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Abstract: Using the p-adic limit, the notions of Fermat and Wilson quotients for composite
moduli are transferred to those for p-adic integers. Some theorems on these quotients are
presented which in particular are analogous to results of Eisenstein, Lerch, Friedmann and
Tamarkine.

Key Words Fermat quotient, Euler quotient, Wilson quotient, p-adic numbers.

Supported by the Grant Agency of the Czech Republic, No. 201/97/0433

Mathematics Subject Classfication: Primary 11A07; Secondary 11S80, 11B68

1. Introduction

Let p be a prime and a an integer not divisible by p. As it is well-known the Fermat
quotient of p with base a is the integer

ap'i _j

afap) =
\%

The first generd statements on this quotient are due to Eisenstein ([E], 1850):
(El) Ifp is odd, then

P-1
29(2,p) = A(~=T)"t-(medn

n=|

(= -V - (mod p)).

(E2) If uyv are integers and p\ uv, then

afuv,p) = q(up) + q(v,p) (mod p)

(the "logarithmic property").
(E3) //uv G Z and p\u, then

o(u + pvp) = q(up)—ﬁ(mod D).
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As a corollary of (E3) we have for integers a,b,p t ab:
a=b (mod p*) == g(a,p) = q(b,p) (mod p).

Thus by (E2) we can consider the function ¢( , p) as a homomorphism from the mul-
tiplicative group ((Z/p?Z)*,-) into the additive group (Z/pZ, +) of the respective
residue class rings.

According to Euler’s well-known theorem generalizing Fermat’s little theorem
we can define for relatively prime integers m > 2 and a the Euler guotient (or the
(generalized) Fermat quotient for composite moduli) of m with base a by

a¥(m) _ 1
q(a,m) = - .
For this quotient similar laws are satisfied as (E1) - (E3). In [ADS1] the Fermat
quotient for composite moduli m is investigated in more detail. Some formulas
presented there for the case m = p™ directly invite to use a limit process and to
transfer this notion to the p-adic case. This is established in Section 3 in greater
detail by means of the projective limit. In Section 4 Lerch’s expression of the Fermat
quotient is transferred to the p-adic case and in Section 6 the Friedmann-Tamarkine
congruence is presented for the Fermat quotient for p-adic integers.

Similarly, the notion of the Wilson quotient is transferred to the p-adic case by
means of the p-adic limit in Section 5. Here a theorem (Theorem 5.7) is derived
presenting this “p-adic” Wilson quotient by means of the p-adic limit of expressions
containing certain Bernoulli numbers.

The reader is referred for the basic facts on p-adic numbers to the book [BS] and
for the theory of projective systems to the book [K].

2. Notations and Fundamental Assertions

Throughout this paper we will use the following notations:
p a prime,
n a positive integer,
Z the ring of (rational) integers,
Z(n) the additive group of the ring of residue classes mod p®, thus Z(n) =
(Z/p"Z, +),
Z(n)* the multiplicative group of the invertible elements of the ring of residue
classes mod p", thus Z(n)* = ((Z/p"Z)*,"),
¢n the canonical (ring) homomorphism from the ring (Z/p"*'Z, +, -) onto the
ring (Z/p™Z,+,-); this homomorphism will be also considered as (group)
homomorphism from the group Z(n + 1) onto the group Z(n) or from the
group Z(n + 1)* onto the group Z(n)*,
(Zp, +,-) the ring of p-adic integers with p-adic topology,
Z, the additive group of the ring (Zp, +, ),
Z; the multiplicative group of the invertible elements of the ring (Zp, +, ),
¥n the canonical (ring) homomorphism from the ring (Z,, +,-) onto the ring
(Z/p"Z, +,"), also considered as the group homomorphism from the group
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Z, onto the group Z(n) or from the group Z; onto the group Z(n)*, thus for
a=Y72,a;p' € Z, (a; €Z,0 < a; < p) wehave () = Z::ol a;p'+p"Z,
v(a) the p-adic exponent of a p-adic integer a,
kllr& ay the p-adic limit for p-adic integers a4, similarly all topological notions (con-
tinuity, convergence, infinite series, etc.) concern the p-adic topology,
q(a,p™) the Fermat quotient of (composite moduli) p™ (the Euler quotient of p™)

with base a (a € Z,p{ a) (see, e.g. [ADS1]), thus g(a,p™) = "oy

e
Since for each p-adic integer a not divisible by p we have
a?"7H =1 =1 (mod p"),
. n—1,__
the p-adic number ¢(a,p") = L;’;‘_”—_l is p-adic integer. In this way the former

function ¢( ,p") is extended to all p-adic integers not divisible by p.

