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DOMATICALLY COCRITICAL GRAPHS

BOHDAN ZELINKA, Liberec

(Received November 30, 1981)

In this paper we shall present some results on graphs which are cocritical with
respect to the domatic number. We consider finite undirected graphs without loops
and multiple edges.

A dominating set in a graph G is a subset D of the vertex set ¥(G) of G with the
property that to each vertex x € V(G) — D there exists a vertex y € D adjacent to x.
A partition of V(G), all of whose classes are dominating sets in G, is called a domatic
partition of G. The maximum number of classes of a domatic partition of G is called
the domatic number of G and denoted by d(G). This concept was introduced by E. J.
Cockayne and S. T. Hedetniemi [1]. It is a well-defined concept, because for every
graph there exists at least one domatic partition, namely, the partition consisting
of one class.

A graph G is called domaticaly cocritical, if any graph obtained from G by joining
a pair of its non-adjacent vertices by an edge has the domatic number greater than
that of G. The investigation of domatically cocritica! graphs was suggested by the
author of this paper at the Czechoslovak Conference on Graph Theory in Pardubice
in 1980.

Note that any complete graph fulfils the condition of the definition trivially;
it includes no pairs of non-adjacent vertices. Hence complete graphs will be also
considered as domatically cocritical graphs.

A graph G is called domatically full, if d(G) = &(G) + 1, where §(G) is the mini-
mum degree of a vertex of G. (This concept was introduced by the authors of [1]
who have also proved that d(G) < §(G) + 1 for every graph G.)

Theorem 1. Let G be a finite non-complete undirected graph. Then the following
two assertions are equivalent:

(i) G is simultaneously domatically full and domatically cocritical and its domatic
number is d.

(ii) G is obtained from a complete graph K, with n vertices, where n 2 d, by adding
a new vertex and joining it by edges with exactly d — 1 vertices of K,,.
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Proof. (i) = (ii). Let G be domatically full and domatically cocritical. As it is
domatically full, there exists a vertex u of G of the degiee d — 1, where d is the
domatic number of G. Suppose that there exist vertices v, w of V(G) — {u} which
are not adjacent. Then by joining v with w by an edge we obtain a graph G’ in which u
has also the degree d — 1. Therefore E(G’) <d-1land d(G’) < d, which is a contra-
diction with the assumption that G is domatically cocritical. Hence the subgraph of G
induced by the set V(G) — {u} must be a complete graph. As the degree of uisd — 1,
it is adjacent to exactly d — 1 vertices of this subgraph.

(ii) = (i) Let G fulfil (ii). Let vy, ..., v, be the vertices of K,, let u be the newly
added vertex and let u be adjacent to all the vertices v; for i = 1,...,d — 1. The
sets {v;}, ..., {va=1}, {4, 04 ..., v,} are dominating sets in G which are pairwise
disjoint, therefore they form a domatic partition of G with d classes. As the degree
of u is d — 1, the domatic number of G is equal to d. Each pair of non-adjacent
vertices in G consists of the vertex u and one of the vertices v,, ..., v,. Let k be an
integer, d < k < n, let G, be the graph obtained from G by joining the vertices u, v
by an edge. Then the sets {v;}, ..., {v,-1}, {ts}, V(G) — {vy, ..., va—1, v} are domi-
nating sets in G,, they are pairwise disjoint and their union is ¥(G). Hence they form
a domatic partition of G, with d + 1 classes and d(G,) = d + 1 > d(G). As k was
chosen arbitrarily, the graph G is domatically cocritical. As the degree of uisd — 1,
this graph is also domatically full.

Corollary 1. A graph with the domatic number 1 is domatically cocritical if and
only if it consists of two connected components, one of which is formed by an
isolated vertex and the other is a complete graph.

Proof. It was proved by E. J. Cockayne and S. T. Hedetniemi that every graph
with the domatic number 1 contains an isolated vertex, i.e. it is domatically full.
Thus the assertion follows immediately from Theorem 1.

Proposition 1. Let G be a domatically cocritical graph, let u, v be non-adjacent
vertices of G, let G’ be the graph obtained from G by joining u with v by an edge.
Then d(G') = d(G) + 1 and every domatic partition @ of G’ with d(G’) classes has
the property that the vertices u, v belong to different classes of 2.

