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ON THE LATTICE GROUP VALUED MEASURES

BELOSLAV RIECAN, Bratislava
(Received July 7, 1975) .

In the paper we study some properties of non-negative lattice group valued
measures on topological spaces. Naturally enough, this group is assumed to satisfy
a certain regularity condition. Therefore, the first part is devoted to this condition,
a generalization of the Alexandroff theorem being proved here. The second part is
concerned with the product of measures and the third one with the Kolmogoroff
consistency theorem. '

1

Let G be an Abelian lattice ordered group, i.e. and Abelian group which is a lattice
and which satisfies the implication: x < y = x + z < y + z. A group valued sub-
measure u is a mapping u : £ — G, where Z is a ring of subsets of a space X, non-
decreasing, subadditive, p(9) = 0 and upper semicontinuous in @ (ie. 4, \ 0 =
= p(A4,) ~ 0). An additive submeasure is called measure. (Of course, every measure
is o-additive.)

Definition 1. An Abelian lattice ordered group G is weakly regular*) if it satisfies
the following condition: Let a€ G, @ > O and let a; \ O (i » ), then there are
such iy, i,, ... that

n
a<yay
i=1
for no n.

As an example of a weakly regular group let us take the additive group R of all
real numbers. In this case it suffices to choose i, such that -

*) We say “weakly” since there is a stronger notion of regularity used in [5].
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Then

for some n implies

which is impossible.
Now let us present two less trivial examples.

Example 1. Every linearly ordered group is weakly regular. First we construct
the sequence {i;},2;. Since aj \ O (i > o), it is also 2a] = a} + a] \ O, hence
there is i; such that 2a}' < a . Similarly there is i, such that 4a3 < a and generally

n
there is ig such that 2Yaj* < a.If a < Y a¥ then
=1

2"a £ 2"al + 2"a%2 + ... + 2"ai" =
=2""12a} +2""22%% + ...+ 1.2%}r <
<24+ %+.. +1.a=("-1)a,

which is impossible.

Example 2. Every regular K-space is a weakly regular group. A regular K-space
(see [6] Th. VI.5.2) is a linear semiordered space (= Riesz space = K-lineal) which
is relatively complete and such that every sequence of convergent sequences has

_ a common regulator of convergence. If b, \» O, then u > O is a regulator of con-
vergence of {b,};; iff to any number & > 0 there is n, such that b, < eu for every
n = no. Hence b, \ O is false iff to any u > O there is ¢ > 0 such that for any n,
there is n 2 n, such that b, < eu is false. Now let @) ~ O (i > 0, n = 1,2,...)
and let u be the common regulator of convergence of all {al}2,, n=1,2,....
Given & > 0 there is i, such that

in

€
e < —u.

2’l
If
no no &
a=Ya/<Y —u<eu
j=1 =12
then a < eu for every ¢ < 0 which is a contradiction since a > 0.
In the paper we shall consider only regular measures.

Definition 2. Let € be a family of subsets of a set X. We say that € is a compact
family if € is closed under finite intersections and every decreasing sequence of
non-empty sets of ¥ has a non-empty intersection.
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Definition 3. Let £ be a ring of subsets of a set X, ¥ = #, € a compact family.
Let u : # - G be a lattice group valued submeasure. We say that u is inner regular
if to any Ec % there are such sets C,e¥ (n =1,2,...) that C,< C,y,y < E
(n=1,2,...) and

WE—-C)NO.

The following theorem is a generalization of the Alexandroff theorem. Various
other generalizations in the real-valued case are found in [4]

Theorem 1. Let G be weakly regular, o-complete,*) Abelian lattice-ordered
group. Let X be a topological space, & a ring of subsets of X. Let u: 4% — G,
#(@) = O be monotone, subadditive and inner regular. Then p is upper semicon-
tinuous in 0.

