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FUNDAMENTAL QUADRATIC SPLINES AND
APPLICATIONS

Jiiti KOBZA AND RapeEKk KUCERA

(Received March 13, 1992)

Abstract

The paper deals with quadratic splines interpolating function va-
lues, first derivative values and with splines smoothing first derivati-
ve values. For their representation we use the fundamental quadratic
splines which form the basis of the space of the quadratic splines.
We employ the fundamental quadratic splines for a discussion of the
error propagation and for computation of values of the quadratic
spline interpolating the first dertivative values.

Key words: spline function, quadratic spline, smoothing spline,
fundamental spline, interpolation, error propagation.
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1 Introduction. Cubic spline
Let us have a set of knots

(Az) ={z; :i=0(1)n+ 1}, a=z9<2<...<Zp<ZTpy =0

Definition 1 A function Si4(z) is called a spline of order k£ with the defect d
on the set of knots (Az) if it has the following properties:

a) Skq(z) is a polynomial of degree k on every interval [z;, z;41], i = 0(1)n;

b) Ska(z) € C*~9[a,b].
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Let us denote Sg4(Az) linear space of the splines of order k£ with defect d on
(Az) with dim 8x4(Az) =k +dn+ 1.

These splines are studied for example in [1], [4]. In case k = 3, d = 1 we
have the classical cubic spline S31(z) € 831(Az) which can be written on every
interval [z;, z;+1] by thehelp of the local parameters s; = S3;(2;), M; = SY(z;)
as

(1) Ssi(z) = (1— q)si + gsiy1 — hiqg(1 — (2 — Q) Mi + (1 + ¢)M;4.1]/6,

where h; = zi41 — zi, ¢ = (z — z;)/hi, 1 = 0(1)n.

The continuity conditions yield the following relations between the parame-
ters M;, s;
(2) ecM;_1+2M; + a;M,-+1 = d;, 1= 1(1)71

with
t di = 3[(si41 — s:)/hi + (si + si—1)/hi-1]/(hi + hi-1),

a; = hi/(hic1+hi), ci=1—-a;, i=1(1)n.
If we prescribe function values of the spline
Sa1(z;) = gi, i=01)n+1, (interpolating spline)
and two boundary conditions, for example
Mo = gg, Mgy =gny1,

with given values g7, g;,,, then the conditions (2) form a system of linear
equations with the symmetric tridiagonal matrix with a dominating diagonal.
The case of My =0, Mp4+1 =0 is known as natural cubic spline.

There are the fundamental natural cubic splines studied in [4] too. These
splines f; are defined for j = 0(1)n + 1 in this way:

fi(z) € 831(Az), fi(xi)=6;i, i=01)n+1, f]{'(a) = f]"(b) =0.

The local parameters of the splines fj(z) can be computed from (2). The natural
interpolating cubic spline S(z) can be written in form

n+l

Sa1(z) = Z 9ifi(z).

i=0

We shall define fundamental quadratic splines of various types in analogous
way in this paper.
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2 Quadratic spline. Continuity conditions

If we choose k = 2, d = 1 in the Definition 1 we obtain the quadratic spline. So
the quadratic spline S(z) = S21(z) € 821(Axz) is the function with properties:

a) S(z) = al + aiz + ahz?, = €[z, 2], i=0(1)n,
b) S(z) € C'[a, b].

Denote h; = ;41 — 25, si = S(z;), m; = S'(z;). The spline S(z) can be written
on [z;,ziy1] as

(3) S(z) = si + miz — ;) + (migy1 — mi)(z — 2:)%/(2hs),

and the continuity conditions in knots z;, ¢ = 1(1)n + 1 yield the following
relations between the parameters m;, s; (see [3]

(4) (mi_,l+m,~)/2:(si—si_1)/h,-_1, i:l(l)n—i—l.

3 Quadratic spline interpolating given function
values

3.1 Formulation and solution of the problem.

Let us have real numbers mg, s;, i = 0(1)n + 1;

we search for a spline S(z) € 831(Az) with the properties
S(z;i) = si, t=1()n+1,
S’(.’L’o) =my.

(®)

The local parameters m; = S'(z;), ¢ = 1(1)n + 1 can be computed using
the recurence relation (4) and function values of this spline we can find using
the formula (3). From (3),(4) it follows also that the s iution of the problem (5)
exists and is unique.

