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In this paper, we will show a characterization of hermitian
complete locally multiplicatively—conves topological in general
noncommutative algebras with a projective involution, based
on the V. Ptak’s fundamental inequality for a hermitian Banach
algebra with involution.

1. Introduction

The notion of a seminormed algebra was introduced by R. Arens as a generaliza-
tion of Banach algebras. They are called locally multiplicatively-convex algebras by
E. A. Michael [3]. Several properties of Banach algebras have been generalized by
A. E. Michael [3], Sa-do-8in [7] and Ch. Wenjen [8] to semi-normed algebras.
A Banach algebra with involution is said to be hermitian if the spectrum of each
selfadjoint element is real.

V. Ptk [5] fully recognized the importance of the function p(x) = \/l x*x1,,
the square root of the spectral radius of the element x*x. The inequality | x |, £ p(x)
which V. Ptak proved for hermitian Banach algebras with involution plays a funda-
mental role in the theory of hermitian algebras. The same autor [6] built a theory of
hermitian Banach algebras and their connections with C*-algebras based on this
fundamental inequality.

The aim of the present paper is to generalize some of V. Ptak’s results to locally
multiplicatively-convex algebras. Speaking more closely we are going to show the
role of V. Ptak’s fundamental inequality for hermitian complete in general non-
commutative locally multiplicatively-convex algebras with a projective involution.

2. Preliminaries

Let A be an algebra over the complex field. 4 is said to be a topological algebra if
it is also a topological space. An involution on A4 is a map x — x* of 4 onto itself
such that for each x, y € 4 and for each complex 4
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I. x** = x

2. (x + p)* = x* + y*

3. (Ax)* = Ax*

4. (x.p)*¥ = p*. x*
A *-algebra is an algebra endowed with an involution. An element x € 4 is said to
be regular, selfadjoint, normal respectively if it holds that there exists an inverse to
x,x = x* x*_ x = x.x* respectively. The set of all regular, selfadjoint, normal
elements of 4 will be denoted by R(A4), H(A), N(A) respectively. For any set S = A4
let S* = {x* :xe S}. If S = S*, we say S is selfadjoint. If the elements of S U S*
are pairwise commutative, we say S is normal. A nonnegative real valued function p
defined on A is called a semi-norm if it satisfies the following conditions:

L. p(x + y) = p(x) + p(»)

2. p(x.y) = p(x).p(»)

3. p(Aix) = | A| p(x), for each x, ye A and 1 complex.
A topological algebra A is said to be locally multiplicatively convex if its topology
can be given by means of a family (pz)a;; of semi-norms on 4 which separates points
of A. It means there is a base of neighbourhoods of the origin in 4 consisting of sets

{x €A: p,(x) < ’—Il} forn = 1,2, ... and a € Z. The class of locally multiplicatively-

convex algebras will be designated by LMC. In this paper we are dealing with
LMC *-algebras. The spectrum of an element x € A will be denoted by a(x). If it is
necessary to specify the algebra with respect to which the spectrum is taken, we use
the notation a(4, x). The spectral radius of the element x € 4 is denoted by | x |,
and it is defined | x|, =sup{|A1]:Aea(x)}. In *-algebras we can define the
spectral norm of an element x € 4 as follows: p(x) = \/l x* . x|,. The unit element
of A (if it exists) will be designated by e and will be left in expressions like A — x.
An involution * on 4 is called hermitian if the spectrum o(x) is real for each x € H(A).
The algebra A4 with involution is called hermitian if this involution is hermitian. If
we set N, = {x€ A : p,(x) = 0} for o € £ where 4 is LMC algebra with system of
seminorms (p,),.s, We obtain a closed ideal in 4. Let us designate by 4, the Banach
algebra obtained by completion of the normed algebra (4/N,, p,). Designate by =,
the natural homomorfism of A4 into A,. Let 4 = I] 4. (with Cartesian product

ael

topology and coordinatewise operations). Let’s designate by = the mapping n : 4 —
~ [T 4y 7(x) = (7 (x))sey. This mapping is an isomorfism. This fact yields the

a€l

following theorem:

2.1. Theorem: Let A be a LMC algebra, then A4 is isomorfic with a subalgebra of
the Cartesian product of Banach algebras. If 4 is complete the subalgebra is closed.

