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KYBERNETIKA — VOLUME /7 (1981), NUMBER 4

BOUNDS ON DISCRETE DYNAMIC PROGRAMMING
RECURSIONS II

Polynomial Bounds on Problems with Block-Triangular Structure

KAREL SLADKY

For dynamic programming models being of a specific block-triangular structure some poly-
nomial bounds on utility vector x(r) are established. Here x(n) is calculated from dynamic pro-
gramming recursion x(z + 1) = max Q(f) x(n), where Q(f) is a {(not necessarily nonnegative)
matrix having a specific structure and symbol max is considered with respect to the decision
vector f taken from a finite set F. The presented results refine the bounds obtained in Part T
and generalize some well-known results for classical Markov decision chains.

1. NOTATIONS AND PRELIMINARIES

Throughout the paper notations and terminology used in Part I of the present paper
(cf. [7]) will be followed as close as possible.

We shall consider at discrete time points n = 0, 1, ... a system with finite state
space ] = {1, 2, ..., N} whose utility vector at time n, denoted x(n) (column N-vector),
obeys the following dynamic programming recursion

(1.1 (o + 1) = max 0(1) () = Q') x().

Here x(0) > 0 is given, Q(f) is an N x N matrix depending on a decision vector f
(i.e. N-vector whose i-th component f(i}e F(i), F(i) finite, specifies the decision
N

in state i), and F = X F(i) is a finite set of all decision vectors at each time point.
i=1

Recall that the set F possesses an important “product property”, ie., if fi,f, e F
then there exists also fe F such that [Q(f\)],, = [@(N)]. [O(F:)]. = [Q()].
for each pair iy, i, €I (here for any matrix C symbol [C]; denotes i-th row of C and
similarly [C];; is reserved for the ij-th element of C; the same notation is also used
for vectors usually denoted by small letters).

In Part I of the present paper we have assumed that Q( f ) > 0 foreach fe F (i.e‘
Q(f) #+ 0 and each entry of Q(f) nonnegative). Then on the base of Perron-Frobe-
nius theorem we have shown that for any fe F the resulting matrix Q(f) can be
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decomposed into an upper block-triangular form with specific properties. According
to Lemma 2.1 of [7], by possibly permuting rows and corresponding columns,
we can write for any fe F

0n(f) Qialf) - Qukf)
(12) AN =10 0nlf) - Qulf)

0 0 .. QS,( f )
where for i = 1,2,...,s = s(f) the elements of each diagonal submatrix Q;(f) are
()
labelled by integers from I(f) = I (here I = U I,(f) and I(f) n I,{f) = @ for any
i % k), and =1
(1~2I) Qii(f) ui(f) = O'i(f) “;(f)
with o,»(f), resp. u,-(f) > 0, being the spectral radius, resp. corresponding right

eigenvector, of Q;(f) (in general reducible), and

(1.27) @20 viF) > @) v2()) > - > (@ () vd))

(symbol > means lexicographically greater). v(f) is the index of Q;(f), ie. the
number of irreducible classes of Q(f) having spectral radius o,(f) and being sub-
sequently accessible from any j e I(f). Observe that

G'i(f) = Gi-!»l(f) = Vi(f) = Vi+1(f) +1,
and

o{f) > aina(f) or i=s = v(f)=1.

Moreover, assuming only that for any f € F 6(f) > 0, in Part I of the present paper
we have established for the set of nonnegative matrices {Q(f), f e F} the following
result (cf. Theorem 3.2 in [7]) summarized as:

Proposition 1. There exists fe F such that (by possibly permuting rows and
corresponding columns) (1.2), (1.2') and (1.2") will hold for f = f, s = s(f). More-
over, using the same decomposition for any Q(f), fe F; i.e. if

0u(f) Cualf) - 2u{f)
(1.3) o) =0 0:2(f) -+ Q2d)
o0 o
where 5 = 5(f) and (for i =1,2,...,5) each Q,(f) contains the elements labelled

by integers from I,(f) (so for [Qu(f)];: it holds jeI(f), IeI(f)); then for any
i=1,2..s=s(f)and any fe F

(1.3) Qu(f) =0 forany k<i, and
(1.4) Qii(f) u; Qii(f) U = o,
where o; = (f) > 0and u; = u,(f) > 0 (similarly we abbreviate v,(f) by v,).
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From now on, the same decomposition as that in Proposition I will be currently
used for any Q(f). Similarly, for any N x N square matrix, say C, symbol C,,
denotes a submatrix of C such that for its arbitrary entry, say [C,,]u we have
jeL(f), keI(f). The same convention will be also often used for vectors. Writing
a mairix relation symbol I, resp. e, will denote unit matrix, resp. unit vector, of an
appropriate dimension.