Proof. Let 4, \ 0 (ie. 4,2 4,44 (n =1,2,...) and N 4, = 0). We want to
n=1

prove that p(A,,) N O. Let us prove it indirectly. Since G is o-complete, there is
a > O such that u(A4,) = a. Since pu is inner regular, to any n there are C,e %
(i=1,2,...) such that

Ci,cCi*t'c 4, (i=1,2..)
and
w4, — C) N0 (i—> o).
Put
an = W(4), @ = p(4, - C)
and choose iy, i, ... by Definition, 1. Now put

D, =Ch D,=C:nCh .. ,D,=CrAaCin..nCh ...

Then D,e¥, D,> D,,, (n=1,2,...). We prove that D, + 0 (n =1,2,...):
If D, = 0, then

@ 5 Wa) S (UL - v (N Ch) s

A

n n n

2 A ~ Cf) + uD,) = 3 w4, ~ C7) =j210}’
J= j= =
which is impossible.

[+ o]
Since D, © Dy41, D, €%, D, + 9(n = 1.2,...), we have D, * 0. But D, < 4,
n=1

[}
(n =1,2,...), hence also N A4, + 9, which is a contradiction.

n=1
*) ILe. every bounded countable set has the supremum.
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2

Now -we want to prove a theorem on the product of two measures. Usually the
product of two measures u, v is defined as such a measure A in the cartesian product
that ° L -

ME x F) = u(E) W(F)

for all E, F from the corresponding domains. However, in our general group G we
need not have any product. Hence we shall assume that there are given three groups
Gl, G,, G and a mappmg ’

"n:G x Gy, G
satisfying some conditions. We shall need the following three simple conditions:

1. n{a + b, ¢) = n(a; c) + n(b, c), n(a b'+c)—n(a b') + n(a’, ¢') for all
a,b,a’ €Gy, ¢, b,c Gy

2.Ifaz0,b20,acG, beG,, then n(a, b) 2
3ifa,~0,b,\0,a,eG, beG, (n=1,2,.. )thenn(a,,,b)\.o

Theorem 2. Let #, or R, be rings of subsets of X, or X, respectively. Let
n:R; > Gy, v: R, > G, be inner regular measures. Let G be weakly regular,
g-complete, Abelian, lattice-ordered group. Then there is exactly one G-valued
measure A defined on the ring R generated by the famzly 2 ={ExF;Ec®,,
F e R,} and such that

ME x F) = bn(p(E), v(F))
forall E€c R, Fe R,. o

Proof. Define first 4, : 9 — G by the formula o(E x F) = n(u(E), v(F)). Evi-
dently 4, is additive, monotone, 1(@) = O. Hence we can extend 4, to a function
A: R — G by the formula

A(iglAi) - igl%O(A i)

where A4; are disjoint sets from 2 (i = 1, ..., n). The function 1 is also additive, non-
negative (and therefore monotone and subadditive). It suffices to prove that 4 is
upper semicontinuous in §. '

* Let'¥,, €, be compact families of subsets of X, or X 2 respectlvely Let € consist
of all finite unions of sets of the form CxD where Ce¥,,De¥%, Then¥isa com-
pact family. :

Now let Ae®. Then 4 = J 4; = Y (E; x F,), where A are pairwise disjoint.
.=t =1 '
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Since E; € %, and p is inner regular, there are C; € C; (n = 1, 2,...) such that
CleC*'cE (n=12..)
and '
HE: = C) N0 (n— o).
Similarly there are D} € €, (n = 1, 2, ...) such that

DicDi*'cF, (n=12..)
and
WF; = D)) n 0 (n— ).

By the third property of = we have
 MA;i = Cf x D) = M(E; x F)) = (C] x D})) <
< n(u(E; — C}), w(Fy)) + n(u(E)), (F; — D})) n O (n—> ).
Put K, = U(C! x D})(n=1,2,...). Then K, €%, K, < K,,;, cA(n=1,2,..)
i=1 :
and

M4 -K,) = A(QlA,- - QI(C? x D})) =

=AU -CxD)=Y MA4;—C; x D) O
i=1 i=1
if n — oo. Hence 4 is regular and the proof is complete.