Proof: Can be found in [9, p. 89].
We recall now the concept of projective limit of topological linear spaces. Let X
be an index set, directed by the relation <. Let {X,, « € £} be a system of topological
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linear spaces. Suppose that for every a, € £ such that « < f there is a linear map

T p> Ta,p © X3 = X, and the system of maps (7,, p) satisfies 7,4 . T, = Ty ifa < f <

< y. The inverse or projective limit of (X,).; designated by lim X, is the subset
<—

of the Cartesian product [] X, consisting of those elements (X,)es» X, € X, for which

ael

it is m,p(x;) = x, whenever o < f. If X, are Banach spaces, then lim X, is a complete

locally-convex space. (If p, is the norm in X,, then for x = (X,),s € lim X, we put

q.(x) = p,(x,) and this is a system of seminorms defining the topology of lim X,).
<

Let now 4 be a complete LMC algebra with a system of semi-norms (p,)ses»
satisfying the conditions above. Write « < B for «, f € X if p, is continuous with
respect to p,. This relation makes of Z a directed system, since we can assume without
any loss of generality that the maximum of a finite number of members of ¥ is again
in Z. Let A4, be the algebra obtained by completion of (4/N,, p,) and let again «,
be the natural homomorfism of 4 into A4,. Let « < . We define =,z as the mapping
of normed algebras (4/Ny, py) into (4/N,, p,) given by

na’ﬂ(nﬁ(x)) = na(x)7

so that 7, 4 is 2 homomorfism of 4/N, onto A/N, . It is evident that =, , is a continu-
ous function and thus can be extended to a homomorfism of 4, into 4,. This extended
homomorfism will also be designated by =, ;. Following theorem is wellknown:

2.2. Theorem: Let 4 be a complete LMC algebra. Then A is isomorfic with the
inverse limit of the Banach algebras 4,, with mappings =, ;.

Proof: Can be found for instance in [9].

We recall now some useful corollaries of this theorem.

2.3. Corollary: If (x,),.z €[] 4, and 7, 4(xz) = (x,) whenever a < f, then there
exists an element x € 4 suchatelfat n(x) = x, for all a € X.

Proof: It is obvious by the definition of the projective limit.

2.4. Corollary: If 4 is as above and x € 4, then x € R(A) if and only if ,(x) € R(4,)
foralla e Z.

Proof: Can be found in [9].

Now it is clear that in a complete LMC algebra the following equality for the
spectra holds:

a(x) = U a(m,(x), 4,).

ael

For spectral radius follows:

[ x], =sup{|2]:Aea(4, X)} = sup|m(x)],.

ael
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2.5. Definition: Let 4 be a complete LMC *-algebra. Its involution * is said to
be projective if the following holds:
(i) For each a € X the A4, is *-algebra.
(if) For each x€ 4, x & (7 (x)),ey Where «> denotes the identifying isomor-
fiic mapping n from theorem 2.2. then x* < ((T(X)*)pes = (M X™)yex-
A complete LMC *-algebra is said to be projective if its involution is projective.

3. Hermitian projective complete LMC*algebras

In this part we shall give a characterization of hermitian projective complete
LMC *-algebras based on V. Ptdk’s fundamental inequality. At first some modified
version of square root lemma for such algebras must be developed. We begin with
the original J. W. M. Ford’s lemma [2, 5].

3.1. Theorem: Let A be a Banach *-algebra. Let & e H(A) and suppose that the
real part of each point A € a(h) is positive. Then there exists a u € H(A) such that u
commutes with 4 and u? = h. Moreover, if o(h) is positive, then so is a(u).

Proof: Can be found in [2, 5].

3.2. Corollary: Let A be a projective complete LMC *-algebra. Let & € H(A) and
suppose that the real part of each point A€ o(h) is positive. Then for each a e X
there exists an element u, € H(4,) such that u, commutes with n,(4) and u? = m,(h).
Moreover, if a(h) is positive, then so is a(u).

Proof: Since 6(h) = | o(n,(x), 4,), we have the real part of each A € o(n,(h), 4,)

ael
(= a(n,(h))) positive for all « € X. Due to the projectivity of the involution in 4
we have

(m()* = n(h*) = mo(h)

and so w,(h) € H(A,) for all « € 2. Thus we can use theorem 3.1. to each 7, () and 4,
separatcly and we immediately obtain the desired result. Q.E.D.
Now we are able to state the main result.