3.2 Fundamental splines.

For the extended set of knots (Az) = {z; : i = —=1(1)n + 1} (for example
T_1 = 2o — ho) we will construct a basis of the linear space 8(Ax).

Definition 2 Splines H(z), Hi(z) € 821(Az), k = 0(1)n 4+ 1 are called the
f-fundamental splines if they have the following properties

Hi(xi) = 6ki, i=—1(1)n+1, Hi(zr—) =0,
H(z;) =0, i=—1()n+1, H'(xg)=1.
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Because the extended set of knots is used we can describe all f-fundamental
splines Hi(z) by means of simple formulas. The graphs of H(z), H(z) are
plotted in Figure 1 (h; = h,n =5).

1 H,(x)
1
B(x)
I“o X % \//\\j"s l"o \//\\//\\/'6—

Fig. 1

Lemma 1 The splines H(z), Hi(z), k= 0(1)n+ 1 can be written as

H(z) = (-1)(z — z:)(zig1 — )/hi, z; <z < Tiy1, i=0(1)n.
4
0) z S Tk—1,
[(z — zk—1)/he-1)?, zg-1 < T < Tk,
(k41 = 2)(z + 241 — 22k) B} + 2(z = zi)(2k41 — )/ (hichi-1),
zp S ¢ < Thy1,

(1Y ~*(hi + hi=1)(zj 41 — 2)(2 = z;)/(hjhehi-1),
| . zi<e<zip, j=k+1()n

Hi(z) =

Proof It follows from (4) and Definition 2 that

Hy(zi) =0, i=-1(1)k -1,
Hi(zk) = 2/hg-1,
H,'c(a:,) = 2(—1)i_k(hk + hk—l)/(hkhk—l), i=k+ l(l)n + 1.

By means of (3) we obtain the formulas for Hi(z). The proof is analogical for

H(z). O

Lemma 2 The f-fundamental splines H(z), Ho(z), Hi(z),..., Hog1(z) form
the basis of the linear space 831(Ax).
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Proof Because dim 831(Az) = n + 3 (see Def.1) we need to prove a linear
independence of these splines only. Let us have

n+1
(6) E arHi(z) + anyoH(z) =0
k=0

and a; # 0 for some k € {0,1,...,n+ 2}. If ant2 # O then derivative of (6)
for z = z¢ gives contradiction apys = 0. If a; #0, 7 € {0,1,...,n+ 1}, then
substituting ; into (6) we obtain contradiction a; = 0 again. Therefore the
splines H(z), Hy(z), k = 0(1)n + 1 are linear independent. ]

A solution of the problem (5) can be expressed as

. ~ n+1
(7) S(z) = [mo — 2s0/h-1]H(z) + Y _ s Hi(z).
1=0

3.3 Error propagation.

Let mg, s; be the precise data for spline (7) but we have only disturbed data
mo, 5 (1 = 0(1)n + 1) at our disposal. We will study the difference between
coresponding splines. Denote

g(.’t) = [T_no — 250/h_1]ﬁ(a}) + giHi(Z'),
e(z) = S(z) — S(z), e = 6(1_6:'), i=0(Dn+1, ep=e'(z0)=mo— my.

Theorem 1 If |e;| < E, i = 0(1)n + 1 then we have for z € [rj, 2j41]
(8) le(@)] < legl hi/4+ E-[1+r(3+2( - 1)r)/4],
where r = max{ hx/hm; k,m = 0(1)n+ 1} and j € {0,...,n}.

Proof The function e(z) is the spline from the space 831(Axz):

n+1
e(x) = [ep — 2e0/h_1]H(z) + ) eiHi(a).
1=0
Therefore
(9) le(z)| < (2lea/h-1| + leg) K1 + E Ko,
where
_ n+1
Ky =max{|H@t)|, t € [¢;,zj41]},  Ko=max{D_ [Hi(t)], t € [zj,2;11]}
=0
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From the Lemma 1 and the necessary conditions of a maximum it follows for
j # 0 that

K, (=1Y H((zj41 + 2;)/2) = hj/4
Ky = Hjn((zj4 +123)/2) + Hi((zj1 +25)/2) +

Il

+Y (1Y T Hi(mj 41+ 25)/2) =

1=0
1 ik
=1+ Z[th/hj—l + Zhj(hi + hi—1)/(hihi-1)).
=0

Let us substitute these results into (9). For 1 < j < n we obtain
le(z)| < 3Eh;/(4h_1) + hjlegl/4 + EC

where
i-1
C = [1+(2hj/hj—1+ hi/ho+ Y hj(hi + hi1)/(hihi-1))/4].
i=1
Because the spline e(z) is determined uniquely by the set of knots (Az) and by
the values ef, e;, t = 0(1)n+1, so it is independent of h_; on [zo, n+1]. Hence,

