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ON A GRAPH THEORY PROBLEM OF M. KOMAN

DraGgo$ M. CvetkoviC, Beograd
(Received September 30, 1971)

We consider only finite undirected graphs without loops or multiple edges.

Let G be a graph with vertices numbered by 1, ..., s. A walk of length k in G is
a sequence iy, ..., iy of vertices with i; and i;,, adjacent for every j = 1,..., k.
The adjacency matrix A of the graph G is defined by 4 = |[a;;||3, where a;; is equal
to the number of edges connecting the vertex i with the vertex j. It is known that the
element at the place (i, j) of matrix A4* is equal to the number of walks of length k
leading from the vertex i to the vertex j [1], p. 124. ‘

Let B = {B,, ..., B} be a set of n-tuples By = (Byy, ..., Bru)s £ = 1,..., q of the
numbers 0 and 1 not containing n-tuple (0,...,0). NEPS (incomplete extended
p-sum of graphs [2]) with the basis B of graphs Gy, ..., G, is the graph G = g 4(G,, ...
...» G,), whose set of vertices is equal to the Cartesian product of the sets of vertices
of graphs Gy, ..., G, and in which two vertices (py, ..., p,) and (qy, ..., q,) are
adjacent if and only if there is an n-tuple (B4, ... ﬁf,,), in B, such that p; = g;
exactly when B,; = 0 and p; is adjacent to g; in G; exactly when f,; = 1.

We shall now deduce a relation between the numbers of walks in G, ..., G, and
the number of walks in g4(Gy, ..., G,); this relation is a little more precise than the
corresponding ones in [3] and [2].

Let the vertices in every graph G,, ..., G, be ordered (numbered). We shall give the
lexicographic order to the vertices of NEPS (representing the ordered n-tuples of
vertices of graphs Gy, ..., G,) and we shall form adjacency matrix & of NEPS
according to this ordering.

If A,,..., A, are the adjacency matrices of graphs G,, ..., G,, the adjacency
matrix of gg(Gy, ..., G,) is given by

q
(1) A=Y M. @A,
f=

1

where ® denotes Kronecker’s multiplication of matrices [2].
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Let B, = A5 ® ... ® A%, f = 1,..., q. Then

!
V)] A* =By +...+B) =} —~—’i——-B’;...B;~=
S1,0e.,5g Si! Sq!

=Y K —Al®..® Ak

S1ye00,8g 81' Sq
where the sum is taken over all ordered partitions (compositions) of the number k

q
and where I, = Y Bpis, (i = 1,...,n).
f=1

Let x and y be two vertices of the graph to which a square matrix Z of the order
equal to the number of vertices corresponds. (Z), , denotes the element of Z from
the row corresponding to x and the column corresponding to y.

According to (2) we have

k!
—_T (All)xx,m s (A'lln)xmyn ¢
q°

+»Sq sl'

’(3) (dk)(xx ..... xu),(yl,-..,yn; o Z

Let N{s,....x).01.....2ny e the number of walks of length k in NEPS leading from
the vertex (x,, ..., x,) to the vertex (s, ..., y,) and 'N% o i =1,..., n the numbers

of walks of length k in G, leading from x; to y;. Relation (3) can be written in the
following way:

k!
k _ - M ¥ V201 L
(4) N(xx ©¥n)s(P1seeeayn) T Z 1 1 Nxx,yx Nx,:..yn
S1,..055¢ S% .. Sq.

According to [4] we can deduce that the numbers ‘N¥

x.,y: are of the form

(5) ‘N-,;i B4 Z J!Cxi Yi Jl ’

where ;tcx;,yn i)»,-‘ are real numbers and b, nonnegative integers.
Substituting (S) into (4) we get

k k! Ll o i
{6) N("l""»"'-)-(yx,...,yn) = Z — Z 31Cxi yxllji . Z inC A =

1 1 . Xns¥n “Jn
S1y000s5g Sl. ese Sq. Jj1=0 jn=0
q
. | 2 ﬂﬂ 1 3 Bynsy
= 1 n k! 197= nyf=1 _
}121' hcxn.yx }..Cx..,yn Z /1“ Aj.. -
seeerdin

S15ee0sSq Sl! Sq!

q
= Z ;lcxly"l e ;ucxm)'n Z :[__-.[ (1'{7{‘ te "'1‘}:,-")5! =

Jiseeesin S120esSq 51'
= 1 118 Brn\k
Z jxcxh)'l ce "ncxnuy'l( Z A’j{l ce nljr’- ) 2
J1seeesin fﬂl
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where Y denotes the sum over all n-tuples j,, ..., j, for which 0 £ j; £ b;, i =
J1sene sin
= 1,..., n holds.

Adding up relation (6) for all pairs of vertices in a NEPS we get the result of [3],
i.e. of [2].

The number of walks of length k joining two given vertices in the graph G (G to be
defined below) is determined in [5]. Vertices of G are all n-tuples (p, ..., p,), where
1£p;sr, i=1,..,n Two vertices are adjacent if and only if they differ in
exactly one coordinate (in [5] directed graphs are treated but the above formulation
using undirected graphs is equivalent). We shall extend obtained results to the graph
of a somewhat more general form and we shall use a method different from that in [5].

NEPS with the basis containing all possible n-tuples having exactly one 1 is called
the sum of graphs. The above described graph G can be represented as the sum of
graphs K, , ..., K, , where K, denotes the complete graph with r vertices. We shall
consider an arbitrary NEPS of the mentioned complete graphs and we shall determine
the number of walks of length k joining two given vertices of NEPS.

Primarily, we shall find the expressions for the number of walks of length k in
a complete graph. Due to the symmetry, we shall distinguish only two case: 1°(2°) the
first and the last vertex of the walk are (are not) identical.

Let a complete graph with r vertices be given. The number of all walks of length k
is, obviously, equal to r(r — 1)*. The set of eigenvalues of the adjacency matrix of the
graph contains the number r — 1 as well as r — 1 numbers equal to — 1. The number
of all walks of length k starting and terminating at the same vertex is equal to the
trace of the matrix 4%, i.e., to (¥ — 1)¥ + (r — 1) (—1)*. The number of all walks of
length k joining two non-identical vertices is then r(r — 1)* — [(r — 1)* + (r — 1).
A=) = (-1 (- 1)* = (r — 1)(—1)* The number of walks starting and ter-
minating at the given vertex is equal to (r — 1)¥/r + (r — 1) (—1)*/r and the number
of walks starting at the given vertex and terminating at the other given vertex is equal
to (r — 1)¥/r — (—1)*/r. The number of walks starting at the vertex i and terminating
at the vertex j can be, in general, expressed by

) Noy =~ [(r = 1 + (8 = D (=11,

where J;; denotes Kronecker’s §-symbol.

Let G, = K,, (r; 2 2) and let p, and g, be two vertices of G,, for every i. Then

i 1 q j .
(8) N:Mt = : Zo(riaptq: - 1)“ (ri -1- rl]i)k .

i 1=

The number of walks of length k starting at (py, ..., p,) and terminating at
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(41 - 4,) in gg(K,,, ..., K,)) is then
©) N

- (P1yeeesPn) (@150 sgn) —

= (o)t L [T ~ 1)1*].[@1 i[:]l(r,._ L= rj o,

Jiseesdn i=1

.

where (jy, ..., j,) ranges over the set {0, 1}".
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