

We say that the tree T'is 2-orderable when there exist vertices a, b € {T} such that T
is 2 — (a, b)-orderable. In this paper the necessary and sufficient conditions under
which the given tree T'is 2 — (a, b)-orderable or 2-orderable are proved. The more
general ordering of veruces of a general graph were worked out by M. Sekanina but
does not include 2 — (a, b)-ordering [2], [3].

In what follows the letter T, with appropriate indices will denote trees, and small
letters, with appropriate indices will denote their vertices. Insofar as we shall mention
sequences or subsequences, we shall have in mind only finite ones. Introducing in what

1) Note that for a, be {T}, a # b, there exists in the graph T (which is a tree) just one path con~
necting them (see C. BERGE [1], p. 165, theorem 1 (6)).
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follows a sequence ..., X, @y, ds, --., 4y, ¥, ---, if n = 0, we shall mean a sequence
ey Xy Yy e

Let (x, y) be an edge of the tree Tand let the order of a vertex x be 1. Construct the
tree T; from the tree Tin such a way that {73} = {T} — x and let edges of the tree T
be just those edges of the tree T, which do not coincide with the vertex x. Then we say
that the tree T was constructed from the tree T by omitting the vertex x and the other
way around that the tree T was constructed from the tree T; by adding the edge
(x, y) to the vertex y. '

Lemma 1. Let T, be 2-(a, b)-orderable. Let T be the tree which we get from T, by
adding further edges to vertices u;€ {T,}, i = 1, ..., ¢ when there exists a subset M
of vertices u; (i =1,..., q) and a 1—1 mapping @ of the set M into the set of edges
of a tree T, such that either @) u;e M and ¢(u;) = (u;, v;), where v, is a neighour
vertex to a vertex u; in a given 2-(a, b)-ordering of the tree T, or B) in a given
2-(a, b)-ordering of T, there are successive vertices t;, t;. 1, for which in T, p(t;, u;) =
= .u(tj+1» u) = 1.

Then the tree T is 2-(a, b)-orderable.

Proofoflemma 1. Let a tree T; be constructed from the tree T, by adding k edges
(ay>uy) toa vertex uy, p=1,...,k, k> 0.

Case o). A 2-(a, b)-ordering of T, has the form ..., X, u;, z, ... and let ¢(u;) =
= (x,u,) without the loss of generality, so p(x,u;) = 1. Then ..., X, 6y, ..., G,
uy, z, ... is a 2-(a, b)-ordering of the tree Ty, because u(x, uy) = 1, p(ay, u;) = 1, or
ulx, a)) =25 pla,uy) =1, pla,eq, u) =1, or wa, a,.,)=2 for p=1,...,
k —1; p(ay, uy) = 1.

Case B). A 2-(a, b)-ordering of the tree T, has the form ..., t;, ¢;,,, ..., when
w(t;, us) = p(tj4 1, ug) = 1. Then ..., t;, ay, ..., Gy, 41, --- is @ 2-(a, b)-ordering of
the three T because

(e, uy) = 1, pluy, ay) =1, or u(t;, ay) = 2;
way, u) =1, playeq, u) =1, or pla, a,4y)=2for p=1,...k —1;
ulay, uy) =1, pluy, t545) = 1, or play, t;4,) = 2.

Let a tree T; be constructed from a tree T;., by adding edges to the vertex u;,
i =1,...,q. Evidently T, is the tree T. Analogous to the manner in which we got
from a 2-(a, b)-ordering of the tree T, to a 2-(a, b)-ordering of the tree T;, we can
also find a 2-(a, b)-ordering of trees T, ..., T,, because the described construction of
a 2-(a, b)-ordering has the following property: When for a vertex u; conditions o) or
B) hold with respect to a 2-(a, b)-ordering of the tree T, then they hold for u; in all
trees Ty, T, ..., T;—4 too, in which a 2-(a, b)-ordering is introduced by means of the
above mentioned construction. This last statement will be evident if we realize that in
both cases «) and B) a 2-(a, b)-ordering of the tree T; differs from a 2-(a, b)-ordering
of the tree T;_, only between two members of the sequence, which are simply assigned
to the vertex u;.
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Lemma 2. When T is 2-(a, b)-orderable, then the tree T,, which we can get by
omitting (some or all) vertices of the order 1 of Twith the exception of vertices a, b, is
also 2-(a, b)-orderable.

Proofoflemma2.Leta,..., X, @y, ---, G, J, ---, b be a 2-(a, b)-ordering of T'and
a;€{T}, a;€{Ty} fori = 1, ..., k; x, y € {T,}. The order of vertices a; is 1 and there-
fore to every a; there exists just one vertex c; e {T,} such that p(a;, ¢;) = 1 for i =
=1, ..., k. From the 2-(a, b)-ordering of T it follows that u(a;, G;4;) < 2 for i =
=1,..,k — 1. For this reason ¢; = ¢;+y for i = 1,..., k — 1, because otherwise
(@i, a;+1) 2 3. So there exists ¢ = ¢;e {Tp}, i = 1, ..., k such that p(a;, ¢) = 1 for
i =1, ..., k. It follows from the 2-(a, b)-ordering of Tthat u(x, a,) < 2, u(a;, y) < 2.
Further we have shown that u(a,, ¢) = 1, u(ay, ¢) = 1, so p(x, ¢) £ 1, u(y, ¢) < 1, or
M(x, y) £ 2. Consequently a, ..., X, y, ..., b is a 2-(a, b)-ordering of the tree T,

Note. From lemma 2 it is easy to obtain: When T is 2—(a, b)-orderable then each
subtree T, of the tree T for which a, b € {T,} is also 2<(a, b)-orderable. When the tree
T, is not 2-(a, b)-orderable then any tree T, which has T, as its subtree is not 2-(a, b)-
orderable.