In the further text we drop the assumption O(f) > 0 and we shall only assume
that each Q(f) fulfils the assertions of Proposition 1. So throughout the paper
we make:

Assumption A. There exists fe F such that for any Q(f) with fe F there exists
a (fixed) decomposition by (1.3) satisfying conditions (1.3"), (1.4) such that Q,{(f) = 0
for any fe F and all i = 1,...,s ='s(f) with Q;(f) not necessarily nonnegative
forj > i.In particular, Q(f) satisfies (1.2), (1.2"), (1.2") (for / = fand 6(f) = o, > 0),
and if 6,4,(f) = o,(f) then each irreducible class of Q;(f) is accessible to some ba-
sic class of @,y ;4 +(f).

Remember that an irreducible class of Q.(f), say Q;;(f) (here the decomposition
of Q(f) is according to (2.1) of [7] — symbol Qu(f) is always reserved for an ir-
reducible class of Q(f)), is accessible to an irreducible class of Q.. ;+:(f), say
Qu(f), iff there exists a sequence of integers ko = j < k; < ... < k, = I such that
Qup-rj(f) = 0 for any n=1,..., p (observe that if Q(;;(f) is a basic class of
0:(f) then Q¢ /(f) > Oforall n > 1).

Recall that x,(n) will denote a subvector of x(n) (calculated from dynamic pro-
gramming recursion (1.1)) whose components belong to I,(f) and sometimes it will

be convenient to denote F; = X F(j), X{n) = ¢;" x{(n) and introduce J;(f) =
Jenu(s)
=0; " Q;(f) for any fe F and i < j. Similarly, for x(n; f) defined recursively by

(1.1 x(n + 1;f) = O(f) x(n; f) with x(0) = x(0; f)
(obviously, x(n; f) = (Q(/))' x(0)), elements of each x{n;f) (i =1,...,s = s(f))

are labelled by integers from I,(f) and %,(n; f} = 67" x{n; f).
Observe that in virtue of (1.3), (1.3") of Proposition 1 it is possible to write

(1.1)as
w(n+ ] T0a0™) 0ulf®) . 0ulf™)] [xin)
(1.5) .xz(n + )= 0 sz(]""’) Qz.\(f(")) {cz(n) .

seenl o 0 Lo s
On the base of the results obtained in [7] and summarized in Proposition 1 of the
present paper, assuming Q(f) > 0 some bounds on x,(n) can be established (cf. [7],
Theorem 4.1 and Corollary 4.2). It can be easily verified that, for the considered
(not necessarily nonnegative) matrices of the set { O(f), f e F} fulfilling Assumption A,
on replacing the elements of non-diagonal submatrices Q;(f) (i = L ...,s:j > i)
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by their absolute values the upper bounds on x,(n) obtained in Theorem 4.1 of [7]
remain valid. These facts can be summarized as:

Proposition 2. For each i = 1, ..., s = s(f) there exist vectors u; > 0 (depending
on x(0) and satisfying (1.4)) such that for all n = 0,1, ...

(1.6) x{n) £ o} (” ;’: ‘1 ; 1) u; .

(1‘6’) x(n) < o'u.

Remark. Observe that by (1.6) for any ¢ > o; there exist vectors ¢; < 0, ¢} > 0
(depending on ¢ and x(0)) such that

(1.7) cio" < xin) £ " forall n=01,...
and, consequently, for any ¢ > o;
(r.7) lim g™ x(n) = 0.

