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Abstract 

In connection with the analysis of achievement tests with double 
choice response it is possible to construct two variants of mathe­
matical models describing the probability structure of such tests. In 
contrast to the Variant I presented in [1], Variant II proceeds from 
the assumption that in the case of partial knowledge the person un­
der examination can be really familiar only with one correct answer 
among the offered alternatives. The proportion of the topic to be 
examined, which the tested person really does not know, can be ex­
pressed in the form of a weighted sum r = 6/2 -f u, where v is the 
proportion of total unfamiliarity and S is the proportion of partial 
unfamiliarity. 

Key words: school-achievement test, double-choice response, pro­
babilistic model. 

MS Classification: 62P10, 62P15 

1 Introduction 
The construction of mathematical models, describing the probability structu­
re of school-achievement tests ,should take into account a certain difference 
between the real knowledge of the examined person and the result of the test 
evaluated by the examiner. 

Variant I of a probabilistic model of the school-achievement test with double 
choice response, published by the author of this paper in 1991 proceeds from 
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the assumption that when the person under examination is really familiar with 
the topic of the question, he or she will select both the correct responses from 
the offered alternatives. 

The aim of the present paper is to construct variant II of the probabilistic 
model of such a test, proceeding from the assumption, that in the case of a 
partial knowledge the examinee can be really familiar only with one correct 
response among offered alternatives. 

The present paper is the third from a series of articles dealing with this 
problem. 

2 Assumption of the model 

Let us consider the school-achievement test with compulsory choice of two 
correct responses from q > 3 response alternatives of which two are correct. 
A missing answer is evaluated as an incorrect one. The examined persons are 
informed about the nature of the test before testing. It is also presumed that 
the test consists of n independent questions of the same difficulty, the num­
ber of offered alternatives is the same in all questions and that the function of 
the alternatives is equivalent . Alternative responses to each question should be 
chosen in order to avoid similarity and discrepancy. 

The whole proportion r of the topic to be examined which the tested person 
really does not know can be expressed in the form of a weighted sum r = 6/2-f-iv, 
where v is the proportion of total unfamiliarity and 6 is the proportion of partial 
unfamiliarity. 

3 Model of probabilistic s t ructure of the test 

The description of the probabilistic structure of the test comprises the following 
notation for random events relative to the t-th question of the test: 

Zi tested person is total familiar with the topic of the t-th question 

Di tested person is partial familiar with the topic of the i-th question 

Nt tested person is unfamiliar with the topic of the t-th question 

According to the assumptions mentioned above the random events zTt, /.),-, 
Ni have probabilities 

P(Zi) = l-»-8, P(Dt) = 8, P(Ni) = v 

In relation to the registered results of the test the following three random 
events are considered 

Sio no correct answer was given to t-th question 
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Sn only one correct answer was given to i-th question 

Si2 both correct answers were given to i-th question 

In the case of total familiarity with the given topic, the examined person 
will give two correct responses, so that 

P(Si0\Zi) = 0, P(S„ \Zt) = 0, P(Si2\Zi) = 1, 

In the case of partial familiarity with the topic of the i~th question, the 
examinee actually knows only one correct response, while his second response is 
effectively chosen at random by him from among the a —1 remaining alternatives. 
The following conditional probabilities discribe this situation 

P(Sio\Di) = 0, P(Sil\Di)=
q^4, P(Si2\Di) = 

1 q- 1 

In the case of unfamiliarity with the topic tested by the i-th question the 
examined person can use only the random choice. With regard to the presence 
of two correct responses among q > 3 offered alternatives the following relations 
hold: 

P(SÍO\NÍ) = 

9 - 2 -
2 ) _ (q - 2)(q - 3) 

P(SЦ\NІ) = 

9 ^ 9 ( 9 - 1 ) 

î - 2 2' 
1 Д l j _ 4 ( Ï - 2 ) 

