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KYBERNETIKA — VOLUME 33 (1997), NUMBER 2, PAGES 185-201

NOTES ON A HIERARCHICAL THEORY OF SYSTEMS
AND APPLICATIONS!

N.P. KaraMpPETAKIS, A.C. Pugn AND G.E. HayTon

The action of the full system equivalence transformation on a linear time-invariant
system which may be considered as an interconnection of other subsystems at a lower level
is considered. The generalized state space reduction problem of a linear time-invariant
multivariable system is seen as a direct application of this theory.

1. INTRODUCTION

Linear time invariant multivariable systems may be considered as an interconnection
of other subsystems, which may themselves be considered as an interconnection of
other subsystems of lower order [7]. Within this hierarchical theory, [7] considered
some of the implications the transformation of strict system equivalence [6] applied
to the subsystems has on the subsystems higher up in the hierarchy. However in
case the impulsive behavior of the systems is under consideration, then an extension
of the known results is necessary. The reason for this extension is the inadequacy
of the transfqrmation of strict system equivalence in that it preserves only the finite
and ot the infinite frequency behavior of the system. One objective of this paper
is therefore to extend the known results of [7], so that the impulsive behavior of the
system and its subsystem is included. A second objective will be to consider as an
application of these results the problem of reducing a general linear multivariable
system to an equivalent generalized state space form.

2. PRELIMINARIES
Consider the set P(p, m) of (r+p)x(r+m) polynomial matrices with r > max(—p, —m).

A matrix transformation with many important systems theory implications is the
following:

!Research is supported by EPSRC (Contract: GR/J87329) and the Greek General Secretariat
of Industry, Research and Technology.
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Definition 1. [2] Let Ti(s), T>(s) € P(p,m). Then Ti(s) are said to be fully
equivalent (f.e.) if there exist polynomial matrices M(s), N(s) such that

) 7o) (30 ) =0 e

where the compound matrices

weones (50) 22)

satisfy the following:
(i) they have full normal rank,
(i) they have no finite nor infinite zeros,
(iii) the following McMillan degree conditions hold

Spr (M (s) To(s)) = m(Ta(s));  ém ( 3\;3) ) = 8p (T1(5)). (2.3)

" A linear time invariant multivariable system ¥ may be represented by an (r +
p) x (r + m) (with » > 0) polynomial system matrix

(A B()
””’(4&)0@) (24)

with det[A(s)] # 0 as has been described by Rosenbrock or by the normalized form
of P(s)

A(s) B(s) 0 50)

G (T v\ _| 66 D I -0
P()_< -V 0 )'_ 0 I 0 I (2'§)
0 0 -I :0

as has been denoted by [9]. Let the set of all such matrices be denoted by P(p, m).
Then we have

Definition 2. [3] Py(s), P2(s) € P(p,m) are said to be full system equivalent
(f.s.e.) if there exists polynomial matrices M (s), N(s), X(s), Y(s) such that

(30 1) (el ni )= (60 50 ) ("9 ")

N

Py(s) Py(s)
. (2.6)
is a f.e. transformation.

Some results concerning the transformation of full system equivalence, which are
indicative of its importance in the generalized study of linear systems behavior, are
included in the following.
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Theorem 1. ([3,4])

(i) Full system equivalence is an equivalence relation.
(i1) Under full system equivalence of the following are invariant

(a) the generalized order f and the Rosenbrock degree d,,

(b) the transfer function and thus the finite and infinite transmission poles
and zeros,

(c) the sets of finite system poles and zeros,

(d) the sets of finite and infinite decoupling zeros,

(e) the controllability and observability indices

(iii) Every system matrix P(s) is full system equivalent with a generalized state
space systerm.