Lemma 3. Let(co, c,) be an edge of a tree T, the orders of ¢, and of ¢, being greater
than 1. Let a, be {T}, a + b, be given such that the path connecting a and b does
not contain c,. Denote by {S} the set of vertices of the tree T, which can be connected
with the vertex ¢, by paths not containing the vertex c,. Let a € {S}, b € {S}.

If there exists a 2-(a, b)-ordering of the tree T then it must be either of the form a:
A, ...y Coy Sy -vs Sgs Cq -+-5 b OF Of the form B: a, ..., ¢y, Sqy --vy S Coy -+-» D, Where
8y, .., S is a suitable ordering of the set {S}, k = card {S}.

Proof oflemma 3. Notice at first that k = 1, because the order of ¢, is at least 2.

Assume that the assertion of lemma 3 does not hold. Then either there exists at
least one vertex not belonging to the set {S} between vertices ¢, and ¢, in a 2-(a, b)-
ordering of the tree T, or there exists at least one vertex of the set {S}, which does not
occur in a 2-(a, b)-ordering of the tree T between vertices ¢, and ¢,. Then in each of
these cases neighbour vertices x, y in a 2-(a, b)-ordering of the tree T can be found
such that x € {S}, y € {S}, x #+ ¢ *+ »,x + ¢; + y. According to the construction of
the set {S} the path connecting vertices x and y must contain vertices ¢, and ¢;, so
u(x, ¥) = 3. But this is a contradiction because vertices x and y are neighbouring in
a given 2-(a, b)-ordering of the tree T.

Choose a vertex ¢, € {T} and different edges (co, ¢,), (¢o, ¢3), (os ¢3) Of the tree T,
the orders of vertices c,, ¢,, c; being greater than 1. For i = 1, 2, 3 denote by {S;} the
set of all those vertices of the tree T, which can be connected with a vertex c; by a path
not containing the vertex c,. Let vertices a & b of the tree T'be given such that they do
not belong to the set {S;} U {S,} U {S3} L {¢;} U {¢;} U {¢;}. Notice that {S;} +0
for i = 1, 2, 3, because the order of c; is greater than 1. Call such a vertex ¢, of the
tree T a vertex of type I with respect to vertices a, b. In what follows we shall omit,
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“with respect to vertices a, b”’, when mentioning both vertices of type I and vertices
of further types.

Lemma 4. If a tree T contains a vertex c, of typel then it is not 2-(a, b)-orderable.
Proof of le‘m_nia 4. Cdnsider a tree T, constructed from the tree T in such a way
that instead of {S;} we retain only one vertex s; lying in {S;}, which is connected with c;
by an edge, for i = Al',,h2,' 3. For illustration the tree T'is in fig. 1 and from it is con-

G
\

-

Fig. 1.
structed the tree ’T1 in fig. 2. The other vertices and edges are without any change.
According to: the note followmg lemma 2 it suffices to show that the tree T} is not
SR 2-(a, b)-orderable For this purpose we make
full use of lemma 3. According to this lemma
every 2-(a, b)-orderin g of the tree T; must contain
three subsequences:

Co> 15 €1 T€SP. €y, S45 Cp

Co» S35 C2 T€SP. €3, Sz, Co »

€o> §3, C3  ICSP. (3, S3, Cp -

"Fig. 2. : As a 2-(a, b)-ordering of the tree T, is a simple

: : ! ordering of the set {T;}, we conclude that it is

not possible to place these tree sequences in such a way that the vertex ¢, may

occur only once; theérefore it is not possible to 2-(a, b)-order the tree T; nor con-
sequently the tree T.

Let a +.b, a, be{T}. The following consideration is quite analogous for either

a vertex a or for a vertex b. Therefore let us consider a vertex ac{T}. Let (a, c,), (a, ¢,)

be two different edges of the tree T, the order of ¢, and ¢, being greater than 1. For

i = 1, 2 denote by {S;} the set of vertices of the tree T, which can be connected with

the vertex c; by a path not containing the vertex a. Do not let the vertex b belong to the

set {S;1} U {S,} U {¢;} U {c,}. Then call the vertex a a vertex of type II. Evidently

{S:} * 0, because the order of a vertex c; is greater than 1 for i = 1, 2. (For illustra-
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tion see fig. 3.) Notice that according to the definition a vertex of type II can be solely
the vertex a or b.

Lemma 5. If the vertex a or b of the tree T is of type II, then the tree T is not
2-(a, b)-orderable.

Proof of lemma 6. Without any loss of generality let a be the vertex of type I1.
Consider the tree Ty, constructed from the tree Tin such a way that instead of {S ;}
we keep only one vertex s;
lying in {S,}, which is con-
nected with ¢; by an edge, for
i =1, 2. For illustration we

Fig. 3. : Fig. 4.

give in fig. 3 the tree T, and in fig. 4 the tree T;, constructed from T. The remaining
vertices and edges we leave without any change. In the sense of the note following
lemma 2 it suffices to show that the tree T is not 2-(a, b)-orderable. In the sense of
lemma 3 every 2<(a, b)- ordermg of the tree T is bound to contain two sequences:

a, sy, €y, ICSp. 4a,cy, Sy,

a,s,,¢,, TESp. a,cC,, S, .

Asa 2-(a b)-ordermg starts with the vertex a, this is not possible and consequently no
2-(a, b)-ordering of the tree
T, nor of the tree T exists.