P(Si2\Ni) = 

q\ 9 ( 9 - 1 ) 

2 1 2 

9^| 9 (9 -1 ) 

These conditinal probabilities are defined by the hypergeometric distribution 
which is applicable in this situation. 
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Unconditional probabilities of evets S.o, S,i, S.-j can be calculated according 
to the theorem of total probability: 

P,O = P(si0) = P(S ionz i) + p(s.ono .) + P(sionAt.) = 
= P(zi)P(Sio|zi) + P(A)P(Sio|oi) + P(iVi)P(Sio|/V,) = (1) 

(g-2)(g-3) 
q(q-i) 

m = p(Sii) = P(Sn n Zi) + P(Sn n A) + P(S,i n At.) = 
= P(z i)P(S i l |z i) + P(D1)P(S,1|A) + P(Ar

i)P(S,1|/Vi) = (2) 

= « ^ + 4 ^ 
q-l q(q-l) 

m = P(5t-2) = P(Si2nzi) + P(si2nDi) + P(si2nNi) = 
= P(Z0P(^2|Z0 + P(A)P(S,

t-2|A) + P(IVl)P(5,-2|Nf) = (3) 
ex c 1 2 f c ? - 2 a(a-l)-2 

= ( 1 - 1 / - * ) + * - + !/-; = 1-8-L-— - ^ ^ - — -
a-1 g ( g - l ) q-l q(q-l) 

The assumption of the same difficulty of questions and the same schema of 
offered answers allows us to omit the index of the question and to introduce the 
following notation 

PiO - Po, Pi\ = Pi , Vi2 = P2, SiQ = S0, Si\ = S\ , Sj2 = ^2 

for all considered indices. 
To the whole test, i.e. the whole series of n independent questions we can 

associate three random variables Mo, M\, M2. 
Variable Mo represents the number of questions in the whole test to which no 

correct answer was given. This variable has a binomial probability distribution 
defined by the relation 

^-^-(;)(JW)>'^^r« 
with the expectation 

and with the variance 

E<*°>— í i ^ i r 1 <5» 

D"*>- f e* s('-'&^r i) 
Variable M\ represents the number of questions to which only one correct 

answer was given. This variable has a binomial probability distribution defined 

102 



by relation 

P(M1=m1) = 

/ n \ / „ _ 2 4 ( . - 2 ) \ m i / , 9 - 2 4 ( g - 2 ) \ n - " " / _ , 

with the expectation 

™~ (&+•%$) (8) 

and with the variance 

4 ( « - 2 ) 

^ " ( ^ ^ Ï D H H Ь , ( . - . . ; ( 9 ) 

The random variable M 2 representing the number of questions to which both 
correct responses were given has a binomial probability distribution in the form 

P(M2 = rn2) = 
m 2 / _, _ 9 _,/_,_ 1\ _ 9 \ n " m -f - \ (, _,__«_ ,fci>^r' f.i-4+.-i^-y omo) 

V m 2 j V 9 - 1 9 ( 9 - 1 ) ; V 9 - 1 9 ( 9 - 1 ) j v ' 
on 

^••O-'Hr-'^ir) (11) 

with the expectation 

and variance 

™-<>-&--^)(&+-*ts^) <12) 

With regard to the fact 

mo + mi -f- m2 = n 

the random vector M = ( M 0 , M i , M 2 ) has a multinomial probability distribu­
tion defined by the following relation 

P(M0 = m 0 . Mi = m i , M 2 = m 2 ) = 

- n! / h-2)(g-3)\mY^-2 4(g-2)\m' 
• m 0 ! m i ! m 2 ! V q(q - 1) J \q-l q(q - 1) J K ) 

This probabilistic model makes possible to estimate the parameters v and 8 
as parameters of the mentioned above probability distributions. In this way it 
is also possible to estimate the parameter r = v -f 6/2 representing the whole 
proportion of the tested topic with which the examinee is unfamiliar. 
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