3. HIERARCHICAL THEORY OF SYSTEMS
AND FULL SYSTEM EQUIVALENCE

We shall start this section with a review of the philosophy of the hierarchical theory
of systems. The hierarchical theory of systems views that every system ¥ may
be considered as the interconnection of other subsystems ¥, Xo,...,%,. Every
subsystem X; may then be considered as the interconnection of other subsystems
Yi1, Zia, ..., Lipn, of lower order. Accordingly in this way we define an hierarchy
of orders 0,1,2,...,¢; the order 0 corresponds to the system ¥ itself, the order 1
corresponds to the subsystems X;, the order 2 corresponds to the subsystems X; ;
etc. The order ¢ will be considered as the level of greatest subdivision of ¥ and
its elements are considered as the fundamental elements of £. In a certain sense
the level of greatest subdivision can be considered as the level at which the system
becomes decoupied.

The above scheme is more theoretic rather than practical and for these reasons
we shall describe the results as they related to the form of matrices in our specific
field of linear, time invariant, multivariable systems.

Consider therefore a system X which is formed by the interconnection of subsys-
tems ¥, Xg, ..., X, which have the following form:

A,'(p)ﬁ,'(t) Bi(p) ui(t) 1= 1,2,...,71
vi(t) = Ci(p)Bi(t) + Di(p) ui(t)
where A;(p) € R[p]"* ™, Bi(p) € R[p]"*™, Ci(p) € R[p]?**™, Di(p) € R[p}r+*™

with corresponding system matrices:

(s) = Ai(s)  Bi(s)
Fi(s) = ( “Ci(s) Dils)

The system ¥ corresponds to the linear multivariable system
A(p)B(t) = B(p)u(t)
y(t) C(p) B(1) -+ D(p) u(?)

I

(3.1)

) € R[sJE+rxmitr) (3.2)

69)
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where A(p) € R[I™*", B(p) € RlpI'*™, C(p) € R[P*", D(p) € R[pPP*™ with

Rosenbrock system matrix:

'9_ Als) - B(s) (p4r)x(metr) o
P =( &y by ) st oy

We wish first to express P(s) explicitly in terms of the subsystems Pi(s), Pa(s),.
.., Pn(s) and their interconnections. The specific form of the interconnection equa-
tions we consider is

w(l) = = 3 Fuyy () + Kiu(t)
= ; (3.5)
y(t) = 3 Liw(t)

with F; ; € RMiXPi | Ky e RMxm Ly e RP*Prfori=1,2,...,nand j=1,2,...,n
For this purpose, first define

Ba(t) . i (t) ]
Bult) = ﬁzz(t) 6%(0(;“)“; us(t) = uz;(i) € R(1) (§m>x ;
Bn(t) ) an(®)
vi(t) .
ws (1) = yng eﬂ%(z)( P>X]
Un(t)

As(s) = block diag (Ai(s), Ax(s), ..., An(s)) € R[s]

Cs(s) = block diag (Ci(s), Ca(s), ..., Cn(s)) € R[s] \+

(=)
B,(s) = block diag (Bi(s), Bals), ..., Bals)) € [ ]< )x
(&)
(£)

Ds(s) = block diag (D1(s), Da(s), ..., Dn(s)) € R[s]

Fii Fia - Fin n n

Fyy Fyg - Py (Z’"’)X(ZP‘)
) . _ . eERN

Fn,l Fn,‘Z Fn,n

F =



Notes on a Hierarchical Theory of Systems and Applications

189
K, n
I\’Z (Z m.) Xm
K = , € R \i= ;
K,
pX i?!)
L= (Ll) L?J Y Ln) S R ('=1 . (36)
Then the equations X1, Xo,

., X, can be written concisely in the form:

As(/))ﬂs(t) = Bs(P)US(t) (3.7)
ys(t) = Cs(p) Bs(t) + Ds(p) us(t)

which corresponds to the subsystem matrix

Py(s) = ( —Aéffiy ggg ) 2l (g(z)&n))x(é(mﬁn)). .