Proof. As G is domatically cocritical, d(G’) > d(G). Suppose that d(G') = d(G) +
+ 2. Then there exists a domatic partition 2, of G’ with d(G) + 2 classes. (Note
that from each domatic partition we can obtain domatic partitions of smaller
cardinalities by taking unions of some classes.) Among the classes of 2, there are
at least d(G) classes which contain neither u nor v; they are dominating sets in both G’
and G. The union of the class containing u with the class containing v is also a do-
minating set in G, therefore there exists a domatic partition of G with d(G) + 1 classes,
which is a contradiction. Theretore d(G’) = d(G) + 1. Now let 2 be a domatic
partition of G’ with d(G) + 1 classes. Suppose that u, v belong to the same class C
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of 2. Then C, being dominating in G’, is dominating also in G and so are other classes
of 92, therefore 2 is a domatic partition of G, too, which is a contradiction.

A graph G is called domatically critical, if for any graph G’ obtained from G by
deleting an edge, d(G’) < d(G) holds.

Theorem 2. Let G be a finite non-complete undirected graph. Then the following
two conditions are equivalent:

(i) G is obtained from a complete graph K,, where n = 3, by deleting an edge;
(il) G is simultaneously domatically critical and domatically cocritical.

Proof. (i) = (ii). Let G be obtained from a complete graph K, by deleting an edge,
n = 3. Letu,, ..., u, be the vertices of G and let u,, u, be non-adjacent in G. The sets
{uy, us}, {us}, ..., {u,} form a domatic partition of G with n — 1 classes, therefore
d(G) = n — 1. It cannot be greater; otherwise each one-element subset of V(G)
would have to be dominating, which is not true. Therefore d(G) = n — 1. Let G’ be
a graph obtained from G by deleting an edge. Then in G’ at least three vertices have
degrees less than n — 1 and the one-element sets formed by these vertices are not
dominating in G. Therefore in each domatic partition of G’ at most n — 3 classes
may have the cardinality 1. As the sum of cardinalities of all classes is n, the number
of classes cannot be greater than n — 2 and d(G’) < n — 2 < d(G) and G is doma-
tically critical. The unique edge which can be added to G is u,u,; after adding it
a complete graph with n vertices is obtained and its domatic number is n > d(G).
The graph G is domatically cocritical.

(ii) = (i). Let G be simultaneously domatically critical and domatically cocritical.
Suppose that (i) does not hold, i.e. thatin G there are at least two pairs of non-
-adjacent vertices. Let {u, v} be one of them. Let G’ be the graph obtained from G by
adding the edge uv. According to Proposition 1 the graph G’ has the domatic number
d(G) + 1 and any domatic partition of G’ with d(G) + 1 classes has the property
that u, v belong to its different classes. Thuslet 2 = {Dy, ..., D,,,}, where d = d(G),
be a domatic partition of G’; without loss of generality let ue D, ve D, . If we
denote D} = D;fori = 1,...,d — land D} = D, U Dy, then 9* = {D7, ..., D]}
is a domatic pattition of G with d classes. As 2 isa domatic partition of G’, any vertex
of V(G) — Dj is adjacent to at least one vertex of D, and to at least one vertex of
D, 4, hence to at least two vertices of D}. Now let {x, y} be a pair of non-adjacent
vertices of G different from the pair {u,v}. No two vertices of D ate adjacent;
otherwise in the graph obtained from G by deleting the edge joining them, D* would
be also a domatic partition and the domatic number of this graph would be d(G),
which would be a contradiction with the domatic criticality of G. Thus the vertices
of D} are adjacent only to vertices of the classes Dy, ..., D,_,. If some vertex of D}
is adjacent to only one veitex of any one of the classes D, ..., D,_,, then its
degree is d — 1 and the graph G is domatically full and has the structure described
in Theorem 1. As there are at least two pairs of non-adjacent vertices in G, we
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have |V(G)| 2 d + 2. One of the sets ¥(G) — {u}, ¥(G) — {v} induces a complete
subgraph of G; without loss of generality let it be ¥(G) — {u}. Then u is the vertex of
the degree d — 1 and one of the vertices x, y coincides with u; without loss of gene-
rality let y = u. Then v and x, being both in ¥(G) — {u}, are adjacent to one ano-
ther and none of them is adjacent to u. If we delete the edge vx from G, we obtain
a graph which has evidently the domatic number d, hence G is not domatically
critical, which is a contradiction. Now suppose that there exists a vertex a € D} which
is adjacent to at least two vertices of some of the sets D, ..., D,_; without loss of
generality let this set be D,. Let b, ¢ be two vertices of D, adjacent to a. As
Df = Dyu D,y and D,n Dy, = 0, assume without loss of generality that
a€ D, As 2 is a domatic partition of G’, the vertex ¢ must be adjacent to a vertex
fe Dy, thus to a vertex of D} different from a. If we delete the edge ac from G,
then we obtain a graph in which 2* is a domatic partition, because c is adjacent to
f€ D, and a is adjacent to b € D, and the adjacency of other pairs of vertices remains
unchanged. This is again a contradiction with the assumption that G is domatically
critical. We have proved that (i) must hold.