Leta % b,a,be{T}. Do
not let ¢, € {T} lie on the
path connecting vertices a
and b. Let (co, ¢4), (co, C2),
(co, ¢3) be tree different
edges of the tree T, the or-
ders of vertices c; being
greater than 1fori =1, 2, 3.
Fori = 1, 2, 3 denote by
{S;} the set of all vertices of
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the tree T, which can be connected with a vertex ¢; by a path not containing a vertex c,.
Let a, be {S;} U {c,}. Call the vertex c, a vertex of type III. For illustration see
fig. 5. Evidently {S;} + @ fori=1,2,3.

Lemma 6. If a tree T contains a vertex ¢, of type III, then it is not 2-(a, b)—order-
able.

Proof of lemma 6. Consider the tree T; constructed from the tree T so that in-
stead of {S;} we keep only one vertex s; € {S;}, which is connected with c; by an edge
for i = 2,3. For illustration see
fig. 6. The other vertices and edges

/ { S,}/ we keep without any change.
7 / According to the note following
i 4 lemma 2 it suffices to show thatf the
¢ tree T} is not 2-(a, b)-orderable. Ac-

cording to lemma 3 every 2-(a, b)-

ordering of T, must be of the form
Fig. 6. either ..., Cg; «+ey €15 +-2 OL ety Cyy enny

¢y, ---, Where between ¢, and ¢ must
lie all vertices of the set {s,} U {¢,} U {s3} U {¢3}. Again in accordance with lemma 3
this 2-(a, b)-ordering must contain two subsequences:

Cos S35 €3 TESP. €3, 83, Co

Co» S35 C3 TESP. C3, 83, Cq -

These two requirements cannot hold simultaneously because a 2-(a, b)-ordering of the
tree T is simple. So T; and also Tare not 2-(a, b)-orderable.

Lemma 7. Let two vertices co, do€ {T}, ¢, + d, be given, lying inside the path
connecting two different vertices a, b of the tree T. Let (c,, cy), (co, €2), (do» dy),
(do, d,) be mutually different edges of the tree T, the orders of vertices c,, ¢;, dy, d,
being greater than 1. Let none of edges (cq, c;), (do, d;) for i = 1,2 lie on a path
(a, ..., b). Let the order of the inner vertices of a path connecting vertices c, and d,
not be 2. Then T is not 2(a, b)-orderable. (For illustration see fig. 7.)

Proof of lemma 7. Let (a, ..., €, Co, €5, €2, ---, €, do, ..., b), n = 0, denote the
path connecting vertices a and b. For i = 1, ..., n denote by f; some of the vertices
connected with e; by an edge and not lying on the path (cy, ..., d,). This is possible
because the order of vertices e; is at least 3. Further, denote subsequently by sy, s,,
ry, r, vertices of the tree T connected with vertices ¢,, ¢,, d;, d; by an edge but not
lying on the path (a, ..., b).

Form the tree T, from the tree T so that we omit from the tree T all vertices with
the exception of vertices on a path (a, ..., b) and vertices s;, ¢y, $;, 5, Ty, dy, T3, ds,

J1:f2s o-sSu (See fig. 8).
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Consider that there exists a 2-(a, b)-ordering of the tree T, and without any loss of
generality let ¢, precede d, in this ordering. In accordance with lemma 3 this ordering

must include four sequences:

€1 S15 Co

€2, S2, Co
dy, rq, dy

d2’ T2, dO

resp.
resp.
resp.
resp.

Co’ S]_: Cl ’

601 s2: CZ ’
do, rl, d1 ’
do, Ty, dy .

As both, the vertex c, and d, can occur in a 2-(a, b)-ordering only once, this ordering

must contain two subsequences

€15 815 Co S2, €2 IESP.

dy, vy, dg, T2, dy

Cas S35 Cps S15 C1

resp. d,, Ty, do, 7y, d; .
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- Immediately before a vertex c, resp. ¢, and immediately behind ¢, resp. ¢, only ver-
tices e, and e, can occur in a 2-(a, b)-ordering because except for vertices sy, Co, 52,
which are bound to occur between vertices ¢, and c,, all the others have a distance of
at least 3 from vertices ¢, and c,. A vertex e, must precede a vertex e, in this 2-(a, b)-
ordering, because otherwise it would not be possible to finish the 2-(a, b)-ordering in
such a way that it could end at the vertex b. Consequently a 2-(a, b)-ordering contains
the subsequence

€9, C15 15 Cos S25 Co, €15 IESP. €p, C3, S3, Cg, Sy, Cq, €.+

It is easy to see immediately, that n = 0 cannot hold otherwise after ¢, resp. ¢; would
have to follow immediately the vertex d,, which nevertheless is bound to be between
vertices r; and r,. In a 2-(a, b)-ordering the vertex f,; must follow immediately after
the vertex e,. If it could occur later in the ordering, the vertex e, should precede it
immediately (or dy, as far as n = 1) because it would be the only vertex not yet men-
tioned which has a distance from f; smaller than or equal to 2. The vertex f; could
not be succeeded by any vertex in a 2-(a, b)-ordering, because none of the vertices
already mentioned in the ordering would have a distance from f, smaller than 2 or
equal to 2. So f; = b, which is a contradiction to our assumption. Considering ana-
logously e,, f, etc., we get that a 2-(a, b)-ordering contains a subsequence

€15 815 Coy S25 €25 el:fl: ebfl? AR ] emfm dO
IeSp.

.,cz’ 52, Co, 5;1:4?19 elsf]’ e23f2’ ey ?mfm dO .