In particular, for any sequence of decision Vectors, say {f,eF,j=0,1,...},and any
¢ > o(f) the elements of the “product matrix” H Q(f;) must grow slower than ¢"
(cf. also Corollary 4.3 of [7] for the details) and hm o " x(n) = 0.

In fact, Proposition 2 shows that the growth of {x,(n)} (and, of course, also of
{x(n)}) can be given by an exponential as well as a polynomial part. In Section 3
we refine the polynomial bounds on {x(n)} by establishing their specific properties
for the case with v; > 1. To this order in Section 2 we extend well-known policy
iteration methods for finding an optimal policy of a classical Markov decision chain.

2. ON POLICY ITERATION METHODS

In this section we present a constructive proof of the existence of a solution to the
set of (non-linear) equations of a specific type. The solution will be obtained by
a policy iteration method that can be thought of as a generalization of classical
policy iteration methods for Markov decision chains. These results will be very useful
in the further text for the construction of bounding polynomials on {x(n)}.

It can be easily recognized that a special case of these equations (cf. assumptions
of Theorem 2.1 — if Q,(f) is a stochastic matrix and c{"(f) = 0 for any fe F and
any [ < r -~ 1) was treated in the dynamic programming literature in connection
with sensitive optimality criteria (cf. [6], [12]) and the case with Q;{f) stochastic
and r = 1 turns out to be well-known for Markov decision chains with average
reward optimality criteria (cf. [4], and especially [5], [11]).
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Theorem 2.1. Let Assumption A hold, i.e., (1.3), (1.3) and (1.4) of Proposition 1
are satisfied. Recalling that 0(f) = o7 Q,(f) by (1.4) we get for any fe F
(2.1.1) 0:u(f)u; £ Qi[(f)ui =u; where u;» 0,
and let cf”(f) (l‘or l=r—1,..,1, 0) be given vectors. Then there exist vectors
u® (for I =r,r—1,...,0) and a nonincreasing sequence of (non-empty) sets
of decision vectors

(2.1.2) F, = FrD s FO 5 o FV S FO %0
such that on setting

(213 @A) = (@ulf) = Duf?
andfor!=r—1,...,1,0

(2.1.4) SO = (@) — Dut® — u*D + (),
thenforany ! = r,r — 1,..., 0it holds:

(2.1.5) FO(f) £0 foreach feF{i'*D,
where

(2.1.6) EO = (7 U0 1 g0(f) = 0},

and there exists fe F; such that

(2.1.7) ¢P(f) =0 forany I=rr—1,..,0.

We shall prove Theorem 2.1 in a sequence of several lemmas. To simplify the
notations, in Lemmas 2.2, 2.4 we shall often delete index i (so e.g. we write Q(f),
u(f), ¢°(f) instead of Q(f), u/f), ¢{"(f)) and assume that o; = L.

Lemma 2.2, Let (cf. (2.1.1)) for some (fixed) O(f) > 0 and u » 0
(221 Af)u=u.
Then there exists Q*(f) =nlim n'lnilo(Q( )" together with Z(f) = (I — Q(f) +
+0*f) " and for I=r,r—1,..,0
(23 W00) = 00N = T (<2 - @) )
(we set " V(f) = 0) is a solution to the set of equations

(223) () - Du(f) =0
(224) (QU) ~ D u(g) = u (1) + <H(f) = 0

where [ =7 — 1,...,0.

314



Moreover, under the normalizing condition
(224) o*(f)u®(f) =0
uD(f)’s given by (2.2.2) are the unique solution to (2.2.3), (2.2.4).

Proof. To show the existence of Q*(/f) and Z(f), let T be a diagonal matrix (with
positive on-diagonal entries) satisfying Te = w. Then by (2.2.1) P(f) = T"* Q(f) T
is a substochastic matrix; so by well-known limiting properties of substochastic
matrices Q*(f) must exist. Recalling (cf. e.g. p. 721 of [2]) the existence and basic
properties of fundamental matrices in Markov chain theory, we can also easily verify
that under condition (2.2.1) Z(f) = (I — O(f) + Q*(f))™" always exists and