In the same way the composite system equations for 31, Xy, ..., X, interconnected
as in (3.5) can be written as

As(s)  Bs(s) 0 Bs (1) 0
' —Cs(s) Ds(s) I —us(t) | =1 0 |u(®)
0 -1 F

ys(t) K
(3.9)

Bs (1)

y®)=(0 0 L) —us®)

Ys(t)

which corresponds to the system matrix
As(s) Bs(s) 0 1 0
: -C, D, I 0
Py(s) = (s) Ds(s) 0
L rn (3.10)
0 0 -L 0

<P+i('i+1’»+mx)> x (m+zn:(r.+p.'+m.)>
€ R[s]\ = _

=1

under the assumption that

( As(s) Bs(s) 0 ) » .
det | —Cs(s) Ds(s) I | #0. (3.11)
0 F /]
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It is important to know which properties of ¥ remain invariant under transformations
of a particular type applied to the subsystem X;, i = 1,2,...,n. [7] shown that the
finite pole/zero structures of ¥ remains invariant under any strict system equivalence
transformation of the subsystems X;, i = 1,2, ..., n. However some certain questions
rernain concerning the infinite pole/zero structures of ¥. Answers to these questions
may be obtained as a consequence of the following

Theorem 2. Every invariant of ¥ under full system equivalence is invariant un-
der all transformations of full system equivalence applied to the systems X, ¢ =
1,2,...,n

Proof. Any system matrix P/(s) which is full system equivalent to the system
matrices P;(s) can be written as

(%6 ) (2 20)- (40 30) (% )

P.(s) PI(s)

(3.12)
where (3.12) is a full system equivalence transformation. Consequently any set of
such transformations applied to Pi(s), Pa(s),..., Pa(s) can be represented by the
full system equivalent transformation:

(%0 1) (e 5)- (20 56) (0 )

+

Pi(s) Pl(s) \
(3.13)
where
M(s) = block diag( Mi(s), Ms(s), ..., My(s))
N(s) = block diag( Ni(s), Na(s), ..., Nu(s)) 314
X(s) = block diag( Xi(s), Xa(s), ..., Xa(s)) (3.14)
Y(s) = block diag( Yi(s), Ya(s), ..., )

On applying the interconnection defined previously, a composite system matrix
Ps.(s) is obtained from Ps(s) and it is readily confirmed that

M(s) 0 0 © 0 Ad(s)  Bs(s) 0 0
X(s)y I 0 0 —Cs(s) Ds(s) I 0
0 0 I ' 0 0 -1 F K |
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Al(s) Bi(s) 0 : 0 N(s) Y(s) 0 : 0
—C!(s) Di(s) I : 0 0 I 0 :0

= ) ( , = , (3.15)
0 -1 F K 0 0 I :0
0 0 L 0 0 0 0 : I

is a full system equivalence transformation since the relevant compound matrices of
the above transformation are related via strict equivalence transformations to

M(s) 0 Al(s) Bi(s) : 0 0 0 0
X(s) I —=C!(s) Di(s) : 0 0 0 0

0o 0 0 0 I 000
o 0 o0 0 0100
M(s) 0 0 0 @ Al(s) Bis) 0 0
| X(s) T 0 0 —Clis) Di(s) I 0
0 0 10 0 I F K (3.16)
0 00 I 0 0 -L 0
1 00000 0 O
010000 ~I 0
00011110 —F -K
00000TI L 0
0071000 0 0
000 I 00 O 0
0000 0 0 I 0
000000 0 I
and
As(s) Bs(s) 0 0 I 0000 0 0 0
—C,(s) Dy(s) 0 0 0l 000 0 I 0
—N(s) —Y(s) 0 0 000O0GTI 0 0 O
0 —1 00_()0000100><
0 ........ 0 ..... IO—OOOOOO_IO
0 o 0 I 00000 0 0 -I
0 0 0 0 0 0I 00 —-I F K
0 0 0 0 000710 0 —-L O
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—Cs(s) Ds(s) I O
0 -1 F K
0 0 -L 0 '
)| . (3.17)
—N(s) =Y(s) 0 O ,
0 —1 0 0
0 0 -I 0
0 0 0 -1

The above compound matrices are constructed from the compound matrices of the
full equivalent transformation (3.13) via strict equivalence transformations and thus
satisfy the conditions of full equivalence. Therefore the transformation (3.15) is a
full system equivalence transformation, which verifies the theorem. a

It thus follows that any operation of full system equivalence on the subsystems
Y, 1=1,2,...,n or equivalently to the system ¥; corresponds to a transformation
of full system equivalence on the composite system X. In the case where the matrices
F, K and L are not constant but polynomial (respectively proper) we observe that
the compound matrices of the transformation (3.15) satisfy the conditions of full
equivalence (C' U {co}-equivalence) provided that (3.13) is a transformation of this
type and therefore Theorem 2 holds true.

