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The present paper is to show that a Banach *-algebra A without the unit element is hermitian
if and only if the fundamental V. Ptak’s inequality | x |, < p(x) for each x € A holds.

1. Introduction

V. Ptak in [3] characterized fully the hermitian Banach algebras containing the
unit element endowed by a not necessarily continuous involution, by spectral proper-
ties of its elements. He showed at the same time the important role of the function
p(x) = V| x*x|,, the square root of the spectral radius of x*x. In [3] are listed
fourteen conditions, all equivalent to the fact of algebra being hermitian. The most
interesting of these is the ‘‘fundamental inequality”

I x|, < p(x) 6))

playing the basic role in the theory of hermitian algebras and their connections with
the theory of C*-algebras.

The aim of the present paper is to show that (1) characterizes hermitian Banach
algebras also in such a case, when the existence of the unit element is not assumed.

2. Preliminaries

Let A be an algebra over the complex field. A is said to be a topological algebra
if it is at the same time a topological space with respect to which the algebraic opera-
tions in A are continuous. An involution on A is a map x —» x* of A onto itself
such that for each complex number A and each x, y € A the following holds:

() (x®* = x,

(i) (x + p)* = x* + ¥,

(iii) (Ax)* = Ax*,

@iv) (xp)* = y*x*.
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A *-algebra (or algebra with involution) is an algebra endowed by an involution.
A star algebra which is also normed (respectively complete with respect to the norm)
is called normed (respectively Banach) *-algebra. Let A be a *-algebra. An element
u € A is said to be unitary if u*u = uu* = e, where e denotes the unit element of A.
An element a € A is said to be normal if a*a = aa*. An element A€ A is said to be
selfadjoint if 4* = h. The sets of all unitary, selfadjoint, normal elements of A will
be denoted respectively by U(A), H(A), N(A). It holds obviously U(A) = N(A)
and H(A) = N(A). For any set S = A let’s denote S* = {x* xeS}. If S = S*,
we say S is selfadjoint. If the elements of S U S* are pairwise commutative, we
say S is normal. The set of all regular elements of A will be denoted by R(A). The
spectrum of an element x € A will be denoted by a(x). If it is necessary to specify the
algebra with respect to which the spectrum is taken, we use the notation o(x, A).
The spectral radius of the element x € A is denoted by | x |, and we recall its de-
finition.

|x1, = sup {| 2] : 2 a(x)}

In the *-algebra A we define the spectral norm of each element x € A as follows:
p(x) = (| x*x|,)"/%. The involution is called hermitian if the spectrum o(x) is real
for each x € H(A). The *-algebra A is called hermitian if its involution is hermitian.

We suppose the reader to be familiar with elementary properties of all notions
introduced. Further there are supposed knowledges on Gelfand representation theory
of commutative Banach algebras. These can be found e.g. in [4]. The set of all
multiplicative functionals of A is denoted by #(A). Now, we recall some known
but necessary facts.

2.1. Proposition: The following conditions are equivalent:

(i) A is a commutative hermitian Banach algebra.
(ii) For each fe #(A) and for each x € A it holds f(x*) = f(x).

Proof: See [2].
For the possibility of using the Gelfand representation theory in some reduced
extent, of course, also in the non-commutative case the following is useful:

2.2, Proposition: Let A be a Banach *-algebra possessing the unit element e.
Then every normal set N = A is contained in a closed maximal commutative *-sub-
algebra C of A so that for each x e C it holds: o(x, A) = a(x, C).

Proof: See [3].
2.3. Note: Recall now that throughout this paper the continuity of the studied
involution is not assumed.

Let’s now concentrate our attention on algebras not necessarily containing the
unit element.
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3. On Banach *-algebras not necessarily possessing the unit

Some results valid for algebras with the unit element can be extended to algebras
without it by using the concept of quasi-inverse or by the adjunction of a unit.

