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Rational and irrational series consisting of special
denominators

Jaroslav Handl

Abstract: The main result of this paper is a criterion for irrational series which consist
of rational numbers where the denominators are special numbers and numerators are not
so much high. If we little increase the numerator then the example for rational series is
included also.
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1. Introduction

Erdés and Straus in [3] proved that if A is an integer greater then one and {cn}32,
is a sequence of integers such that 3o | |c,|472" < oo then the number

> 1
a= —
;A”%-cn

is irrational.

Mahler introduced the most general method of proving the irrationality and
transcendence of sums of infinite series. A survey of these results can be found
in Nishioka’s book [4]. In 1987 in [1] Bundschuh and Peth6 proved the following
theorem.

Theorem 1. Let {R,}52, be the second order linear recurrence with characteristic
polynomial 22 — Ay 2 — 1 where A, is a positive integer and with Ry = 0 and Ry = 1.
Assume that {b,}5=, is a sequence of integers such that |b,| is not a constant for
large indices and there is a positive real number € such that for every sufficiently
large n

lbn] < R3S,
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Then the number

n=1 R2n

s transcendental.

In 1999 in [2] Duverney proved the following theorem.

Theorem 2. Let 8 be a positive rational number and v be a real number with
0 < v < 2. Assume that {un}52,, {an}32, and {b,}32, are sequences of nonzero
integers such that
lim u, = oo,
n—oo
Uni1 = Bul + O(u]),
loglan| = o(2")

and
log |bn| = o(2™).

Thena =Y oo, 55— is a rational number if and only if there is ng such that for
every n > ng
ant1bn Ant2bn+1

2
Un41 = ﬁun - n .
Qnbpiy ﬂan+l bnt2

The main results of this paper are Theorems 3 and 4. Theorem 3 deals with a
criterion for the irrationality of rapidly convergent series. The terms of this series

consist of special rational numbers which do not depend on arithmetical properties
like divisibility. Theorem 4 presents several special rational numbers.

2. Irrational series

Theorem 3. Let A and B be two algebraic numbers with 1 < |B| < |A| and
such that A% and B? are positive integers. Assume that {b,}2, is a sequence of
integers such that

n

_9oRp2
llnn—]> ioI})f b"‘LAZ"B_ﬁ =0 (1)
and for every sufficiently large n
b1 — 2B b,| < A" + B, (2)

Then the number
oo bn

1s rational iff there ezists a rational number D such that for every sufficiently large
number n

b, = D2"B?". (3)
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Proof 1. Sufficient condition Let (3) holds for every n with n > ng. Then we have

b(A2 ~B2“)
a_2A2“+BZ"~z 2n+\_ 2n+x—

o= bn(A?" + B —2BY") & bn 2b, B>
2 A2 _ gentd - Z(m - W)
n=1 !

n=1

by N i": by — 2b, B2

A2 — B2 L AT BT T
b <X bpyr — 2b, B
FoE T e gt L bupr ~ 2B =
_ — A - B i A2 _ B2

2b,B”" &N DBt _oponp?t gt
n+1
g z A2nt _ pgert!? 2 A2t e}

n=ng

n-H 2an
B2 + Z 2n+x _ 2n+1‘

Thus the number « is rational.

2. Necessary condition. Assume that for every rational number D there exist
infinitely many n such that b, # D2"B?". From this we obtain that for infinitely
many N

by — 2o B2 #0. (4)

Let a be a rational number. Then there exist two integers p and g with ¢ > 0 such
that o = . Now we have

~1(AY + BY)
ZAzn B2" 2 H, 1(A2’ BY) =

n(A2"—B2) B
B22n] l(Az’ Bz:)”

2B?" b,

B2 Z( = 1(A2J + BY) - H’J}Zl(Azi +B2j)) =

by N z bny1 — 2B by,
A2 — B2 A2 — B2 — n’]?zl(A‘zi + B‘zi)'

From this we obtain that for every positive integer M the number

M ]
In = (H(AT Bz]))(P(AZ — B%) —qb;, — qz nnﬂ - 2B%" b, )=
j=1

i= 1(42J +B2J)
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n+1 - ZB2nb
q Z H]—-M+1 (AZ’ + B2J)

n=M+1

is an integer. Equation (1) implies that there is a positive integer S such that

lbss1 — 2B bg| + 1
A? + B?*

1
< -.
q

From (2), (4), (5) and (6) we obtain that
nt1 — 2B2" by,

I = — I <
lSl, q'ZH_SA21+B2;)I_
qlb5+1 —2B% b, . 2. |bpy1 — 2B%7| <
AT o T (7 5 BY)

lbss1 — 2B% = A" + B —1
-;_]S‘ 25 + q n 2n on S
A%’ + B 2 [I}=s4:(A%" + B?")

lbs41 — 2B2°| + 1
A?® + B?*
Condition (4) implies that there is a least integer P with P > S such that

bps1 — 2B bp £ 0.

n=5+1

<1l

From this, (2), (4) and (5) we obtain that

2B b, - 2B%"b,
I _ bny1 — _ bnt1 N
[Is-1| = ‘II"Z; HJ‘_ (AzJ +B2’ [=q Z H]— AZJ +BzJ)| 2
q'bp_H - 2B bp, Z lbn+l - Zanbnl

I '—S(A2] +B%) n—P+1 H?=S(A2j +B%)

qlbpy1 — 2B? bp, i A +B” -1
MZs4® +8%) 5, [Tos(4 + B%)

q(lbps1 — 2B bp| - 1)

Inequalities (7) and (8) contradicting the fact that the number Is_; is integer.

Example 1.

(5)

(6)

(7)

(@)

<

Let A and B be two positive integers with B < A and n(n) be the

number of primes less then or equal to n. As an immediate consequence of Theorem

& the numbers

X, A7 -wn) 4 427 4 gt

) A2"—7r(n)+A2"‘")+nn J
; Azn-H +an+1 an nz;:; A2n+l +B2n+l

are irrational.
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3. Rational series

Theorem 4.  Let A and B be two algebraic numbers with 0 < |B| < |A| such
that A2 and B? are integers and ng be a positive integer with ng > 1. Assume that
{bn}22, is a sequence of integers such that for every n > ng

n

bsr = Z (AZJ + B?’ _ 1)211_jB2n+1A21+1 + b1102n~n0+1B2"+‘~'2"0. (9)
J=no

Then the number

Z i

is rational.
Proof From (9) we obtain that for every positive integer n with n > ng

bnst = 2B% by = Y (A7 + BY — )20 B2 PN g, onenet i g2

J=no

Z (A2’ BQ-’ _ 1)21'1—~]'B2"'H—2j+1 _ b02n—no+lBQ"+‘—2"“ —

=
AT + B -
This and the definition of the number a imply
oo o0 n n
bn bo(A?" — B?")
a = Z A2" 4 Ben = Z A2nF _ gl =
n=1

n=1

0 bn(A A?" 4 B?" _2B2") B e bn 2an2" _
Z A2t _ g2t - Z A2 — B2t p2ntl _ pgontt T
n=1 =
2b, B>
n+l _
Bz + Z A2t _ pgontt T
— 92 "
n+1 YonB
B2 + Z A2ntt _ gt
Thus the number « is rational. o

Example 2. As an immediate consequence of Theorem 4 we obtain that the number
n 2 on—j
&S
52"* +1
n=1

is rational.

Open problem 1. Let d(n) be the number of divisors of the number n. Is the
number
> 52""1+d(n)+32"_‘+d(n)

52" + 32"

n=1
irrational?
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