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1. Introduction 

O. Boruvka established in [1] functions Xsuch that for every solution u of the 
both-sided oscillatory equation (q): y" = q(t)y, q e C2(R) (R = ( — oo, oo)), q(t) < 0 

uX(t) 
for t e R, the function *J — q(i) - equals (on R) to the derivative of a solu-

Vircoi 
tion of (q). Such functions are called the dispersions (of the 4th kind) of (q). Let us 
say that the (generally complex) number T «S a characteristic multiplier of (q) relative 
to the dispersion X, when there exists a (nontrivial) solution u of (q) for which 
—— = T — , t e R. The author proves in this paper that such a number T 
sl\X\t)\ V-q(0 
is a root of a certain quadratic algebraic equation and is expressed in terms of phases 
and dispersions of (q). 

2. Basic definitions, notations and relations 

In what follows we investigate a differential equation 

y" = q(t)y, (q) 

where q e C2(R), q(t) < 0 for t e R being both-sided oscillatory on R. The trivial 
solution of (q) will be excluded from our consideration. 
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Let u, v be independent solutions of (q). Say that a function a : R -> R, a 6 C°(R) 
is the 1st phase of the basis (u, v) of (q) if 

t g a ( 0 = ^ | o n R - { t e R , v ( 0 = 0}. 

A function /? : R -> R, p e C°(R) is called the 2nd phase of the basis (u, v) of (q) if 

t g p(t) = i - ^ - on R - {t e R, v'(t) = 0}. 
v'(0 

Functions a and fi are called the 1st and 2nd phases of (q), respectively, when there 
exists a basis (u, v) of (q), where a and /? are its 1st and 2nd phases respectively. 
Let a and 0 be 1st and 2nd phases of a basis (u, v) of (q) and w = uv' — u'v. Then 
sign a' = sign /?' and 

sin a(0 ( N r. r cos a(t) 
ц(0 = < т V I w I - ; — — ' f(t) = ffV 

Vl «'(0 I Vl «'«) I 

sin ß(t) , ,- — j - cos ß(t) 
«'(o = <xviw • «(o i , - ^ - - »'(o = *' V í w •«(') 

V|J8'(0I V|j8'(0l 
(a, a' = ±1). 

In case of a = a' we say that the phases a and /? have the same signature. 

The set of the 1st phases of the equation y" = —y will be written as (£. For every 

e e (£ we have: c(t -h n) = e(t) -f 7i. sign e', t G R. 

We set #,X0 := q(t) + V ~ q ( 0 | — ) for ^ R - The equation (q0 : y" = 
ЛV-90)/ 

= qi(0y i s called the associated equation to (q). There holds the following relation 
between the sets of solutions of (q) and (q x ): If u is a solution of (q), then the function 

u'(t) 

V-9(o 
is a solution of (qL) (on R) and vice verza: if ut is a solution of (q t), then 

ui(t) V ~ q ( 0 i s t n e derivative of the only one solution of (q). It immediately follows 
from this that every second phase of (q) is the first phase of (qO. 

Let n 4= 0 be an integer and x0 e R. Further let u be a solution of (q) and u'(x0) = 
= 0. Let \l/n(x0) (con(x0)) stand for the nth zero of u'(u) lying to the right or to the left 
from the point x0 according as n is an positive or an negative integer. The functions 
\j/n, con (n = ± 1 , ± 2 , ...) are defined on R, ^ ( R ) = R, con(R) = R. The functions i//n 

and con are respectively called the central dispersions of the 2nd and 4th kind of (q) 
with the index n. We set i//0(0 = t. 

Let a and /? be respectively a 1st and a 2nd phases of a basis (u, v) of (q). Then 

P^nit) = P(t) + nn . sign )8' 
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and if 0 < p(t) - ot(t) < n for t e R, then 

acDn(t) = p(t) + -y((2w - sign n)sign /?' — 1) TT (n = ± 1 , ± 2 , ...). 

Between the functions \j/k and con it holds 

i<°n+k for n > 0, n + k > 1 and n<0, H + k-g - 1 ; 

€0n+k-i for « > 0, n + k > 0 ; (1) 

cD„+fc+1 for n < 0, n + k > 0. 
A function Xe C3(R), X' 4- 0 representing a solution of the nonlinear differentia! 

equation 

VlXT (-7^=Y + *'2 • q(x) = _i(0 (qqj 
WlX ' i / 

is called the dispersion (of the 4th kind) of (q). Let a and fi be respectively a first 
and a second phase of (q). Then a-1(£/? :== {cc~1sP, s e (£} is the set of all dispersions 
of(q). 

Let X be a dispersion of (q) and let u be a solution of (q). Then there exists a solu­
tion v of (q) for which we have 

uX(t) «/(0 f e R 

V|X'(0l V-«(o 
The functions co„ (n = + 1 , ± 2 , ...) are solutions of (qq t) and therefore they are 
also the dispersions of (q) and we have for every solution w of (q): 

U0)M _ _ ( - l ) " - ^ _ - , leR. (2) 

All the above definitions and properties were stated and proved in [1] and [2] . 