But this is a contradiction because d, must lie between vertices r, and r,. Conse-
quently it is not possible to 2-(a, b)-order the tree T, and accordingly in the sense of
the note following lemma 2 the tree T'is not 2-(a, b)-orderable. :

Lemma 8. Let a, be {T}, a + b and let (a, c,) denote an edge of the tree T, which
is not an edge of the path (a, ..., b). Let d be an inner vertex of the path (a, ..., b)
and (d, dy), (d, d,) two different edges of the tree T which are not edges of the path
(a, ..., b), the orders of vertices d, and d, being at least 2. Let the-order of the inner
vertices of the path (a, ..., d) be not 2. Then T is not 2<(a, b)-orderable. (For illustra-
tion see fig. 9.) An analogous lemma holds for the vertex b.

Proof of lemma 8. Let (a, e, e,, ..., €,, d), n = 0 denote the path connecting
vertices a and d. For i = 1, ..., n denote by f; some of the vertices connected with e;
by an edge but not lying on the path (a ., d). Further denote subsequently by ry, 7,
vertices of the tree T connected with vertices d,, d, by an edge but not lying on the
path (a, ..., b).

Form the tree T; from the tree T in such a way that we omit from the tree T all
vertices except those on the path (a, ..., b) and vertices ¢, 7y, d1, T2, 2, f1, f20 - fa
(see fig. 10).
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Suppose that there exists a 2-(a, b)-ordering of the tree T;
this ordering must contain two subsequences

d,ry,d, resp. dyryd,
d,ry,d, resp. d,,r,d.

. According to'lemma 3

d,

// \ : ,_
€4 )([_g.____ _ En’
Lp - | \
C, N o
\ ' .
N
Fig.:9.

n

I
————0

As the vertex d can occur in this sequence only once, this 2-(a, b)-ordering has to

contain a subsequence

dy,r1,d,15,d, tesp. dy,ry,d,ry,dg.

By analogous considerations as in the end of the pfbof of lemma 7, when we in-
vestigate the possibility of ordering vertices ey, e,,-.., €, and fy, f,, ..., f,, we find
that this 2-(a, b)-ordering is bound to start with a subsequence

a, cl: e1’f19 eZ’f25 censy emfm d .

As d has to be directly between r‘1 and r, according to what precedes, we get a con-
tradiction. Consequently T is not 2-(a, b)-orderable and neither is T.

L

3,

Fig. 10
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Lemma 9. Let the orders of all inner vertices of a path (a, €y, €5 .uns €4y D),
n = 0, of the tree T be greater than 2 and let orders of end-vertices a, b be greater
than 1. Then the tree T is not 2-(a, b)-orderable.

Proof of lemma 9. Denote by (a, c), (ey, f1), (€2, F2)s - -+, (€n f2)s (b, g) mutually
different edges of the tree Tnot lying on the path (g, ..., b). Construct the subtree T}
from the tree T'in such a way that we omit all vertices and edges of the tree T except
vertices a, b, ¢, g, €y, .-, €, f1, ..., [, edges of the path (a, ..., b) and edges (a, c),
(el9f1), s (en: fn)’ (b: g)-

Proceeding in a manner analogous to the proof of lemma 8, we ascertain that a
2—(a, b)-ordering of the tree T has to start with a subsequence a, ¢, e4, f1, --- €y fp, b-
A 2-(a, b)-ordering of the tree T; has to end at the vertex b and in spite of this, the
vertex g does not occur between the vertices a and b. So T, is not 2-(a, b)-orderable
and, in the sense of the note following lemma 2, neither is T.

Theorem. The tree T is 2»(:1, b)-orderable iff the tree T, which we get from the
tree T by omitting all vertices of the order 1 except for vertices a, b satisfies:

1° the order of each vertices is <4 (in To)s
2° the vertices of order 3 and 4 (in T,) occur only inside the path connecting ver-
tices a and b,

3° between every two vertices of order 4 (in T,), there exists at least one vertex of
order 2 (in T). If the order of vertex a is greater than 1 (in T) then between it and the
nearest vertex of order 4 (in T,) there exists at least one vertex of order 2 (in T), and
similarly for vertex b. If the orders of both vertices a and b are greater than 1
(in T) then there exists at least one vertex of order 2 (in T) between them.

Proof. Necessity. From the construction of the tree T, from the tree T it is easy
to see that if condition 1° is not fulfilled, there exists a vertex c, € {T'} of type I, so
according to lemma 4, T is not 2-(a, b)-orderable. Consequently condition 1° is ne-
cessary. When condition 2° is not fulfilled, that means that either the order of vertex a
(or of b) is at least 3(in T,) consequently that it is of type II, or there exists a vertex
¢o € {T,}, not lying on a path connecting vertices a and b and the order of c, is at
east 31 (in T,), consequently ¢, is of type III. According to lemma 5 or 6 T is not
2-(a, b)-orderable. Therefore condition 2° is necessary. Since condition 3° is not
valid T satisfies the assumption of lemma 7 or lemma 8 or 9. This means that T is
not 2-(a, b)-orderable and consequently condition 3° is necessary.