3.1. Definition: The unitization of a normed algebra A over the complex field C,
denoted by Al, is the normed algebra consisting of the set A x C with addition,
scalar multiplication and product defined for all x, ye A, «, f € C by

o)+ P =x+ya+p
B(x, @) = (Bx, aff)
(x, ) (», B) = (xy + oy + Bx, af)
and with the norm defined by

I =1lxl+al

It is easy to verify that A'! is a normed algebra with the unit element (0,1) that
[1(0,1) | = 1 and that the mapping a - (a, 0) is an isometric isomorfism of A onto
a subalgebra of Al. It is also obvious that A! is complete whenever A is complete.

3.2. Definition: If the normed algebra A is endowed by the involution *, we define
a new involution on A! as follows:

(x, )% = (x*, &)

3.3. Definition: Given elements x, y € A, the quasi-product of x, y is the element
x 0 y € A defined by
Xoy=x+4+y—xy

3.4. Definition: Let x be an element of the algebra A. Elements y, z € A are respect-
ively left and right quasi-inverses if

yox =0, xo0z=0

A quasi-inverse of an element x € A that is both a left quasi-inverse and a right
quasi-inverse of x. An element that has a quasi-inverse is said to be quasi-invertible
(or quasi-regular), all other elements are said to be quasi-singular. The set of all
quasi-invertible elements of A is denoted by g-Inv(A) and the set of all quasi-singular
elements of A is denoted by g-Sing(A).

3.5. Proposition: (i) An element x € A has the quasi-inverse y if and only if
(0, 1) — (x, 0) has the inverse (0, 1) — (y, 0) in Al

(ii) If A has a unit element e, an element x € A has the quasi-inverse y if and only
if e — x has the inverse e — y.

Proof: See [1].
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Let’s recall now the definition of spectra in the case when the algebra A is not
endowed by the unit element.

3.6. Definition: If the algebra A does not possess the unit, we define the spectrum
of the element x € A as follows
o(x, A) = {0} U {Ae C\{0} : (1/2) . x € ¢-Sing(A)}

3.6. Proposition: Let A be without the unit element, and let A! be the unitization
of A. Then a(x, A) = o((x, 0), A') for each x € A.
Proof: The proof is a straightforward consequence of 3.5. and can be also found

in [1].

3.7. Note: Let A be an algebra without the unit. Then it is easily seen for each
x €A that | x|, = | (x,0)|,, where the first is taken in A and the second term is
taken with respect to A,

3.8. Note: By polynomial identity for spectra it immediately follows for each
element a from the algebra A and for each complex A:

a(a, X) = a(a) + A
3.9. Lemma: Let A be an algebra with involution *, which does not possess the
unit element. Then the following holds:

(i) An clement x € A is selfadjoint if and only if (x, A) is selfadjoint in A! for each
real number A.

(ii) An element x € A is normal if and only if (x, 1) is normal in A! for each
complex A.

Proof: The statements are obvious.

3.10. Proposition: Let A be an algebra with involution *, which does not possess
the unit element. Then the following conditions are equivalent for each element
ueA:

(i) There exists a complex A such that [A| = 1 and u 0 Au* = 0 = Zu* o Au.
(ii) There exists a complex number 4 such that | 4| = 1 and it holds that (4, —4)
is a unitary element of the unitization Al

Proof: The condition from (i) is equivalent by the definition to the following one
Aduu* — Au — u* = 0 = AJu*u — Au — Ju* m
It is easily seen the equivalence of (1) and the following
(W, —=2) (u*, —A) = (uu* — Ju — Ju*, A2) = (0, 1) = (u*, =) (u, —12)
Q.E.D.
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3.11. Definition: Let A be a *-algebra which does not possess the unit element.
The element u e A is said to be quasi-unitary if there exists a complex number A
such that | 1| =1 and it holds Au o u* = Zu* o lu = 0. The set of all quasi-
unitary elements of A is denoted by U (A).