This theorem shows that any property of ¥ which is invariant under full sys-

tem equivalence is unaffected by the particular choice of representation (within full
system equivalence) of the subsystems %;. Thus we can show the following

Theorem 3. Let a linear, time invariant, multivariable system 3 which arises
from the interconnection of the linear, time invariant, multivariable systems X;, ¢ =
1,2,...,n (see (3.9)). Then there exists a generalized state space description X,
of X which is full system equivalent with the composite system ¥, and which is an
interconnection of subsystems in generalized state space form.

Proof. Let X} be a full system equivalent generalized state space system of ¥;
under the following full system equivalence transformation [4]:

M, 0 Ai(s) Bi(s) \ _ [ sEi—A; B: Ni(s) Yi(s)
0 1 ( —Ci(s) Di(s) - —Ci 0 ( 0 I '
(3.18)
then, according to relation (3.15), we shall obtain the following full system equiva-

lence transformation

M 00 ‘0 As(s)  By(s) 0 0
0 I 0 :0 —Cs(s) Ds(s) I : 0
0 0 I 0 0 -1 F K|
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sEy,—A;, By, 0 0 N(s) Y(s) O
-C; 0 I 0 0 I 0
- 0 -1 F K - 0 0 I
0 0 -L 0 0 0 O
where
sE, — A, = blockdiag(sE'l—Al, sEy— Ay, ..., sEn—An)
B, = block diag(B1, Ba, ...,Bn)
Cs = block diag(Cl, Cs, ...,Cn)
and
M = block diag (M1, Mz, ..., M,)
N(s) = block diag(Ni(s), Na(s), ..., Nu(s))
Y(s) = block diag(Yi(s), Ya(s), ...,Ya(s))

which verifies that the generalized state space description

pE,— A, B, 0 0
P —C 0 I Jz(t)= 0 u(t)
0 -1 F K

y&)=(0 0 L)z(t)

1s full system equivalent to the system X.

193

(3.19)

(3.20a)

(3.20b)

(3.21)

0

Theorem 4. The linear, time invariant, multivariable system ¥ which comes from
the interconnecticn of the linear, time invariant, multivariable systems X; (see (3.9))

is full system equivalent to the generalized state space system
(pEs — As + Bs FC) & (1) = B; Ku(t)
y(i) = LC&(t).

Proof. It is easily seen that the transformation:

sE,—A, B, 0 : 0

I —-B,F B, 0 —C, 0 I : 0
o L o )| 0 chEE
0 0 -7 0

sE, — A, + B;,FC, @ B,K I 00 : 0

(3.22)

(3.23)
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is a full system equivalence transformation. From the full equivalent transformation
(3.19) and the symmetry property of full system equivalence we finally obtain that
the composite system ¥ will be full system equivalent to the generalized state space
system (3.22) which verifies the theorem. O

Example 1. Consider the following systems:

1t (0 +5p4+6) A1) = (p + D us (1)

(E.1)
y1(t) = (5= 20) Ao (0) + Bp +2) i (1) ‘
and
) +1 p? zi(t) \ +1
o (1) (20 -(4 Yo
———
Ba(t)
(E.2)
n(t) = (1 o)(ﬁ;%) S
¥ .
B2(t)
and consider the fouowing equations of interconnection between/El and Xo:
ur(t) = —yi(t) + y2(t) + 2u(t) .
w(t) = yt) - ut) (E3)
y() = yi(t) - y2(2).