The sufficency can be shown by a construction of a 2-(a, b)-ordering of the tree T
First we 2-(a, b)-order the tree T. Consider the path (a, ..., b). According to the
assumption no vertices of order =5 exist in T, and if vertices of order 4 occur in T,
then they must be the inner vertices of the path (g, ..., b). Denote these vertices (the
order of which is 4) subsequently by py, s, ---, Px, k 2 0 following their occuring on
the path (a, ..., b) starting with the vertex nearest to vertex a and ending with the
one closest to vertex b. Each vertex p; (i = 1,..., k) is an end vertex of two paths
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having no common edges with the path (a, ..., b) and with themselves. Denote as
P’ (p}) that vertex on one of these paths, which has the distance j (j 2 1) from a ver-
tex p;. Now construct for every i a sequence

(Pl) P;!, p?""a P?, P%, Pi 512’ ﬁ‘i‘a"" P-?, ﬁf?
‘where first the upper indices increase in odd numbers and these being exhausted, they
fall in even numbers, again increase in odd numbers and fall in even numbers, all
vertices p’ and p for all j. It is obvious that the distance of two neighbour vertices in
a sequence (P;) is at most 2. :
Further notice the vertex a or b, respectlvely, in the tree T,. If the order of it is 2
(in T,) there issues from it a path (a, a*, 4%, ..., a’) resp. (b, b*, ..., b™), I = 1 resp.
m Z 1, the edges of which do not lie on the path (a, ..., b). The order of the vertex a’
resp. b™ is 1. Now form the sequence

(Z) a%a%...,a%a', resp. (K) b%,b%Db%, ..., 0%.

‘When the order of a, b, respectively, is 1 in T, then we consider (Z), (K), respectively,
to be empty sequences. It is obvious that the distance (in T,) of two subsequent ver-
tices in a sequence (Z), (K), respectively, is at most equal to 2.

Letfori =1,...,k — 1(p;, thig, .-+, Uin,, Pi+1) denote the path connecting vertices
p; and p;,,. According to supposition 3° at least one vertex of the order 2 in T is
bound to occur among u;;, j = 1, ..., n;; let it be the vertex u,,,. Let (@, to1, Uo2s -+-s
Ugnys P1) 1esP. (Pys Uy, ---» U, b) denote the path of the tree T,. Then according to 3°
the vertex a (b) is of order 1 in T or among tgy, tgy, -- ., Uon, (AMONG Ugy, +« .5 Upm,)s
there is bound to occur a vertex of the order 2 in T. Denote it by ug,, (u4,,)-

When x denotes some of the inner vertices of the path (a, ..., b) of the tree T, of the
order 3 in T, then denote as (x, x', ..., x?) the path issuing from the vertex x, the edges
of which do not lie on the path (a, ..., b) and where the order of x?is 1 (g = 1). Then
form the sequences: :

(X7) x4 x%, L% xt, (X)) XL a3, L, xt x? :
When a vertex x is an inner vertex of the path (a, ..., b) of the order 2 in T, then the
symbols (X~), (X+) will denote empty sequences. From the assumption it follows
that except for inner vertices of the path (a, ..., b) the order of all other vertices must
be at most 2 (in Tp). Consequently if the order of vertices a and b is not 1
(in T) then
(1) a, (Z)’ Uo1s (ng)’ Uo2s (Uc;z), Ug3s oo oy (Uc;,vo—1): Uovgy (U;,vo+1)’ Ugyo+15 *+ >

(U(.)’-,no)’ u0n07 (Pl)’ Ui, (Ul_l)’ Uy (UI—Z)’ cecy
(Ul_,v;—l), ul,vl’ (U:,v1+1)9 ul,vl +1s cc* (U;,m): ul,nn (PZ)’ u21’ (U;I)’ b
- Ug— 1,me—y2 (Pk): U, 15 (Uk_,l)a Ug,29 2> (Uk-,vk—l)’ Uk, vier
(UI::vk-i- l)’ Uk vie+15 + s (U;:”k), uk,nk’ (K),f“b
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is a 2-(a, b)-ordering of the tree Ty If the order of vertex a, (b) is equal to 1in T let
us put a = g, (b = u;,,,) and we can get a 2-(a, b)-ordering of the tree T, from the
above mentioned ordering by omitting vertices appearing before u, ,, (after u, ).

The tree T can be constructed from the tree T, by adding edges in stated vertices of
the tree T,,. But definitely we do not add edges in vertices u; ,,, i = 0, ..., k because
these form the inner vertices of the path (a, ..., b) and are of order 2 in T. We shall
define a subset M of vertices of the tree T, to which we shall add further edges, and
the 1—1 mapping ¢ of thé set M in the edges of the tree T,. We find that each of the
vertices of the tree T, to which we add further edges fulfils case &) or B) of lemma 1
with respect to the ordering (1) of the tree T, the set M and the map ¢. We can see
further that ¢ is a 1—1 map, which means that the assumption of lemma 1 will be
fulfilled, so T will be 2-(a, b)-orderable.

Now let y e {To} be an arbitrary but fixed vertex, to which we add further edges. We
differentiate possible locations of the vertex y:

a) Do not let y lie on the path (a, ..., b), and let the order of y be 1 in T,. So y
occurs in subsequences of sequence (1) of the type (P;), or (Z), or (K), or (X~), or (X*).
If y is an inner member of some of the mentioned subsequences then the upper index
belonging to it changes parity with respect to some of the adjoint members of the
sequence. When y is the first or last member, then in the ordering (1) y immediately
precedes .or closely follows a vertex on the path (a. ..., b) from which y has the
distance 1. Put y € M and define ¢(y) as the only edge of the tree T, which coincides
with y. Evidently y satisfies case o) of lemma 1.

b) Do not let y lie on the path (g, ..., b), and let the order of y be 2 in T,. So y
occurs in one of the subsequences mentioned in a). Hence y satisfies case B) of lemma
1, because suitable t;, ¢;, must exist in the subsequence u;—y ,,_,(P)), ; 3, or a, (Z),
or (K), b, or x,(X~), or (X+), x.