The Zykov sum G; @ G, of two vertex-disjoint graphs G,, G, is the graph obtained
from these graphs by joining each vertex of G, with each vertex of G, by an edge.

Proposition 2. Let G, be a domatically cocritical graph, let d(G,) = d. Let K,
be a complete graph with n vertices which is vertex-disjoint with G,. Then G, ® K,
is a domatically cocritical graph and d(G, ® K,,) =d + n.

The proof is left to the reader.

Now we shall study the complements of forests. A forest is a graph, all of whose
connected components are trees. A graph consisting of one isolated vertex will be
also considered a tree.

Proposition 3. Let G be the complement of a forest consisting of a star and k
isolated vertices. Then G is domatically cocritical and d(G) = k + 1.

This is an immediate consequence of Theorem 1.

Proposition'4. Let G be the complement of a forest consisting of k connected
components isomorphic to K, and of 1 isolated vertices. Then G is domatically
cocritical and d(G) = k + .

Proof. The vertex set of any connected component of the complement G of G
is a dominating set in G, therefore d(G) = k + I. Suppose that d(G) =d > k + I.
The number of vertices of G is 2k + I, hence at least 2d — 2k — [ classes of a domatic
partition of G with d classes must be one-element sets. This implies that G contains
at least 2d — 2k — 1 vertices which are adjacent to all other vertices. But there
are only I such vertices and I < 2d — 2k — I, which is a contradiction. Hence d(G) =
= k + l. By joinjng a non-adjacent pair of vertices of G by an edge a graph G’ is
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obtained which is the complement of a forest consisting of k — 1 connected com-
ponents isomorphic to K, and I + 2 isolated vertices. Thus d(G’) =k + I + 1 =
= d(G) + 1 and G is domatically cocritical.

Theorem 3. Let G be the complement of a forest, one of whose connected com-
ponents is a tree with at least three edges not being a star. Then G is not domatically
cocritical.

Proof. Let T be the mentioned tree. As T'is not a star, there exist two vertices u, v
of T which are adjacent in Tand none of them is a terminal vertex of T. Let G’ be the
graph obtained from G by joining the vertices u, v by an edge. Suppose that G is
domatically critical and denote d(G) = d. Then d(G’) =d + 1 and there exists
a domatic partition 2 of G’ with d + 1 classes such that u, v belong to different classes
of 2. Let D€ 9D, Dye D, ue Dy, ve D,. In G the sets D,, D, are not both domi-
nating, otherwise 2 would also be a domatic partition of G. Therefore either u is
adjacent in G to no vertex of D,, or v is adjacent in G to no vertex of D;. Without
loss of generality suppose that u is adjacent in G to no vertex of D,, i.e. D, is a subset
of the set I'(u) of vertices which are adjacent to u in T. If there exists a vertex z € D, —
— {u} different from u and adjacent in G neither to » nor to any vertex of D; — {u},
then z is adjacent to v in T'and D, — {u} is the subset of I'(z) — {v}, where I'(z) is
the set of vertices adjacent to z in T. Let w be a vertex of D, it is adjacent to u in T.
Put DY = (D, — {u}) u {w}, D} = (D, — {w}) u {u}. If xe V(G) — DY and x is
adjacent to no vertex of D, — {u} in G, then it is adjacent to w in G . otherwise there
would be a circuit in T. Thus D} is dominating in G. If y € ¥(G) — D3 and y is