Proposition 2.1. (a) The function q( ,p") is a uniformly continuous mapping from
Z; into Zy.
If we assume that o, 8 € Z3, then we have:

(%) q(a,p") = q(B,p") (mod p™)
provided that a = 3 (mod p™t+1),

(c) q(eB,p") = g(a,p™) +q(B,p") (mod p™).

Proof. For o, € Z there exists v € Z, such that o?" ' (p=1) _ ge" 7 (p-1) =
(o = B)~, hence
v(g(a,p™) — q(B,p")) 2 v(a = B) ~ n.

This proves part (a). Part (b) is obvious and part (c) follows from (b) and the
logarithmic property for the Fermat quotient of p™. O

Notation. Let A=a+p"*'Z € Z(n+1)*,a € Z, p{ a. Put ¢g,(4) = q(a,p™) +
p"Z € Z(n). Using Proposition 2.1 (b), (c) we get that ¢, is a group homomorphism
from the group Z(n + 1)* into the group Z(n).

Proposition 2.2. (a) Let p be an odd prime or p = 2 and n = 1. Then qn is
surjective and for A € Z(n + 1)* we have ¢,(A) = 0 if and only if AP~! = 1.

(b) Let p =2 and n > 2. Then qn(Z(n + 1)*) = 2Z(n) and for A € Z(n + 1)*
we have qn(A) = 0 if and only if A = £1.

(The symbols 0 and 1 denote the zero element and the unity in the rings of
residue classes mod p™ and mod p™*+!, respectively.)

Proof. In case (a) we have, by property (E3), ¢(1 + p,p™) = —1 (mod p), hence
ptq(l+ p,p"). Using the logarithmic property of the Fermat quotient of p™ and
the existence of a primitive root mod p™ we get that g, is surjective and g,(A4) =0
for an element A € Z(n + 1)* if and only if AP~! = 1.

For n > 2 we have ¢(5,2") = 2k for an odd integer k. Let a € Z, 2 { a. Then
there exists an integer z such that 0 <z < 2""! — 1 and a = +5% (mod 2™+!),
which implies g(a, 2") = zq(5,2") (mod 2") = 2kz, and we are done. O
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Proposition 2.3. With exception of the case p =2 and n = 1 we have

n+l)

q(o,p = q(a,p™) (mod p™)

Jor each a € Zj,.

Proof. Since 2|g(a,2") for each odd @ and n > 2, we get the proposition from
Proposition 4.1 of ([ADS1)) for @ € Z (p{ @). Using Proposition 2.1 (b) we obtain
the general case. a

Immediately from’this proposition we get:

Proposition 2.4. If p is odd or p = 2 and n > 2, then the following diagram is

commutative: q
Z(n +1)" ————7Z(n)

‘pﬂ+ll [‘pn

Z(n +2)* 2L Z(n + 1)

3. Fermat Quotient for p-Adic Integers

Let 7 be the set of all positive integers in the case where p is odd and the set of
all integers > 2 in the case p = 2. For m,n € Z, m > n denote by ¢ the (group)
homomorphism ¢! = pp 0 Yniy1 00 pm. Then {Z,Z(n),p} is a projective
system whose projective limit is given by the family of (group) homomorphisms
{¢n : Z, = Z(n)|n € T}. According to Proposition 2.4 the following diagram is
commutative for each n € I:

Z(n)

qnoM

Z; $n

dn+1© w&

Z(n+1)
Using the properties of the projective limit we can state:

Theorem 3.1. There ezists a unique continuous homomorphism q from the group
Z,, into the group Z, such that the following diagram is commutative for eachn € I:

Zn+1)* =2 7(n)

¢n+l] L/)n

» q
Zp ----------- > Zp

Definition 3.1 The mapping ¢ in Theorem 3.1 will be called the Fermat quotient
for the p-adic integers, or simply p-adic Fermat quotient.
Using the definition of ¢ and Proposition 2.2 we can derive the following theorem:
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Theorem 3.2. (a) For p # 2 the mapping q is surjective and for o € Z}, we have
g(a) = 0 if and only if ™! = 1.