¢) y=a or b and a or b do not coincide with Uy, OF Uy, . Consider the case
y = a. If (Z) is empty then put y e M, ¢(y) = (a, uo,;) and y satisfies case a) of
lemma 1, If (Z) is not empty, the vertex y fulfils case B) of lemma 1, because it
suffices to put ¢; = a', t;,; = u, ;. Analogous for y = b.

d) y = p;, where 1 < i £ k. Then y fulfils case B) of lemma 1, because it suffices
toput t; =u,_, . .t =p; '

e) y = U;m, Where m; = v;, 0 S i § k, 1 £ m; < n;. As m; + v;, a sequence
(Uim) or (U},,) occurs in the ordering (1). If this sequence is empty then there occur
on the ordering (1) closely succeeding Vertices u; ., Ui m,+1 OF U; g —1, Uim. Put
yeM and ¢(y) = (u; m» tim+1) OF @(¥) = (U; m,~15 Ui m,)- Evidently y satisfies case
@) of lemma 1. The sequence (Ui my) or (U}f,,,) being nonempty, it then suffices to put
b= Uiy Ligg = Uy gy OF t;=1U;p o =ul, and the vertex y satisfies
case B) of lemma 1.

It can be shown easily that ¢ isa 1—1 mapping of the set M in the set of edges of the
tree T,. So the assumptions of lemma 1 are fulfilled and T'is 2-(a, b)-orderable. How
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to obtain from the ordering (1) (Which is a 2-(a, b)-ordering of the tree Tp) a 2-(a, b)-
ordering of the tree T'is also described in lemma 1. The proof of the theorem is thus
finished.

Note. The sufficiency of the theorem can also be proved by induction with respect
to the number of vertices of the tree T. Note at first that every tree containing just two
vertices (and just vertices a, b) is 2-(a, b)-orderable. Further make an assumption that
every tree with less than n vertices, n = 3, satisfying assumptions of the theorem, is
2-(a, b)-orderable. Let T denote an arbitrary but fixed tree with n vertices, which
satisfies assumptions of the theorem. Let (g, ey, e, ..., €, b) be the path of the tree
T, k 2 0. By omitting the edge (a, e,) for k > 0 or edge (a, b) for k = 0 we obtain two
connected components of the tree 7, of which the one containing the vertex a is de-
noted as G° the other as G°. Let p denote the order of the vertex a in the tree T. Since
T satisfies the assumptions of the theorem, the graph G has the following form:
G® contains vertices a, aj, a3, ..., a}, a,, as, ..., a,-;, ¢ 2 0, and contains edges
(a, a1), (a1, @?), ..., (a8 %, ad), (a, a,), (a, a3), ..., (a, a,—,). Assume the sequence
(2): a,a},af,..., 4}, ..., a}, al, ay, ..., a,_; with respect to G°. For p=1 a G
contains only the vertex a and the corresponding sequence (2) is only a. Differentiate
in what follows two cases. ' ;

- Consider first that k = 0. Then let r be the order of the vertex b in the tree T. With
respect to the fact that T fulfils the assumptions of the theorem, G® has the following
form: it contains vertices b, by, bi, ..., b}, by, bs, ..., b,_;, t = 0, and contains edges
(b, b}), (b1, b), ..., (617", bY), (b, by).(b, b3), ..., (b, b,—;). Assume the sequence
(3): B,y by—z, -5 by, by, B3, .., B, ..., bY, b3, b with respect to G°. As T fulfils the
assumptions of the theorem, especially 3°, either p = 1 or r = 1, consequently (2), (3)
is a 2-(a, b)-ordering of the'tree T. A

Now consider k = 1. G? is a tree with smaller number of vertices than n.

Case a). When the order of e, is 2in T'then it is of order 1in G® and it can be easily
shown according to the induction-assumption that G® can be 2-(e,, b)-ordered. As the
distance of the last vertex of the sequence (2) from the vertex e, in the tree T'is at most
2, we can get a 2-(a, b)-ordering of the tree T when connecting the sequence (2) and
a 2-(ey, b)-ordering of the tree G” in the order mentioned.

Let T, have the same significance as in the theorem.

Case b). The order of the vertex e, is greater than 2 in Tbut at most 3 in T, and the
order of the vertex a equals 1 in T. Let f, f5, ---, f, be vertices of the tree G®, which
do not lie on a path (ey, ..., b) and are connected with e, by an edge. Further let
f1 € {T,}, when the order of e, is 3 in T,. Then the tree which we get from the tree G*
by omitting vertices f, f3, ..., f, can be 2-(f,, b) ordered with respect to the induction-
assumption. Note especially that the order of the vertex f; in T, is at most equal to 2
and further that the order of the vertex e, equals 2, in a tree constructed in this way.
As the order of the vertex a is 1 in T, G” contains only the vertex a and consequently a
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2-(a b)-ordering of the tree T can be obtained only by connecting the sequence
a,f5, f3, ..., f, and the 2-(f,, b)-ordering in the order mentioned.

Case c). Let the order of e, be greater than 2 in T'but at most 3 in T, and the order
of the vertex a be greater than 1 in T. The tree G is 2-(e;, b)-orderable according to the
induction-assumption. Notice especially that condition 3° is fulfilled, because the tree
Tfulfils it and the order of the vertex a in the tree T'and also the order of the vertex e,
in the tree G® are greater than 1. As the distance of the last vertex of sequence (2) from
the vertex e, is at most 2 in the tree T, we get a 2-(a, b)-ordering of the tree T when
we connect the sequence (2) and the 2-(e,, b)-ordering of the tree G” in the order men-
tioned.