Therefore we can define the matrices

F:(_l1 ‘01); 1{:(_21); L=(1 -1). (E.4)

The Rosenbrock system matrix of the composite system X will have the following
form

As(s) BS(S) 0 0
~Cs(s) Ds(s) I : 0

Py(s) = (s) (s) S
0 -1 F K
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s+ bs+6 0 0 s+1 0 0 0 0
0 s+1 g2 0 s+1 0 0 0
0 0 1 0 0 0 0 0
_ 25 — 5 0 0 3s+2 0 1 0 0 (E£5)
0 1 0 0 0 0 1 0
0 0 0 -1 0 - 2
0 0 0 0 1 -1 0 —1
0 0 0 0 0 -1 1 0

Consider also the full system equivalent generalized state space systems Lr: and
g, (see [1,4]) or £; and X respectively,

h5s+6 s+1 -—-s 0 0
2s—5 3s+2 0 1 : 0
Ps, (s) s 0 1 0 0 (E.6)
0 -1 0 0 1
0 0 0 -1 0
and
s+1 0 s41 —s 0 0
0 1 0 0 0 0
-1 0 0 0 1 0
PERz (s) = (E7)
0 s 0 1 0 0

Then the full system equivalent generalized state space system of the composite
system (E.5) will be the following:

(pEs — A, + B,FC,) &,(t) = By Ku(t)

W(t) = LC.£.(1) =8
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where

pE, — Ay + B, FC, =

5046 p+1 —p 0 0 0 0 0 0
20-5 3p+2 0 1 0 0 0 0 0
p 0 1 0 0 0 O 0 0
0 -1 0 0 0 0 0 0 -1 (E.9)
= 0 0 0 0 p+1 0 p+1 —p 0
0 0 0 0 0 1 0 0 0
0 0 0 0 -1 0 0 0 1
0 0 0 0 0 p O 1 0
0 0 0 -1 0 0 -1 0 0 .
BE=(0002000 0 —1)F (E.10)
LC;=(0 0 0 1 0 0 0 0 —1). (E.11)

a

4. AN APPLICATION OF THE HIERARCHICAL THEORY OF SYSTEMS

A direct implication of Theorem 3 concerns the reduction of a general polynomial
description to a full system equivalent generalized state space form. More specifically,
consider the polynomial matrix description:

S : A(p) 8(t) = B(p) u(t)

(4.1)
y(t) = C(p) B(t) + D(p) u(t) '
and let its normalized form [9] be the following: '
A(p)  B(p) 0 A1) 0
:| =C(p) D(p) I —u(t) | =1 0 |u®
0 -I 0 y(t) I
e —
T(r) (1) U
(4.2)

()

yt)=(0 0 I)(—u(t)).
—— \ ¥(®

N e’

£()

Vv

Then we have the following:
Theorem 5. Let {C, sE — A, B} be a strongly irreducible realization of 7'(s)~!.
Then the generalized state space system:

S" Ei(t) = Az(t) + BUu(t)

4.3
y(t) = VCa (1) #3)
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is full system equivalent to the system X of the form (4.1)-(4.2).

Proof. It is easily seen that ¥ is an interconnection of the following three sys-
tems:

Ly I6i(t) = >Uu1(t)

(4.4a)
v(t) = 16:(t)
By :T(p) Ba(t) = Tua(t) (4.4b)
yz(t) = Iﬂg(t)
23 . Iﬂ3(t) = [U3(t) (44C)
y3(t) = VpBs(1)
- under the following interconnections: ‘
uy(t) 0 0 0 yi(t) I ,
(uz(t)):—(—f 0 O)(yg(t)>+(0)u(t)
uz(t) 0 -1 0 y3(t) 0
N e’
. F K (4.5)
n(t)
y(t) = ( 0 0 I ) ( yz(i) )

X, is strongly irreducible (has no finite nor infinite decoupling zeros) and thus any
generalized state space realization of its transfer function i.e. T'(s)™1, will be full
system equivalent to this system [4]. Thus according to our initial assumption that
({C, sE — A, B} be a strongly irreducible realization of T'(s)~!) then Sy:

Syt Ez(t) = Az(t) + Bua(t) P
y2(t) = Cx(t)

1s full system equivalent to the system 5. Then according to Theorem 4, the full
system equivalent generalized state space system S of the interconnected system X
will be the following:

(4.6)

S (pEs — As + BsFCs) &5(t) = Bs Ku(t)
y(t) = LCs&s(2)

where
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Thus

(4.9a)

0 0 I U o
Bo)(o):(o) (49
0 I 0 0

I 0 O
LC;=(0 0 I)[ 0 C 0 |=(0 0 V) (4.9¢)
0 0 C
and therefore the Rosenbrock system matrix of S will be
1 0 0 U
Pi(s) -B sE—-4A4 0 : 0 P ( )
s(8) = , . 4.10
0 -C I : 0
0 0 -V 0
Note also that the following transformation:
_ I 0 0 U
B I 0 0 -B sE—-A 0 0
00V I o -Cc I 0
0 0 -V 0
sE—-A : BU 0 I 0 : 0
= (4.11)
-vc 0 000 : I

is obviously a full system equivalence (more precisely a complete system equivalence)
transformation. Thus the system:

S': Ei(t) = Az(t) + BUU(t)r\ (4.12)
y(t) = VCax(t)
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is a full system equivalent generalized state space model of ¥ due to the transitivity
property of full system equivalence. It is known however [5] that the full system
equivalence transformation which relate the systems ¥ and S’ is the following:

T(s)C(sE— A" : 0 sE~A : BU
0 I -vc 0
(4.13)
T(s) U C 0
% 0 0 I
O

An implementation of the above construction method may be found in the gen-

eralized state space reduction models presented by [8] and in the extension of
Tan & VanDewalle’s realization method presented by [5].

Example 2. Consider a system: ¥ described by the following equations:

Ti(p? +5p+6)8() = (p+1)u(t) 1)
y(t) = (5—2p)Bit) + (3p+2)u(t) '
or its normalized form [9]:
: (p%5p+6 p+1 0) ( B(t) ) (0)
PE 2p—5 3pt+2 1 —u(t) | =1 0 | =u®)
0 -1 0 y(t) 1
N —
T(p) HY) U
(E.2)
BA(t)
yt)=(0 0 1)(%(0)-
T\ )
£(t)

It is easily shown that:

-1
s+2 0 0 0 1 0 -1
1 1 0 0
o ={0 0 0 -1 g s+3 0 0 -1 0
9 11 3 -3 0

~
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where {C, sE — A, B} is a strongly irreducible realization. Then according to The-
orem 5 the system:

p+2 0 0 0 z1(t) -1
0 p+3 0 0 za(t) | _ 2
S 0 0 1 —p z3(t) | 1 u(t)
0 0 0 1 z4(1) 1
rE—a :;(;) BU
(E.4)
z1(t)
za(t
yt)=(9 11 3 -3) ngf; .
ve z4(t)
————
z(t)

1 0 -1 0 .
pPP+5p+6 p+1 0 : 0
-1 0 2 0 :
2p—5 3p+2 1 0
0 1/3 1 0 .
0 -1 0 1
0 0 1 O 1l
................... 0 0 _1 0
0 0 0 1
p+2 0 0 o0 -1 p+3 1 0 0
0 p+3 0 O 2 —-p—2 -1 0 0
= 0 0 1 —p 1 (2p—5)/3 —1/3 1/3 © 0
0 0 0 1 1 0 -1 0 0
-9 -11 -3 3 0 0 0 0 1

(E.5)

5. CONCLUSIONS

This paper presents a discussion of the role of full system equivalence transformation
within the hierarchical theory of systems. More specifically we prove (Theorem 2)
that every property of a linear multivariable system £ which remains invariant under
the transformation of full system equivalence, is unaffected by the particular choice
(within full system equivalence) of the subsystems ¥;, ¢ = 1,2,...,n of ¥. As
a result of this conclusion we have derived a reduction algorithm which has the
property to reduce any composite linear multivariable system ¥ to a full system
equivalent generalized state space form.
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