(b) If p = 2, then q(Z3) = 2Z, and for a € Z3 we have q(a) = 0 if and only if
a==%1.

Theorem 3.3. (a) We have for each o € Z}, and eachn € I

q(@) = q(a, p™) (mod p™).

(b) The sequence of mappings {q( ,p")}S., converges uniformly to the map-
ping q.
(c) The mapping q is uniformly continuous.

Proof. According to Proposition 2.3 there exists li’m g(a,p”) for each a € Zj,
V=00

which will be denoted by f(a). By Proposition 2.1 (¢) f is a homomorphism from
the group Z; into the group Z,.

Assume that n € T and a € Z;. Then there exists an integer m > n such that
v(f(e@) — q(a,p™)) > n. Using Proposition 2.3 we get

v(f(a) - g(a,p™)) > min{v(f(a) - q(a,p™)),v(q(a,p™) — q(a,p™)} > n,

from which we obtain that the sequence {g( ,p")}32, converges uniformly to f and
f(a) = q(a,p™) (mod p™).

Since the p-adic valuation v is non-Archimedean ([BS], Chapt. 1, Sec. 4, Ex.
4) and q( ,p") are uniformly continuous (Proposition 2.1 (a)), the mapping f is
uniformly continuous.

It is easy to see (Proposition 2.1 (b)) that for each n € Z the following diagram

is commutative: g
Z(n + 1)* —2—Z(n)

"pn—H[ Lﬁn

f

Z, ——17Z,
The result follows from the uniqueness of g. a

In the following theorem we use the symbol log for the p-adic logarithm and we
apply Leopoldt’s formula ([Lp],(0))

HP" —1
logH = lim ————

n—oo0 pn

to the p-adic integer H = oP~', where a € Z;:

Theorem 3.4. If a € Z;, then

_loga?~!

p

q(a)
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4. Lerch's Expression for the Fermat Quotient

In his paper [Lrl] in 1905, Lerch presented the following expression for the Fermat
quotient of an odd prime with base a (a € Z,p1{ a):

p—1
L) aten) =Y 2 [ %] (modp).

=1

This form was generalized by Lerch in [Lr2] (1906) for Fermat quotients of composite
moduli m (m € Z,m > 2) for base a (a € Z,(m,a) = 1)):

w(m) _ hds
(L2) aq(a,m) = aa——m—l— = ;31”_ [%] (mod m)

(see [ADS1], Theorem 2.3 and Historical remarks, p.34).
To state an analogous formula for the Fermat quotient ¢ we will define for a
(o]

p-adic number £ = Y 50 z;p' (z; € Z,0< z; < p—1,m € Z, m > 0) the integral
part [€], of & with respect to p by

(€] = Zz,-pi € Z,.

1=0

Clearly, if w € Z, then [g.] — [w]

p"p |

Theorem 4.1. If o € Zj, then

pll
1
aq(a) = lim E - [c;_z] .
v—00 z v
=1 P
piz

Proof. Assume that a € Z;, f € Z and a = 8 (mod p*"). Using Proposition 2.1
(b) and (L2) we get

Since az = Bz (mod p?") for each rational integer z, there exists v = 7(z) € Z,
such that g—f = g% + p™, therefore [;—’] = [g,,f] (mod p™) and

n

The result follows. 0O
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Notation. For integers N,k (N > 1,pt N,0<k < N - 1), put

sk Nn) = 3 51:-

Bl k<z < By (k+1)
piz

Then Lerch’s formula (L2) for Fermat quotient of p™ for base IV can be expressed
in the following way:

N-1

Ng(N,p*) = > _ ks(k,N,n) (mod p").
k=0

Thus we can state:
Theorem 4.2. If N is a positive integer (pt N), then

N-1
Ng(N) = lim kZ ks(k,N,v).