Case d). Let the order of the vertex e, be 4 in Tp,. As T satisfies the assumptions of
the theorem, the order of the vertex a is 1 in T, so G° contains only the vertex a. Let
f1€{To} 0 {G*} and let (f,, e,) be an edge of G® not lying on the path (e, ..., b).
Then G® can be 2-(f,, b)-ordered because the order of f, is at most 2 in T, (and in the
tree G as well, which can be obtained from G® by omitting the vertices of order 1
except vertices f; and b) and further the existence of a vertex of order 2 in G® between
the vertex f, and the nearest vertex of order 4 in G or between the vertex f; and the
vertex b (in case the order of b is greater than 1 in G®) is guaranteed. A 2-(a, b)-
ordering of T can be obtained if we put the vertex a before the 2-( f1s b)-ordering of the
tree G.

Corollary. The tree T is 2-ordered iff the graph obtained from the tree T by
omitting all vertices of order 1 satisfies the following condition: either this graph
contains at most one vertex, or this graph is the tree T, in which

1’° vertices of order greater than 4 do not exist (in Ty),
2'° a path exists in Ty such that all vertices of order 3 and 4 (in Ty) lie on it,

3 between every two vertices of order 4 (in Ty) there lies at least one vertex of
order 2 (in T).

Proof of corollary. Note at first that the graph constructed from the tree T by
omitting all vertices of order 1 may not be a tree, because it may contain just one
vertex, or it may not contain any vertex, so according to the definition it is not a tree
which has to contain at least two vertices. Therefore the necessity of the corollary
follows immediately either from this note, or from the definition of a 2-ordering and
from the above mentioned theorem.

We shall show the sufficiency. Assume at first a graph containing at most one vertex.
Then it was obtained by means of the construction mentioned in the corollary solely
from the tree containing the vertices xo, Xy, --., X,, (n = 1) and the edges (xo, x;),
(x5 X2); ---» (X0, X,). Such tree can be 2-ordered for example in this way: xo, X,,
X2y anny Xpe o

Let a tree T be given which satisfies 1'°, 2"° and 3"° mentioned in the corollary.
Denote as (#1, 43, ..., 4,) a path, the existence of which is given in 2°, (n 2 2).
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Choose a path (vy, ..., ,,) of the tree Ty such that it contains a path (u,, ..., u,) and
the order of vertices v; and v,, in Ty is 1. Choose a path (wy, ..., w,) in T'such that it
may contain a path (vy, ..., v,) and the order of vertices w, and w, may equal 1 in T.
Note that in certain cases v, = u; or v, = u,. Construct the tree T, from the tree Ty in
such a way that we add to the tree Ty those vertices and edges of the path (w,, ..., w,)
which are not yet contained in Ty. It is obvious that T, can also be obtained if we omit
all vertices of order 1 of the tree T with the exception of vertices w; and w,.

We shall show that T, fulfils conditions 1°, 2° and 3° of the theorem when we put w,
and w, instead of a and b and when the tree T, satisfies conditions 1°, 2" and 3"
mentioned in the corollary.

The tree T; does not contain a vertex of order greater than 4 (in Tg) and the tree T,
can be constructed from Ty so that we add edges (w,, v;) and (w,, v,) to T;. Con-
sequently except for vertices wy, w,, the order of which equals 1 (in T,) and except for
vertices v,, v, the order of which is 2 (in Ty), the order of the other vertices is the same
in T; and even in Ty, so that T, fulfils condition 1° of the theorem.

Consider the path (wj, ..., w,) of the tree T;. According to it$ construction all ver-
tices of order 3 and 4 (in Ty) are lying on it. Then these vertices of order 3 and 4 (in T,)
must be inner vertices of the path (w;, ..., w,), because the order w, and w, in'T,
equals 1. _ oo :

As condition 3° of the corollary is fulfilled for the tree Ty, between every two ver-
tices of order 4 (in T,) there lies at least one vertex of order2 (in T). This is an imme-
diate consequence of the fact that insofar as the order of vertices in T, differ from the
order of vertices in T, then the difference must be in vertices w;, v4, v,,, w, the order of
none of which can be greater than 2 either in T; or in T,,. The order of the vertices wy -
and w, is 1 in T according to their construction. So the tree T, fulfils condition 3° as
well.

If we put in the theorem a = w,, and b = w,, it can be easily seen that the
tree T, satisfies condi- '
tions 1°, 2° and 3° men-
tioned in this theo-
rem, so there exists a
2-(wy,w,)-ordering  of
the tree T, and con-
sequently T is 2-order-
able.

The question arises
under what conditions
a general graph is 2~(a,
b)-orderable or only 2-
orderable. I shall deal
with this question in my
following paper.
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The proof of M. SEKANINA [2] makes full use of the fact that instead of 3-ordering of
general finite connected graph, it is possible to look only for 3-ordering of a certain
skeleton of this graph. An analogous process referring to a 2-ordering is not possible,
because a graph on fig. 11 can be 2-ordered (i. g. s, a;, a,, a3, gy, t, by, by, by, by,
CisvevsCas gy oeey Ayy @1y ooy €43 fas eoes f15 15 - Gas Bas .., hy) Whereas no skeleton
of it is 2-orderable. Indeed, in order to obtain a skeleton of the graph on fig. 11, it
is necessary to omit one edge on every path connecting vertices s and ¢ except for
just one path (without any loss of generality this path is (s, hy, h3, h3, hy, t)). In the
opposite case this skeleton would either contain a circle or it would not be con-
nected, which is impossible. Whatever way we omit one edge from each of the paths
(s, a5, a3, a3, G4, 1), (S, byy ovvy bys 1), <oy (S, 15 .- 94, 1), We always obtain a skeleton
in which either the vertex s or the vertex ¢ will have the property that from it will issue
at least five mutually disjunct paths having a length of at least 2. If in this skeleton we
omit all vertices of order 1, we can see that in the tree constructed in this way either
the order of the vertex s or of the vertex ¢ is at least 5, so according to the corollary the
skeleton is not 2-orderable.