adjacent to no vertex of D, — {w}, then it is adjacent to u, otherwise there would
be a triangle in T. Therefore also D} is a dominating set in G. If we substitute D,
by D} and D, by D} in 9, we obtain a domatic partition of G with d + 1 classes,
which is a contradiction. If u is adjacent in G to no vertex of D; — {u}, then D; — {u}
is a subset of I'(u) — {v}, where I'(u) is the set of all vertices adjacent to u in T. Let
teD; — {u} and put D* = (D, — {t}) u{v}, D3* = (D, — {v}) U {t}. If xe
€ V(G) — D, and x is adjacent to no vertex of D; — {¢} in G, then x is adjacent to v
in G otherwise there would be a triangle in T. If y € V(G) — D, and y is adjacent
to no vertex of D, — {v} in G, then it is adjacent to t in G; otherwise there would
be a circuit in T. Thus again D}*, D}* are dominating sets in G and we may substitute
D,, D, by them in 2 to obtain a domatic partition of G with d + 1 classes. Finally,
let each vertex from V(G) — D, and also the vertex u be adjacent in G to a certain
vertex of (D; — {u})u {v}. Then D}** = (D, — {u}) U {v} is dominating in G.
The set D;** = (D, — {v}) U {u} is also dominating in G, because any vertex
different from u and adjacent to no vertex of D, — {v} is adjacent to u; otherwise
there would be a triangle in T. Analogously as above we may obtain a domatic parti-
tion of G with d + 1 classes, which is a contradiction with the assumption that
d(G) = d.
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Proposition 5. Let G be a graph whose complement G consists of two connected
components with the same number of vertices greater than two. Then G is not
domatically cocritical. ’

Proof. Let C,, C, be the mentioned connected components of G. Choose a bijec-
tive mapping ¢ of the vertex set V(C,) of C; onto the vertex set V(C,) of C,. Let
x € V(C,). Then x is adjacent in G to all vertices of C, and ¢(x) is adjacent in G to
all vertices of C,; therefore {x, ¢(x)} is a dominating set in G for each x € V(C,).
Such sets form a partition of G with 4n classes, where n is the number of vertices
of G. Hence d(G) = 4n. If we had d(G) > in, at least one class of any domatic
partition of G with d(G) classes would have the cardinality one and this would imply
the existence of an isolated vertex in G. We have proved that d(G) = n. If we join
two non-adjacent vertices of G by an edge, we obtain a graph G’ in whose complement
at most one vertex is isolated. Therefore in any domatic partition of G’ at most one
class can have the cardinality one and thus the domatic number of G’ cannot exceed 4n.

Proposition 6. Let G be a domatically cocritical graph with n vertices. Then
(a) d(G) = n if and only if G is a complete graph:
(b) d(G) = n — 1 if and only if G is obtained from a complete graph by deleting
one edge:
(c) dlG) = n — 2 if and only if G is obtained from a complete graph by deletmg
. two edges;
(d) d(G) = n — 3 if and only if G is obtained from a complete graph by deleting
three edges not forming a triangle:
(¢) d(G) = n — 4 if and only if the complement of G is isomorphic to one of the
graphs in Figs. 1—4 or is obtained from such a graph by adding isolated
vertices.

Fig. 1.

Fig. 2.

Fig. 3. Fig. 4.
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Proof. The assertion (a) is evident. The assertion (b) follows immediately from
Theorem 2. The assertion (c) follows from Theorem 2 and Propositions 3 and 4.
Similarly, it is clear that if G is obtained from a complete graph by deleting three
edges not formmg a triangle, then G is domatically cocritical and d(G) = n — 3.
If we delete three edges forming a triangle from a complete graph, we obtain a graph
in which there exists a domatic partition with one class of the cardinality three and
all other classes of the cardinality one, therefore its domatic number is n — 2. Any
graph obtained from a complete graph by deleting more than three edges is a spanning
subgraph of a graph obtained from the same complete graph by deleting three edges
not forming a triangle, therefore it cannot be domatically cocritical with the domatic
number n — 3. Thus the assertion (d) is proved and we can prove also the assertion
(e) in an analogous way.

Theorem 1 shows that for each positive integer d there exists a domatically cocritical
graph with n vertices and with the domatic number d whose complement has n — d
edges. This is evidently also the minimal possible number of edges of the complement
of a domatically cocritical graph with the domatic number d. We suggest the fol-
lowing problem.

Problem. Does there exist a domatically cocritical graph G whose complement
has more than n — d(G) edges, where n is the number of vertices of G?
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