(22:3) Q) - Dzf) = (N - 1; X)) = /) e(f) = e*(f)-

As O(f) 0*(f) = Q*(f) on employing (2.2.5) by a direct calculation we can verify
that u(f)’s given by (2.2.2) are the solutions to (2.2.3), (2.2.4). To verify that for
I'=r,...,0 theseu'™(f)’s are unique, in case that [ < r let us assume that for I =r, ...
<o '+ 1uP(f) are unique and that (2.2.4), for [ = I', I = I' — 1, can be fulfilled
both foru’ = u(f), u” = u(f). Then by (2.2.3)if I' = rorby(2.24)for I = I' < r,
resp. I = ' — 1 multiplied by Q*(/), we get

(22.6) QN -n-w)=o0,
resp.
(2.2.6") QX (f) (W —w) = 0.

As (I — Q(f) + 0%(f))"" = Z(f) always exists, by (2.2.6), (2.2.6') we can immedia-
tely conclude that u’ = u" (notice that if condition (2.2.4') is not assumed then u®(f)
need not be unique). 0

Remark 2.3. It can be casily verified that u(f)’s given by (2.2.2) can be calculated
recursively for I =, —1,...,1,0 by

(2.3']) u(l)(f) — Q*(f) C(!—-l)(f) + Z(f) (C”)(f) — u(1+l)(f))
where )
(23.1) u?(f) = QX)) ")

Moreover, if o(f) < 1 {cf. part (4) of Lemma 2.2 in [7]) then Q*(f) = 0 and
by (2.3.1) 4(f) = 0, and (cf. (224), 23.1) for =7 —1,...,0

(2.3.2) u(f) = Z(f) (c(”(f) — () = _;S;j(_z(f))l-ﬂc—l <®(f)

where Z(f) = (r- Q(f))*‘ > 0.
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The following lemma is the main ingredient to the policy iteration algorithm
for finding u{"’s such that (2.1.5), (2.1.6) and (2.1.7) are satisﬁcd Recall that if

Q(g) > 0 and Q(g) u < u for some u » 0, then Q*(g) = hm n’1 Z (0(g))" always
exists, and that u’(f), u”(g) will denote the solutions. of (2. 2 ? , (2.2.4), (2.2.4Y)
(written for argument g € F if u"(g) is considered).

Lemma 2.4. Let (cf. (2.1.1)) for f, g € F with f = g, O(f) > 0, Q(g) > 0,and some
ux0

(2.4.1) of)usu, Olgu<u,

and denote

(242) #9: 1) = (Qg) — ) u"(/)

(243) #(g; 1) = (Qlg) — 1) u(f) — u"* V(1) + "(g)

where [ =r ~1,...,0 (observe that 3V(f; f) = 0 for any I).
If for some m =1,

(2.4.9) (g5 f) 3" V(g ) > 0 with ¢™(g;f) > 0,
and

(2.4.4) #g;f)=0 forall I=m+1,...r,
then

(2.45) u(g) = u™(f) forany I=m+2,..,r
(2.46) Q*(g) ¢(m7(g;f) >0 = M(mu)(g) > u(m+1)(f) ,
(247) 0*(9) (g: f) = 0,

(2,4.8) Q*(g) (ﬁ(m)(g;f) =0 = urm—»—ﬂ(g) — u(rrl+!)(g) and u(m)(g) > u(m)(f).

Proof. Let Au) = u(g) — u™(f). (2.2.3), (2.2.4) together with (2.4.2), (2.4.3)
immediately imply for [ = r, ..., 0 (we set AutD = 0, (“*1(f) = 0)

(49) AP = (0fg) 1) u(g) + e(g) ~ u ) =
= (Q(9) ~ 1) Au® + 30(gs f) .

Premulnplymg (2.4.9) written for I = — 1 by Q*(g) (recall that Q*(g) Q(g)) =
( )) forl=r, ..., 1 we get

(2.4.9) 0*(g) b = Q¥(9) ¢~ (g; f) .