3.3. Theorem: Let 4 be a complete projective LMC *-algebra. Then the following
conditions are equivalent: ’
(i) A4 is Hermitian,
(1) | (%) |, = p(n(x)) for each xe 4 and all 2 € X,
(iit) | m,(x) |, < p(n(x)) for each x e N(4) and all x e .

Proof: (i) — (ii).

This implication is equivalent to the following one: Given x € 4, « € 2 and complex
number A with | 1| > p(n,(x)) implies the existence of inverse element to the element
(A — m(x)) in A,. We shall prove that in this case there exists the right and also left
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inverse in A,. At first we note that a(x*x, 4) = o(xx*, A). See e.g. [1]. Since xx*,
x*x € H(A) it follows from the fact that A is hermitian that both spectra o(xx*, A),
a(x*x, A) are real. It is clear that p(x) = p(x*) and p(n(x)) = p(n(x*)) for all x € X.
Setting y = A~1. x it suffices to prove that p(n())) = p(rn,(y*)) < 1 implies the left
and right regularity of m,(»). Hence assume p(n,(»)) < 1. Then it follows that
a(n(l — yy¥*) = a(n,(1 — y*y)) consists of only positive real numbers and so by
the square root theorem there exists suitable w;, w, € H(A4,) such that the following
holds: w? = m(1 — y*p), wi = m(1 — py*).
Now, we have:

(1 + y9) (A =) =m(l +y* —y —p%) = wi + ,0* —)) =

, = w1+ wi'm(* — »)wit) w,

and
(1 = 3) (1 + 3%) = wao(my(1 + wy ', (y* — ) w™ ) w,.

Here w,, w, are regular and so are the expressions in the last two brackets since
wi l(in,(y* — ») wi! and w3 2(in,(y* — y)) w, are selfadjoint.

So, the first line of equalities implies the left regularity of n, (1 — y) while the
second line of enequalities implies the right regularity.

(ii) — (iii) is trivial,

(iii) = (i).
Suppose there exists an s € H(A) such that (y + id) € a(h), y, J real,  # 0. Then
a = 6~ '(h — y) is selfadjoint and i € o(a). Using the fact a(a, A) = U a(n,(a)) there

aeX

exists oy € 2 such that i€ a(n,,(a)). For each 7 > 0 the element @ + it is normal
and (r + 1)ie a(m,(a + ti)). Now, from the Gelfand representation theory and
by (iii) it follows:

[(t 4+ Di|* £ [ mla + 1) |* £ | my(a + t) nla + 1i)* |, =
= | mo((@ + 1) (@ + 1)) |, = | mo(@® + 1) |, £ T + | mpe(@®) |-
Whence
21+ 1 = In,o(az) |y

for all T > 0 which is a contradiction with the compactness of spectra in Banach
algebras Q.E.D.
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Shrnuti
O SPEKTRALNIM POLOMERU V LOKALNE MULTIPLIKATIVNE
KONVEXNICH TOPOLOGICKYCH ALGEBRACH

Dina Stérbova

V préci jsou charakterizovany hermiteovské tplné lokaln& multiplikativné-konvexnf topologické
algebry s projektivni involuci. Charakterizace je zaloZena na fundamentalni nerovnosti V. Ptika pro
Banachovy algebry s hermiteovskou involuci.

Pesrome

O CIIEKTPAJIBHOM PAJIUYCE B ITOJIVHOPMUPOBAHHBIX
KOJIbLIAX C UHBOJIIOLUEN

Huna IlItepbosa

B craThe OXapaKTepH3MPOBAHBL IMOJIHBIE ITOJYHOPMHUPOBAHHBIE KOJIbLA C BIOJIBHE CUMMETPHU-
4yeckoi uHBOMOLMeH. [IpH 3TOM CYIUECTBUTENIBHBIM OOpPa30M MCIOJb3yeTCs: (QyHIaMeEHTasbHOe
HepaBeHCTBO B. Ilraka Aiis BHOJIbHE CHMMETPHYECKHX ITONMHBIX KOJEL C HHBOJIIOLMEH.
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