Corollary 4.3. Let N € {1,2,3,4,6}, 0 < k < N -1 (k € Z). Then there exists
lim s(k,N,v) = s(k, N) and we have
Vv—>00

(a) s(0,1) =0,
(b) s(1,2) = —5(0,2) = 2¢(2),
5(3,4) = —s5(0,4) = 39(2),
5(1,4) = —s(2,4) = q(2) forp#2,
(c) 5(2,3) = —s(0,3) = 3¢(3),
s(1,3) =0, forp #3,
(d) s(5,6) = —s(0,6) = 2¢(2) + 34(3),
s(1,6) = —s(4,6) = 2¢(2),
5(3,6) = —s(2,6) = 2q(2) — 3¢(3), forp > 5.

Proof. The result follows from the congruence
s(k,N,n) = —s(N —=1—k,N,n) (mod p")

and from Theorem 4.2. m)
Remark. For N =50or N > 7 (N € Z) the question which sequences

{(th/)}V X

are convergent (0 < k < N — 1) remains an open problem.

Lemma 4.4. Let N be a positive integer, pt N and suppose there exists

lim s$(0,N,n) =o.

n— o0
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Then
— 1
X X |=c
v=0 1 By cpcriit
ptz
Proof. Put
1
Ov = ) Zm z
R <z<bg—
ptz

for each non-negative integer v. Then the nth partial sum of the series Y oo oy

equals
n-1 1
Za.,: Z ;:s(O,N,n)
v=0 15:<gﬂ’;
ptz
and the result follows. 0O
Corollary 4.5.
(a) If p # 2, then
oo 1 00 1
@=-21 2 aM0=-2 X g
Ef—<z< v= L<I<L4‘
ptz ptz

(b) If p # 3, then

3g(3)=-2) > .i.

v=0 '53'l<:c<‘ﬁ3+—l
(c) If p > 5, then

q(2*-3%) = 4q(2) + 3¢(3) = -2 =

v=0
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5. Wilson Quotients for the p-Adic Case

Definition 5.1. Let m > 2 be an integer and €, = —1 if m = 2,4,p or 2p* (p
an odd prime and « a positive integer) and €,, = 1 otherwise.
The integer

1 m
W(m)za [szl]—sm]

(4,m)=1

is called the generalized Wilson quotient of m (see [ADS2], Definition 2.1).
According to [ADS2], Propositions 3.1 and 3.2, we have

(5.1) W (p"*') = W(p") (mod p"71),

hence there exists lim W (p").
n—o00

Definition 5.2. Set
W =W, = lim W(p")
n— 00
and call the p-adic integer W), the Wilson quotient for the p-adic case, or simply
p-adic Wilson quotient.
Proposition 5.1. v(W - W(p™)) >n - 1.

Proof. According to (5.1) we get for each integer m > n the inequality v(W (p™) —
W (p™)) > n — 1. There exists an integer m > n such that v(W — W(p™)) > n -1,
therefore

oW = W) = o(W - WE™) + (W ™) - W) >
> min{u(W — W (™), o(W(E™) - W(p™) 2 n - 1

and we are done. ]

Notation. For an integer m > 2 set

m m m
oim)= > gla,m), oz(m)= Y > qla,m)q(b,m).
a=1 a=1 b=a+1
(a,m)=1 (a!m)=1 (bym)=1
Further let
~1 ifpis odd )
é”:{ 1 ;fZi; (= €p) and c(n) = p(p") =p" " (P = 1)
As usual the n-th Bernoulli number will be denoted by B, (B1 = —%,B2 =
1
s B3 =0,... )
6 )

In the following proposition the congruence mod m in Proposition 2.1 of [ADS2]
is extended to mod m? using the same method of the proof.
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Proposition 5.2. For integers m > 3 we have

2

Proof. The result follows from observing that

emp(m)W (m) + <“’(m)>mW(m)2 = 0,(m) + mos(m) (mod m?).

w(m)
m

II = (em + mW (m))?™ = 20M) 4 o(m)el™ " ImW (m)+

i=1
(j,m)=1

+(‘p(;n)>eﬁl(m)'2m2W(m)2 (mod m®) =

=1+ emp(m)mW (m) + (“’(;")>rrz2(W(1n))2
and also,by the definition of ¢(a,m),

w(m)

m

H J H (1 +mg(a,m)) =

=1
(j,m)=1

= 1 + ma;(m) 4+ m?03(m) (mod m?).
Proposition 5.3. lim o;(p™) = 0.
n—oo

Proof. Using Proposition 5.2 we get v(o;(p™)) > n — 1 and the result follows.