By (i 49)_ (24.9') we conclude (remember that under (2.4.1) Z(g) = (I — Q(g) +
+ 0%(g))™" always exists, Z(g) Q*(g) = 0*(g) and Au®*D = 0) that for [ = r, ...

ey

(2_4,10) Au® — Z(g) [\Au(’“’ + qﬁ‘”(g;f)] + Q*(g) @‘"“(g;f)‘
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Now on applying (2.4410) successively for [ = r, ..., m + 1 we can verify (2.4‘5).
Similarly, (2.4.6) follows immediately by (2.4.10) written for [ = m + 1, and (2.4.7)
is nothing else than (2.4.9') written for | = r + 1.

To verify (2.4.8), first observe that if (2.4.4), (2.4.4) hold, then by (2.4.5) and
(2.4.10) (written for [ = m + 1) we get
(2.4.11) 0%(9) 3"(g;f) = 0 = u*D(g) = u"* V(f) and Q*(g) " g; /) = 0.
Moreover, if (2.4.4), (2.4.4') hold by a more detailed analysis we can show that
(2.4.12) 0%g) 0" (g; /) = 0 = Z(g) $"(g;/) > 0.

To justify (2.4.12) let us decompose Q(g) such that

QTT(g) Qn{(g) 4» 0 Q?R(Q)
Qg) = [ . so Q%g) = .
( ) 0 QRR(g) Q (g) 4 Q:R(.ﬂ)

Here Qgg(g), resp. Qrr(g), contains all irreducible classes of Q(g) whose spectral
radii equal 1, resp. are less than 1; of course, Qy(g) or Qpy(g) may be empty. Using
the same decomposition for Z(g), resp. @(g; f), i.c. on writing

2(g) = [g,r(g) Z»rxgg)] , resp. (o) = l:%(g;f)])

Zer .‘7) @R(gif)
we immediately conclude that
(24.13) Zy(g) = (I = Onrf9)) ' > 0
with positive diagonal elements. Now condition (2.4.4) (i.e. $™(g; f) > 0) immediate-
ly implies (recall that Qpz(g) > O with at least positive diagonal elements)
(2.4.14) 0*(9) "(g:f) =0 = #"(g;/) = 0 and ¢$(g;f) > 0.

Consequently, (2.4.12) follows immediately by (2.4.13) and (2.4.14).
Now it only remains to verify the last inequality of (2.4.8). To this order it suffices
to use (2.4.10) for I = m and apply (2.4.11), (2.4.12) to establish

(24.15) Q%(g) #™g; /) = 0 = M = Z(g) $"(g; 1) + Q*(9) 8" V(g:f) > 0;
50 (2.4.8) must hold. O

Now we are in a position to present the policy iteration algorithm establishing:

Proof of Theorem 2.1. Construct a (ﬁnile) sequence of decision vectors fo, fi, ...
cofp = 7 with f, arbitrary and f,,, being obtained by the following improvement
of f,:

For given f, € F let us calculate ul"’(f,) (I = r,r — 1,...,0) being the solution
t0(2.2.3),(2.2.4) for f = £, (by Lemma 2.2 such a solution always exists). So (cf. (2.3.1),
(2.3.1")) u{Y(f,) can be obtained recursively for I = r,r — 1,...,0 by

(L8 uP() = OUU V0 + () (0 W)
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Where
(2.1.8) u(f) = Qi) (1)

_ - . n~1
and Z() = {{ = Qu(*) + QX(-))™" with Qi(*) = lim n~* Y (Q:(-)™
n-o0 m=0
On the base of u';"(f,,) we can perform an improvement of f,; i.e., we can select
Sus1 * fo (if possible) such that

(2.1.9) @r £ 5 60 (fas s £)) > 0.

Usually we choose f,. such that for any ge F

@219) (@O 3505 3 FO e s fu) Z (80095 £); s 3a5 1)
where (cf. (2.4.2), (2.4.3))
(2.1.10) #(9: 1) = (@ilg) — D uP(f)
and for I <r
(2.1.10) #0(g: 1) = (Qulg) — DuP(f) — w*D(f) + ¢(g) .