X lim |e(z)| = |e(z)] holds for z € [zo,Tn+1].
—-1—00

Considering h_; — oo in the last inequality and using hy/h, < r we obtain
(8) (for j = 0 analogically). a

We see that the spline (7) has unsatisfactory error propagation features. The
best case occurs if h; = h (so r = 1; usually ey = 0 too). Under this conditions
we obtain from (8)

le(z)| < E - (5+2j5)/4 = Ej

This simple formula can be used for computation of the estimation of error on
interval [z, zj+1] (see example 1).

4 Quadratic spline interpolating given values
of the derivative

4.1 Formulation and solution of the problem.

Let us have real numbers so,m;, i = 0(1)n + 1;
we search for a spline S(z) € 82,(Axz) with the properties

S'(z;) = m;, i=11)n+1,

(10) S(le()) = $o0.
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The local parameters s; = S(x;), ¢ = 1(1)n+ 1 can be computed using the
recurence relation (4) and function values of this spline we can find using the
formula (3). From (3),(4) it follows also that the solution of the problem (5)
exists and is unique.

4.2 Fundamental splines.

We will construct another basis of the linear space 831(Az) suitable for inter-
polation of the first derivative values.

Definition 3 Splines F(z), F(z) € 821(Az), k = 0(1)n + 1 are called the
D f-fundamental splines if they have the following properties

Fi(zi) = bxi, 1=0(1)n+1,

Fk(-’to) =0,

F(z) =1, z € [zo, Tnt1]-

The Lemma 3 gives the exact description of the splines Fi(z), k = 0(1)n+1
(see Fig. 2; h; = h).

: Fb(*) N) Fp :

1 (X)
X X !h*l

F.(x
. : *n+1

i

)
—p- ;1 T
Fig. 2

Lemma 3 The splines Fy(z), k = 0(1)n+ 1 can be « ritten as

(z — 20) — (z — z0)?/(2ho), z € [zo,z1],
Fo(z) = { ho/2, z € [21, Tny1].
0, z € [zo, Tk-1],
B (z —zx-1)%/(2hi_1), z € [Tk-1,2k],
Filz) = he-1/2+ (z - z1) — (z — )2 /(2he), z € [ok, Tk41],

(he + hi_1)/2, z € [Th41,Tnpa].

' 0, z € [z, Tn],

Frii(z) = { (2 — 2a)2/(2h,), 2 € [T, Ty,



Proof It follows from (4) and Definition 3 that

0, i=0(1)k -1,
(11) Fk(z‘,‘)Z hk_1/2, i=k,
(hk_1+hk)/2, 1,:IC+1(1)72+1,
where £ = 0(1)n + 1, h_; = 0. Substituting this results together with the

postulates from Definition 3 into formula (3) (on every interval [z;, zi+1]) we
obtain the formulas for D f-fundamental splines.

Lemma 4 The Df-fundamental splines F(z), Fo(z), Fi(z),..., Foy1(z) form
the basis of the linear space 821(Az).

This Lemma can be proved in an analogous way as Lemma 2. The solution
of the problem (10) can be expressed in this way

n+41

(12) , S(z) = s0+ Y _ miFi(z).

=0

4.3 Error propagation.

Let so, m; be the exact data for the spline (12) but we have only disturbed
data 5o, m; (i = 0(1)n + 1). We will study the difference between coresponding

splines. Denote
n+1

S(z) =350+ Y miFi(z),

=0

e(z) = S(z) — S(z), € =€'(z;), i=0(1)n+ 1, eo = e(z0) = so — . |

Theorem 2 Iflel| < E, i =0(1)n+1 then for z € [xo, Tn41] we have
le(2)] < leol + E - (& = z0).
Proof Because e(z) € 831(Az) and Fi(z) > 0 (see Lemma 3) we obtain

n+1 - n+l

le(2)] = leo + Z e Fi(z)| < leol + Z EF(z).

The expression on the right hand side is the quadratic spline interpolating the
values m; = E, i = 0(1)n + 1 of derivative, so = |eg| — but it is the straight
line p(z) = |eo| + E - (z — zo). v a
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