3.12. Proposition: Let A be a *-algebra which does not possess the unit element.
Let A! be the unitization of A. Then the following conditions are equivalent:

(i) There exists a positive number K such that for each quasi-unitary element
ue UyA) holds | o(u, A) | < K.

(ii) There exists a positive number K’ such that for each unitary element (u, 1) €
€ U(AY) holds | a((u, ), A') | < K'.

Proof: (i) - (ii).

Let (u, A) e U(AY). By 3.10. it follows that || = 1 and u(—2) o u*(—2) = 0.
This yields u € Uy (A) and we have the inequality

lo(u,A)| <K 8
Now, 3.8. and (1) yield
| o((u, ), AY | K + 1 =K' )
(i) = (i).
Conversely, for each u € U,(A) there exists a complex 4, A| = 1so that Au o Au* =

= 0. It immediately follows that (1, — 1) is a unitary element from A! which means
that
l 0'((“, —/1)9 Al) I <K (3)

Again, by 3.8. and (3), it follows that | o(u, A) | < K’ + 1. Q.E.D.

4. The fundamental inequality in Banach
*.algebras without the unit.

Now, we are able to formulate the main result of this paper.

4.1. Theorem: Let A be a Banach *-algebra without the unit element. The follow-
ing conditions are equivalent:

(i) A is hermitian.

(ii) Spectra of all quasi-unitary elements of A are contained on the unit circle of C.
(iii) The unitization A! is hermitian.
(iv) It holds | x |, = p(x) for each normal element x € N(A).

(v) It holds | x |, < p(x) for each x € A.

Proof: The proof is divided in several steps as follows:

(i) & (iii)
(i) = (V) = (iv) = (i) - ()
(i) & (iii):
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Let’s suppose that A is hermitian; and let (a, 1) € H(A'). By definition we obtain
a = a* and 1 = 1. From the fact of A being hermitian it follows that o(a, A) is
real. By note 3.8. we have

a((a, 1), AY) = o((a, 0), AY) + 4((0, 1), A') = a(a, A) + A

and so we proved that the spectrum of (a, A) is real.

Suppose conversely that the unitization A! is hermitian. By definiticn 3.1. A is
identified by a subalgebra of A!. If the element /1 € A is selfadjoint, then, by defini-
tion 3.2. also (/1, 0) is a selfadjoint element of A'. By propositicn 3.6. we get

o(h, A) = a((h, 0), AY)

and it immediately follows that the spectrum of / is real. Q.E.D.

OOk

Let A be supposed to be hermitian. By the preceding part of our proof we see
that also A! is hermitian and by theorem 5.1. of V. Ptak’s paper [3] it follows that
for each element (a, 1) € A' the fundamental inequality | (a, 4) |, < p(a, ) holds.
By proposition 3.6. we get the following inequality:

lal, =1(0)], = pla,0) = p(a)

and so we proved the desired implication.
Q.E.D.
(v) = (iv):
For an arbitrary given normal element a € N(A) the equality p(a) = | a |, follows
by simple use of Gelfand representation for the maximal commutative *-subalgebra C
of A!, containing the normal set {(a, 0), (0, 1)}. See 2.2. and recall the wellknown
fact of spectral radius being submultiplicative on commutative Banach algebras
with the unit. The last can be found in [4].
Q.E.D.
(iv) — (ii):
Now, let u € U, (A). Then there exists a complex A, | 1| = I so that du o lu* =
= 0 = Zu* o Au. By the definition we see that

uu* — u — du* =0 = u*u — Au — Ju* 1))

(1) immediately implies
u*u = Ju + u* = uu* )

By (2) we see that u is a normal element of A. Further we obtain by (iv) and by (2)

luu* |, = | Mu* |, = | du + Ju* |, = |ulZ < 2| ul, 3)
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where the inequality follows by seeing the subadditivity of spectral radius on commut-
ative Banach algebra; in our case on maximal commutative *-subalgebra of A! which
contains the normal element (, 0). (See proposition 2.2.) Now, by (3), it is obvious
that
luly £2(ul,
and so
lul, <2
Q.E.D.
(ii) = (i):
Now, let U (A) be supposed equibounded which means that there exists a positiveK
such that
| cUAY) | < K and leUA)| <K “