Now, on applying Lemina 2.4 we get for any [ < r
(2.1.11) o3 f) =0 (I=r ..,m+ 1); together with

G a3 f) > 0 = (@(faa)s 5 (s )) > @) -5 ui™(1)

and, consequently, the clements of a sequence {f,} cannot recur. As F is finite in
a finite number of policy improvement steps we obtain f, = f that cannot be further
improved and u{® = u{"(J) satisfy (2.1.5), (2.1.6) and (2.1.7) of Theorem 2.1. ]

Remark 2.5. On the base of the policy iteration method used in the proof of Theo-
rem 2.1 by the arguments of Lemma 2.4 we can easily verify that the decision vector f
maximizes lexicographically the matrix [u(f), ..., u{®(f)]; i.e. for any fe F,

(2.5.1) (75 u®(D) Z @O(); - w(F)) -

3. POLYNOMIAL BOUNDS ON UTILITY VECTOR

In this section we establish some polynomial bounds on the utility vector x(n)
generated by dynamic programming recursion (1.1). In particular, if for some
i=1.,5=5(f) o;=...=04,= ... =0, With 6,4, > 0y, 0T i +r =35
(sov;=r+ 1)and forany j = i + ¢, ..., i + r o;" x;(n) converges to some poly-
nomial, in Theorem 3.1 we establish some asymptotic properties of {x,(n)} together
with the polynomial bounds on {x,(n)} that are considerably better than the bounds
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mentioned in Proposition 2. Moreover, if there exists e F such that for any j =
=i+gq,..,i+r hmo’ "[x;(n) — x;(n;J)] = 0, then it is shown in Corollary 3.4

that, for suitably selected 7*, also x (n) can be well approximated by x (n f

As it is indicated in Section 4, the assumptions of Theorem 3.1 and Corollary 3.4
are always fulfilled if xi(n) correspond to the cumulative sums of one-stage rewards;
so these assumptions are always satisfied for, in the literature widely discussed,
dynamic programming recursions of classical Markov decision chains (cf. [7]
Example 1 of Section 1). Moreover, it is shown in [9], [10] that these assump-
tions are always fulfilled if some aperiodicity conditions on Q;(f) (withj = i + g, ...
.., .i 4 r)hold; e.g. in case that for anyj =i+ ¢,...,i + rand anyfeF there
exists lim o " (Q(N)"

Before presenting Theorem 3.1, let us recall that X{(n) = a7" x,(n), Qu(f) =
= 67" 0,{f) and remember that for any vector, say c, c; usually will denote its sub-
vector whose components are labelled by integers from 1 i=1..s=s])
On the base of our definition of o, (spectral radius), resp. v; (index), of 0:(f) we
immediately conclude (cf. Proposition 1)

(31) w>1 = o;=0; and v;=v, +i—j for j=i...,i+v—1.
For what follows, it will be useful to introduce for any i = 1,...,s = s(f) and

J=i.,i+v -1

vi—1
62 ) = ot s =T ()
=0
where w{" are (yet unspecified) vectors of an appropriate dimension, and set
(3.2) y¥P(n) = 07" x/n) forany j=i+v,.
Observe that y{(n) = y¥(n), %,(n) =o;" x,(n), 6; =o; for any i S j <i+ v
and by (1.7) for any j 2 i + v; lim y{(n) = 0.

o

Theorem 3.1. Letv;, > 1, integer p e (io; io + v;,) and let vectors w{® (for I = 0, ...
.., v; — 1) in (3.2) be selected such that

(3.1.1) lim y{(r) = 0 forany j=p,....io + v, — 1.
Then for any i = io, ..., p — 1 there cxist vectors w{" (where I =0,...,v, — 1),

that can be found by the policy iteration method used in the proof of Lemma 3.3,
such that

-1
(3.1.2) lim (v‘ " v) Y ) = 0.
i b,

n+o
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Moreover, if the convergence in (3.1.1) is exponential, i.e. if there exist number
2 €(0,1) and vectors ¢} € 0, ¢j » 0 such that

(3.1.3) o2 2 ¥n) £ ja forallnandany j=p,...ip + v, — 1,
then for any i = ig, ..., p — 1 the elements of a (vector) sequence
-1
n (i0) -
{(Vi - 1) y§ioM), n = 0,1, }
are uniformly bounded (observe that by (3.1) v, — v, = p — i).