Remark. A special case of Theorem 2 is Theorem 2 in [3].

3

Let {X,}.r be a family of topological spaces. Denote by I' the set of all finite
subsets of T. For any aeI' put X, = X X,. If «, e I', « > B then n,; denotes the

tea .
projection 7, : X, = X,. Every X, is a topological space with the product topology
and every m,g is a continuous mapping. Let G be a weakly regular Abelian l-group.
Now we shall assume that we are given a consistent family of inner regular G-valued
measures {/,}.,- Of course, regularity is taken with respect to the compact family
of compact subsets of the corresponding space. Hence for every a > B and every
E € R, (R, is the domain of ug) we have

Tap (E) € Ry polmay (E) = py(E)
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In this case the projective limit of the projective system (X,, R, Hy Tqp) is
(x, R, p, n,), where X = X X,, n, is the projection m,: X — X,, # = {n;'(E);

teT
EeR,, aeT}, y(A) = p(n;*(E)) = p,(E). It is not difficult to prove that the defini-
tion of y is correct (4 does not depend on the choice of ), # is a ring and that
is additive, monotone, #(0) = 0. The only problem is whether p is a-addltlve ie.
whether

x, &, n,n,)

is the projective limit of the system in the category of measure spaces (see [1], [2]).

Theorem 3. Let G be a weakly regular, a-complete, Abelian l-group. The func-
tion p defined above is a measure and (X, ®, u, m,) is the projective limit in the
category of measure spaces.

Proof. To prove that u is g-additive it suffices to prove that u is upper semicon-
tinuous in 0. Let €, denote the family of all compact sets in X,. Put
= {n; "(E); E€ %, ael}.
Evidently u is inner regular with respect to €. We prove that % is a compact family.
Let C,e¥, C,2Chyy, C,+0 (n=1,2,..). Then C,=n_'(D,), D,€%,,

(n=1,2,...). The set |J a, is countable. Put

n=1

o0
Uay = {ts, 1,13, ...} .

n=1
Consider the sequence

{“frx)(cn)}f =1-

If t, ¢ a,, then n,4(C,) = X,,. If t; € a,, then {t,} < a,, hence

“(tx)(cn) = Tt(,l}n;l(Dn) = "a..(u)(Dn)
and this is a compact subset of X:,. Moreover, the sequence {n,,(C,)},2; is de-
creasing, therefore .

Oln{h)(cn) +0.

Denote by x{, an element of () 74(C,) and repeat the procedure with the second

n=1

coordinate ?,:
E" = ﬂ{tz)(cn N n{‘;:l}({x?x})) :

Then E, > E, ., E, is closed (n = 1> 2, ...) and E, is compact if't, € ,. Hence
© i

NE, 0.
n=1
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@
Denote by x{, an element of ) E,. Repeating this procedure we obtain a sequence

n=1

(1] (1] 0
Xegs Xpps vons Xgps oo

such that

o © k-1

xik € nlﬂ(:,‘)(cu n‘nln{—'il)({x?i})) ’ k = 1’ 2’ tee
n= =
hence to any n there is x € C, such that
Xy = Xgpy Xep = Xy oeey Xy = X0 .
Define x° by the following formula:
(x°), = x?, if teUa,

(x°), = an arbitrary element of X, if t ¢ U, .

(-]
Now we assert that x° e ) C,.

n=1
Take arbitrary n and k such that o, = {t,, ..., t}. We know that there is xe C,
such that

_ 0 _ .0 _ L0
Xey = Xppp Xpy = Xpgy voey Xgo = Xy

Put a, = {t;,, ..., t;,}. Since x € C,, 7, (x) € D,, hence
(xt; oo X0, ) = Xy 0s X, JED, .

But it follows that =, (x°) € D,, i.e. x° e 7, *(D,) = C,,.

We have proved that € is a compact system. By Theorem 1 u is upper continuous
in 0, i.e. u is a measure.
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