Theorem 5.4. 507 (Zz;p.,_1+1 Q(a)) =0.

pta

(]

O

Proof. Let n > 2. According to Theorem 3.3 (a) we have for each integer a (pta)

v(q(a) — q(a,p™)) > n, therefore

" "
> qla) —o1(e") | =v | Y la(a) — g(a,p™)] | >

a=1
pta pta

> min{v(g(a) — g(a,p")): 1 <a<p"a€Z,pta} >n.
The result follows from Proposition 5.3.

Proposition 5.5.

— 1n—- — 1"—'00

W,,:e'ppp lim (”‘;’jn) o2(p )) lim ( ‘(”")+pa (p ")).

p"

Proof. If we substitute for m the power p™ (n 2 3) in the congruence of Proposition

5.2, we get
oo~ VW) = 2 4 por(p7) (mod 5.
Using Proposition 5.1 we get the result.

For the proof of Theorem 5.7 we will need the following lemma:
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Lemma 5.6. Let t be a positive integer and n > 5. Then

Za‘c(") = Bye(n)p" (mod p**71).
a=1
pia

Proof. For the sake of simplicity put ¢ = ¢(n) and m = p". Then by a well-known
identity for Bernulli numbers,

m-—1 tc

1 tc+1
E te _ E : B tc+1——k.
u:la tc+1k=0( k ) o

Since for 0 < k < tc — 2 the inequality v(Bym!c+1=F) > 3n — 1 is satisfied by the
von Staudt-Clausen theorem, we get

m-—1
1 tc+1 tc+ 1 _
tc — n B,._ 2n d 3n—1 .
Z a = ter1 (( 1 )Bch + ( 9 ) tc—1P ) (mo p )

a=1
The integer tc — 1 is odd and greater than 3, hence Bi.—; = 0. If a is an integer
divisible by p, then v(at) > tc > 2"~! > 3n + 1. The result follows. 0O

Theorem 5.7.

o 1 3(p-1)
Wy = —Epm n-—?go pn <B2C(n) 4Betm) + T )

Proof. Put v(n) = ZZ":I q(a,p™)? and ¢ = ¢(n). According to Lemma 5.6 we have

pia
forn>35

1 -
y(n) = o z:(a2C 2a°+1) = (Bgc - 2B, + T) + z,p"!

a=1
pta

1
p"
and

-1
Ul(P")—- E(a = B, _T+ynp -,

pfﬂ
where z,, and y, are (rational) integers.
Further
a1(p")* = 7(n) + 202(p"),
therefore
a1(p") ny_ 1 p-1 no1, 01(P)?  a(n) _
7—4‘02(13)—1; Bc*T tynp A+ — g =
-1 - Tn\ o1 01(p")?
-1 (2Bc_ ‘2—(1)—)_32c+2Bc_ep—‘) +(yn‘7")pn 1y 1(127 )

— -1 n ny)2
=—1-(BZC—4BC+3(” ) + (- ot 4 2
2 p 2 2

ny2
Since limp—oo(¥n — Z)p" ! = 0 and limnseo ”-‘i%l— = 0 (by Proposition 5.3),
the proof is complete according to Proposition 5.5. O
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6. Friedmann-Tamarkine Congruence
In their paper [FT] (1909) Friedmann and Tamarkine proved for an odd prime p
and an integer m (3 < m < p — 2) the following congruence:

-1

(FT) a™q(a,p) = ~ =By (mod p).
1

°

a

Note that the congruences of this kind were given by Lerch ([Lrl], 1905) for
special m.

(4), m=0: gq(a,p) = W(p) (mod p),

(17), m=1: gaq(a,p) = 3 (mod p),

(24), m=2: gazq(a,p) =~ (mod p), (p # 3),

(18), m =23t g(g)a(a,m =0 (mod p), (p = 3 (mod 4)),
(), m=23t: g(ﬁ)q(a,p) = 2By (mod p),(p = 1 (mod 4)),
(22!), m=2gk: g(g)aqm,m =0 (mod p), (p = 1 (mod 4)),
(22%), m =Bt g(i)aq(a,p) = Ct(~p) (mod p), (p = 3 (mod 4)),

where C¢(—p) is the number of divisor classes of the quadratic field Q(y/—p) and
Cl(-p) = —2BE_F (mod p) for p > 3 ([BS], Chap. 5, Sec. 8, Problem 4).
The aim of this section is to transfer the congruence (FT) to the p-adic case for

the Fermat quotient g. For m = 0 the modified relation was expressed by Theorem
5.4.