Before presenting the proof of Theorem 3.1 we establish two lemmmas.

Lemma 3.2. Let {a/n),n =0,1,...}, resp. {B(n), n =0,1,..}, be a sequence
of vectors, resp. nonnegative numbers, satisfying for each n = 0, 1, ...

(3.2.1) a(n + 1) £ 0(/) afn) + o« B(n) u;
together with
(32.1) afn + 1) = 0(f) afn) + o B(n)u,
where ), fe F, numbers &' < 0, «” > 0, and vector u, > O satisfies (1.4). Then
(3.22) B(n) = " with 1e€(0,1) = {an)} is bounded;
(3.2.2) limB(n) =0 = limn 'a(n)=0;
(323) Bn) = = n afn)y is bounded
- =k k1) :
and

o . .y
(3.2.3') lim (7{) pi) =0 = l.im {(k Z_ 1) a,»(n)]] =0.

Proof. fterating (3.2.1), resp. (3.2.1"), we get by (1.4)

(3.2.4) an) = T10u/™™) ay0) + 'S f(m) u
m=1 m=0
resp.
=1
(3.2.4) an) = () al0) + o« 3, Blm)u;.
m=0

Moreover, by iterating (1.4) (as #; = (Qu(f))y u: = [1 0ulf" ™™} u; and, similarly,

1 n
u; 2 (0:(f)) u; with u; > 0), we conclude that (3;{f))", T] @i(f"~™) are uniformly
=1

bounded in n. So (3.2.2), resp. (3.2.2"), follows immediately by (3.2.4), (3.2.4").
To establish (3.2.3), (3.2.3') observe that

(3.2.5) Blm) = (’,il) = ,:Z___Z;ﬂ(m) = (k i 1)
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(this fact can be easily verified by induction with respect to n). Consequemlv, (3.2.3),

resp. (3.2.3'), follows immediately in virtue of boundedness of (Q;(f))" H (/™)
by inserting (3.2.5) into (3.2.4), (3.2.4"). "=

The following lemma is the main ingredient to the proof of Theorem 3.1 (recall
that decision vector f™ is defined by (1.1) or by (1.5)). For what [ollows, it will be
useful (cf. (2.1.3), (2.1.4) of Theorem 2.1) for any i =1, ...,s = s(f), each fe F
and given wi’s (where j = i,...,i + v, — 1; 1 =0, ..., v; — 1) to introduce
(33) o) = @) - e
and define for [ = v, — 2,..,1,0

ivi—l—1
(3.3) () = (Qilf) = Dwl — w0 e T G

j=i+1

Lemma3.3. Let for some i=1,...,s v;>1and (cf. (3.2)) w{’s (forj = i+ 1, ...

i+ vi=1;1=0,..,v;~ 1) be given. So by (3.2) y’(n) arc well-defined
forallj =i+ L ...i+v ~ 1and (3.2') defines also y{’(n) for any j = i + v, ...
e S,

Then there exist vectors wi (for [ = 0, ..., v, — 1), integer n; < oo and decision
vector f* e F such that

(30 2P0+ ) = i) )+ 0,070 5 (}) o)
(332) M0 + 1) £ 0u(F9) yO(n) + Z Q (Y 50(r) forany nz o

(3:33) ¥+ 1)z Q;i(_f'*) y(n) + Z 0.,/ ¥(n) forany n.
j=it1

Proof. By (L5) and (3.3), (3.3") we get for arbitrary wi"’s and w{™’s with wi) =
forany I = viorj =i+

(34 R R Bl G

1=0

= 0i(f*) x{n) “'F; IQU(}"W) 07" x(n) ——vlil({> wih hf(, " 1> Wi =

1=0 1=1 -

:GW%WwfiQﬂMﬁm+@w%—n

vi=1

M ez () ()

:ﬂwmw> 3 0 +

+@iQWﬂww g( )



(recall that 3iff) = 47t 0.(f) and observe that, as by (3.1) v; = v, — j + i and
asl—12v; = w1 =, by changing summation we get

itvi-1 vi=1 vi—1 itv-1

o n n T
2208 (=5 1) ).
=6 =1 J=i+1
Now we show how to select wi"'s if w{"’s (forj = i + 1, ..., i + v; — l)areknown.