" ) References

B

[1]1 Berge Claude: Théorie des graphes et ses applications. Russian translation, Moscow 1962.

[2] Sekanina Milan: On an Ordering of the Set of Vertices of a Connected Graph. Publ. Fac. Sci.
Univ. Brno, Tchécoslovaquie, No 412 (1960), 137 —142.

[31 Sekanina Milan: On an Ordering of the Vertices of Graphs. Cas. pro pést. matematiky, 88
(1963), 265—282.

Vytah
O JISTEM USPORADANI UZLU STROMU

F. NEUMAN, Brno

V préci jsou dokdzdna tato ‘tvrzeni.

Véta. Necht T je koneCny strom, a, b dva jeho rizné uzly. MnoZina uzld stromu T
miZe byt uspofdddna do prosté posloupnosti a = t, t,, ..., 1, = b takové, Ze
u(ts, tisy) S 2 proi = 1,...,s — 1, tehdy a jen tehdy, kdyZ pro podstrom T, ktery
obdrZime ze stromu T odebrdnim koncovych uzld s vyjimkou uzld a a b, plati:

3

1° ¥4d vSech uzld je nejvys roven 4 (v Ty),
2° uzly tddu3 a4 (v T,) se vyskytuji pouze uvnitf cesty spojujici a a b,
3° mezi dvéma uzly fddu 4 (v T,) existuje alespoii jeden uzel ¥adu 2 (v T). R4d

tvxr

uzlu a je 1 (v T) nebo existuje uzel ¥ddu 2 (v T) mezi a a nejbliZfim uzlem fddu 4

(v T;). Podobné pro b. Kdyz soudasn& ¥4d uzlu a i uzlu b je vétsi nez 1(v T), pak mezi
nimi existuje alespofi jeden uzel ¥adu 2 (v T).
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Diisledek. MnoZinu vrcholi koneéného stromu T Ize uspofddat do prosté posloup-
nosti ty, t,, ..., Is tak, Ze ;z(ti, tiﬂ) < 2proi=1,..., s — 1, tehdy a jen tehdy, kdyZ
pro podstrom T, (prézdny strom a strom obsahujici jeden uzel je nyni dovolen), ktery
dostaneme ze stromu T vynechdnim koncovych uzld, plati:

™

1'° ¥4d viech uzld T, je nejvyse 4 (v T,),
2'° v T, existuje cesta, na které leZi vSechny uzly ¥ddu3 a4 (v Ty),
3’ mezi kazdymi dv&ma uzly ¥ddu 4 (v T3) existuje uzel f¥adu 2 (v T).

Pe3romMme

ObF OHOM VIIOPAOOYEHWU BEPIIVUH IOEPEBA
®. HEIMAH, Bpro

B pabore moxazaHo:

Teopema. ITycTs T — KOHEYHOE JEPEBO, @ H b — €ro pasiMuHble BepIIMHEL. MHO-
XKECTBO BeplIMH nepeBa T MOXHO YHOPSHOYMTH B IPOCTYIO IOCIENOBATENLHOCTH
a=ty,ty,..t,=>b Takyr, 9ro p(t,t;,,) <2 wu i=12,..,s — 1, Torsa
E TOJBKO TOIJa, eCIM monmepeBo Tj, KOTOPOE MBI IONYIUM YAAJECHHEM BHCSYHX
BepmmH fepeBa T 3a WCKITIOYEHHEM BEPILKH a, b, YIOBIETBOPAET CIEAYIOWUM YCIO-
BHAM:

1. crenens Beex BepuwH nepesa T He Goxee 4 (B Tl),

2. BepUIMHEL cTemerd 3 H 4 (B T,) TIOSBJILIOTCS TOJBHKO BHYTPH NIPOCTOH IEmH,
CBSI3BIBAIOILEH BEPINMHLL @ H b,

3. Mexay XaXIObIMH JBYMS BepIIMHAMHE CTENCHH 4 (B Tl) CYIIECTBYET IO KpaiHeH
Mepe ofHa BepumHa crenerr 2 (B T). Cremens Bepuminsl a paspa 1 (8 T), wm cy-
ImectByet Bepumua creneHH 2 (B T) Mexxy a u Gmuxaifmell BepUIMHON CTeneHH
4 (8 Ty). Ananormuno mua b. Eci oiHOBpeMeRHO cTenery a 1 b 6oxpwe 1 (8 T), To
MeX[Iy a ¥ b CyIecTByeT o/lHa BEPIINHA CTEIEHH 2 (B, T).

Cnencreme. MHOXECTBO BepIIMH KOHEYHOro jepeBa T MOXHO YIODAIOYHTE
B INPOCTYIO IOCIEOOBATEIBLHOCTB Iy, Iy, ..., I, TaK, 4YTO ,u(ti, tiﬂ) <2 g i=
=1,2,...,8 — 1, Torga ¥ TOJBKO TOIja, ecim s mopnepeBa T, (HyCToe H OOHY
BEpLIMHY COepXallee JePeBO 3/1ECh NONMYCKAeTCs), KOTOPOe MBI OIYIHM K3 Jepe-
Ba T yOaNeHWeM BHCSYMX BEDLIMH, BHIIOIHEHO: :

1. cTenens Bcex Bepunan Jepesa T, He Gonee 4 (8 T),

2. B T, CyWECTBYeT LENb, Ha KOTOPOH HAXOASATCS BCE BEPIUMHBI CTENEHH 3 U
4 (3 Ty), . ' | '

3. MexAy KaXIbIMHU JIByMs BepLIMHAMH cTeneHu 4 (B T,) CyLIECTBYeT BEpUIMHA
crenenu 2 (B T).
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