Further we will assume that p is an odd prime and for a positive integer N set
Sn(n) =1V 42N 4 ... 4 (n - )N,

To prove the main theorem of this section we will state some lemmas.
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Lemma 6.1. If u,v are positive integers, v > v(pu + 1), then
Su(p”) = Bup” (mod p*~1).

Proof. Put z = v(p + 1). Since v(Bx) > —1 by the von Staudt-Clausen theorem,
we have for 0 < k < pu — 2 (k an integer):

I (u+1 (u+1-k)
_ v >—zz—-14+3vr>2v-1,
v(#_*_l( k )ka > -z v>2v

therefore, as in the proof of Lemma, 5.6,

S.(p") <H+ 1) prlutl=k)y =
0
1 +1 v—1y —
)
= B,p” (mod p* 7).

O
In Lemmas 6.2 and 6.3 we assume that m is a positive integer, m # 0 (mod p—1),
v is an integer, v > v(m+1)+2and M =m +p* }(p-1).

Lemma 6.2. > (Sm(p*) = Sm(p”)) = —p™ B (mod p*~?).
Note that v > v(m+1) = v(M +1), hence the numbers ’%SM(p”) and #Sm(p")
are integers by Lemma 6.1.

Proof. We will use Kummer’s congruence for the Bernoulli numbers modulo a prime
power ([W], Corollary 12.3, p. 241):
Ifm=M (mod p*}(p—1)),and m £ 0 (mod p — 1), then

m-— Bm - B v
(1=p™ ) = (1= pM™h) % (mod p).

Since M—1 > p*~*(p—1) > 3*71-2 > v, we have (1-p" 1) Zm = Bi (mod p*~!),
therefore
m =1 -p™ HB,, (mod p*1).

Using Lemma 6.1 we get
1 v v - v—
;;(SM(P ) = Sm(@")) = By — By = —p™ ' B,,, (mod p¥71). ]

Lemma 6.3. ;
> a™q(a,p) = 0 (mod p*~2).
i
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Proof. For an integer a divisible by p we have v(@M) =M >p'Hp-1)>3""1-2>
2v,-hence

> aM = Su(p*) (mod P*)

a=1

pia
and there exists A € Z such that
P
(6.1) S oM = Sy (p*) + AP
o
Since Sp(p”) = P, a™ +p™ TP, '=1,m e have
Mﬂ
p” .
(6.2) > a™ = Sp(p’) - pmém@T),
i

and using Lemma 6.1 we get Sp(p"~!) = Bnp’~ "' (mod p?~3). Therefore there
exists a p-adic integer C such that

(6 3) ms (pu l) pm+u lB +pm+2u 3C
Summarizing (6.1) - (6.3) we obtain

oo = 5| LS -
;:i pfa Pfﬂ

= ,%(Sm(p”) + Ap? = Sm(p”) + p™ 1 B + p™0) =

(SM( ¥) = Sm(®")) +p™ B (mod p*~?%) =

=0 (mod p”~?)
according to Lemma 6.2. O

p¥

Theorem 6.4. If p is an odd prime and m a positive integer, m # 0 (mod p — 1),
then

(o) 14
| ¥ ema@ | =0
v=1 | a=p*~ 141
pte
Proof. For a positive integer v put

¥ o y
A(v) = Za:l a™q(a) and B(v) = Za___l a™q(a,p").

rta pta
According to Theorem 3.3 (a) we have v(A(v) — B(v)) > v
If v > v(m + 1) + 2, then by Lemma 6.3 v(B(v)) > v — 2, therefore v(A(v)) =
v(A(v)=B(v)+B(v)) > min{v(A(v)—B(v)),v(B(v))} > v—2(for v > v(m+1)+2).
This proves lim, . A(v) = 0 and the proof is complete. O
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