Let € H(A). We can suppose without any loss of generality that | o(h) | < 1. Now
we take the maximal closed commutative *-subalgebra C of A! containing the set
{(h,0), (0, )}. By 5.1. in V. Ptdk’s paper [3] we see that | ¢(U(A')) | = 1. By Ford’s
lemma, (see [1]), we get the existence of the selfadjoint element £’ € C such that
h* =k ok’ and |o(k’, AY)| < 1. It immediately follows by definition 3.3. that
there exists a selfadjoint k € C so that e = h? + k. (Here we do not distinguish
between /1 and (h,0) and e denotes the unit element (0, 1) of Al.) Now, we put
u = h + 1k which means u* = /i — 1k and we obtain the equation

w* = + k*=utu=-e (5)

(5) says that there is u € U(A') which implies that the spectrum | 6(u) | = 1. Again,
we use the Gelfand reprezentation of C and for each multiplicative functional

fe #(C) get:
Fw) = f(h) + 1f(k)
fu*) = f(h) — (k)
Since f(u) € 6(u) and f(u*) € o(u*) we see that
)| =1/ =1 (M
Because of f being multiplicative, it follows from (6), (7)
fw*u) = f(h* + k) =1

Now, by elementary properties of complex numbers it follows that f(/) is real. As
fis an arbitrary multiplicative functional from .#(C) we see that o(h) is real, and A
si he hermitian.

(©6)

Q.E.D.
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Souhrn

O BANACHOVYCH *-ALGEBRACH BEZ JEDNOTKY

DINA STERBOVA

V préci se dokazuje, Ze Banachova algebra s involuci, kterd nema jednotkovy
prvek, je hermiteovska tehdy a jen tehdy, jestliZze je pro kazdy jeji prvek x splnéna
nerovnost

| X1, < plx) = (| xx|,)'"? M
kde ||, znadi spektralni polomér v uvazované algebfe. V provedenych tvahach se
nepiedpokldda spojitost involuce. Dale je ukdzano, Ze splnéni podminky (1) pro
kazdy prvek x z uvazované algebry je ekvivalentni s podminkou stejné omezenosti
spekter vSech quasiunitdrnich prvki algebry. Pojem quasiunitarnosti vhodné nahra-
zuje unitdrnost v algebfe bez jednotkového prvku. DosaZené vysledky piedstavuji
zobecn&ni vysledki V. Ptaka [3], ktery dokézal, Ze (1) charakterizuje hermiteovské
Banachovy algebry s jednotkovym prvkem.

Pestome

O BAHAXOBBIX *-AJITEBPAX BE3 EJVUHUIIbI

AUHA IITEPBOBA

B Hacrosuei paboTe qoka3piBaeTCs cleyroliee npemioxerue: [TonpHoe HOPMU-
POBAaHHOE KOJIbIIO C MHBOJIOUMEH 6€3 eIMHWYHOIO DJIEMEHTA SBIIAETCS BIIOJbHE
CHMMETPUYECKUM TOTAA ¥ TOJBKO TOTJA eCIIM AJIsl KaXJOro dJIEMEHTa X u3 KOJIbIa
BBINOJIHACTCS PyHIaMeHTajbHOE HepaBeHCTBO B. Iltaka:

[ %1y = p(x) O
IIpn 3TOM He NpeamoNiaraeTcss HempepbIBHOCTH WHBOJNIOLHMH. ODTOT pe3yJbTat

apiseTcss obobmwennem pesysabtata B. Iltaka (3), roe Obuto aBTOpOM HOKa3aHO
TO e caMoe TS KOJIell, Y KOTOPhIX CYyIIeCTBOBAHHE €OMHHMIBI TPEeIIIOaraeTcs.
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