3. P r e p a r a t o r y lemmas 

Let Xbe a dispersion (of the 4th kind) of (q) and let u, v be independent solutions 

of (q). Then —=_-=_____-, — — ± 1 — a r e independent solutions of (qx) and thus 

V|X'(0l V|X'(0I 
uX(t) u'(t) A v'(t) 

Vîr(oi V-«(0 ' V-«(o 
vX(t) u'(t) v'(t) 

— - т = r —— = 6/21 •——: —=. т* #22 —p^-__п__., 

Vir(oi ' V-«(0 ' V-«(o 
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where det a{j 4= 0 and a^ (Uj = 1, 2) are real numbers. Let y be such a solution 
of (q), where 

jx(t) = T _ y W _ ? , e R ? 

ViXxoi V-«(o 
and T is a (generally complex) number. Then T is a root of the quadratic equation 

Q2 - f a n + <*22) Q + (ana22 ™ ai2a2l) = 0. (4) 

The coefficients of the above equation do not depend on the choice of the independent 
solutions u, v of (q). 

Equation (4) and its roots are called respectively the characteristic equation of (q) 
and the characteristic multipliers of (q) relative to the dispersion X. 

Let n be an integer, n =j= 0, and let con be the central dispersion of the 4th kind 
of (q) with the index n. Let us say that x, xe R, denotes a number of type n of (q) 
relative to the dispersion X if X(x) = can(x). 

In what follows let a and /? represent respectively the 1st and 2nd phases of a basis 
(u, v) of (q) with 0 < fi(t) - oc(t) < n for t e R. 

Lemma 1, Let signX ' = 1. Then all numbers of (q) relative to the dispersion X 
(if any) are of the same type. 

Proof . Let X= a_1ej5, e e (£. Then sign e' = 1. Let x and y be respectively 
numbers of the type n and m of (q) relative to the dispersion X, n 4= m; X(x) = c0n(x), 

*O0 = <>*)• This yields ep(x) = fi(x) + y ((2* - sign n) sign jB' - 1) TT, ej5(y) = 

= /?(y) + -r-((2m-sign m) sign /T - 1) n. The first equality gives further t + 

+ — ((2n-sign n) sign p' - \) n - n < e(t) < t + — ((2n-sign n) sign /?' — 1) TC -h TT 

for t e R. From this we get fi(y) + -=- ((2n-sign n) sign /?' - 1) n - n < ep(y) = 

= P(y) + y((2m-sign m) sign j?' - 1) TT < ]8(» + y ((2«-sign «) sign p' ~ V) n + n. 

Hence - 1 < ((m - n) + — (sign m - sign n) J sign j5' < 1 and \ m - n + 

+ — (sign m-sign n)\ < 1. If sign m = sign n, then | m - « | < 1, that is n = m. 

If signm 4= sign/?, then | sign/^ - signn | = 2, | m - n | = | m | + I n | > 2 which 

contradicts | m — n + —(sign m — sign rz) | < 1. 

Corollary 1. Let sign X' = 1. If there exists a number of type n 0f(q) relative to the 

dispersion X, then 
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o>„-i(0 < X(t) < con+1(t) for n * + 1 ; 

co-t(t) < X(t) < co2(t) for n = 1; (5) 

o>_2(l) < X(0 < cox(t) for n = - 1 . 

Proof. Let there be a number of type n of (q) relative to the dispersion X. If (5) 

does not hold, then from the continuity of the function X we get the existence of 

a number of type m of (q) relative to the dispersion X, n + m, which conflicts with 

Lemma 1. 

Lemma 2. Let sign X' = 1 and /et x be a number of type n of (q) relative to the 
dispersion X. Then $i(x) are numbers of type n of(q) relative to the dispersion X for 

every integer i. 

Proof. Let X= ot'hp, eeCc. Then signs' = 1. Further X(x) = con(x), thus 

eP(x) = f}(x) + — ((2n-sign ri) sign />' - \)n. Let / be an integer. Then Xij/^x) = 

= oT'e/tyr^jc) = oc~1e(P(x) + nin . sign p') = OL~1(&P(X) + nin . sign /?') = 

= a " 1 jff(x) + -I((2/i + 2/ - sign*)sign/T - 1) n\ = a " 1 ^ ) + ~((2(n + x) -

- sign (n + /)) sign jft' - 1 + (sign (n + /) - sign n) sign P')n\. The rest of the 

proof we will break up into five parts: 

(i) if sign (n + /) = sign n, then X^-(x) = a " 1 \ p(x) + — ((2(n + i) -

- sign (n + /)) sign jff' - 1) n = co„ + i(^), 

(ii) if sign (n + /) = 0 and sign n = -1, then Xi/tf(x) = a " 1 P(x) + 

+ y (sign p ~ l)n\= cOi(x), 

(iii) if sign (n + /) = 0 and sign n = 1, then Xi/z^x) = a " 1 \ P(x) -

(sign^' + 1 ) T T = a)-i(х), 

/*(*) + (iv) if sign (n + i) - 1 and sign « = — 1, then Xxj/^x) = a 

+ y ((2(« + i + 0 ~ sign (n + i + 1)) sign £ ' - 1) n = mn+t+1, 

(v) if sign (« + / ) = - 1 and sign n = 1, then J f^O) = a"1 /?(*) 

+ - 1 ((2(n + i - 1) - sign (n + i - 1)) sign fi' - 1) TC = »,.+,_,. 

+ 
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