According to Theorem 2.1 on the base of given w{"’s (with j = i + L,...,i + v, — 1;
1=0,...,v;~ 1) we can construct by the policy iteration algorithm w{’s (for
I=v;~1,...,0) such that
(33.5) e D(f) £0 forany feF;

and forany I =v, -2 ..., 0

(3.3.5) o{)(f) £0 forany feF{*D

where {F{", I=v, —1,.., 0} is defined recursively by

(3.3.6) FO = [feF D oi(f) =0} with FM =F,.

Moreover, by Theorem 2.1 an equality sign holds in (3.3.5), (3.3.5') at least for one
FeF®, say [ = f*. Inserting (3.3.5), (3.3.5) into (3.3.4) we get for any fe F,
. S —_ :
(33.7) ¥ + 1) = Q)W) + 3 0y(F) v () +
i=it+t

vi=1

S5(7) o0 2 e + % 8o + 5 (o)

establishing (3.3.1). Recalling that the vectors w{™’s are selected such that {3.3.5),
(3.3.5) hold and denoting for-any /e F;

vi—1 n
(3.39) s (7)),

=0
each component of s,(f; 1) is 2 polynomial in n and, in virtue of (3.3.5), (3.3.5") and
(3.3.6), its first non-vanishing coefficient must be negative. Consequently, for any
f e F, there exists finite integer n,(f) such that s{f; n) < 0 for any n = n(f) and,
as the set F; is finite, there also exists n; < oo such that
(3.3.9) s{fin) <0 forany n=n;, feF,.
(3.3.2) follows then by inserting (3.3.9) into the first part of (3.3.7). Recalling that
@(f*) = 0 (for any I = v; — 1,..., 1) by (3.3.7) we immediately get (3.3.3). O3

Now we are in a position to present:

Proof of Theorem 3.1. First recall that by (3.2') and (1.7) there exist vectors
¢j < 0, ¢/ > 0 and a number 4 ¢ (0, 1) such that

(3.1.4) A S YO (n) S ¢jA" forany jz i+ v

PR
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The proof of the theorem proceeds by induction for i=p—1, p—2,..., i,
and heavily employs (3.3.2), (3.3.3). By (3.1.1), (3.1.4) if n — oo the last term on
the RHS of (3.3.2), (3.3.3) tends to zero and so (3.1.2) for i = p — 1 follows
immediately by (3.2.2"). To show that under (3.1.3) {n™* y{(n)} is bounded, it
suffices to select numbers o' < 0, «” > 0 and 2 € (0, 1) such that for i = p — 1 and
any n

(19 wruE 3 BN 3 O ) £ Wi
J=i =i+

and apply (3.2.2) to (3.3.2), (3.3.3) where the last term is replaced from (3.1.5).

Now let us suppose by induction argument that for some i < p — 1, i 2 i, and
each j =i+ 1,..., p — 1 w{"’s are selected such that

-1
(3.1.6) lim <v,. " v,,) yion) = 0,

n-w

resp.

n -1
3.1. (o)), n = S .
(3.1.7) {(v_,. - 1) y(n), n = 0,1, }15 bounded
Observe that by (3.1) v; — v, = p — j and that in (3.1.6), (3.1.7) it suffices to
consider only w{s with | =v; — 1,...,v; — v,; by (3.3), (3.3') these w{’s are
calculated only on the base of w{s with k = p, ..., i5 + v;, — 1. So by (3.1.6)

we immediately conclude

(3.1.8) lim(p _ 'I}_ 1)“- Z 0.,(f®) o (n) =

o j=it+1

-1 s
= lim (p e 1) X Q) ym) = 0.

n—w J=i+1

Similarly, by (3.1.7) for suitably chosen numbers &’ < 0, «” > 0 we get

(3.19) u'( " )u.é );Qif(f*)y?"’("),

p—i—2 i
i@M%ﬁW@§“< ; >“

+1 p—i—2

J

The induction proof of (3.1.2) can be easily completed by applying (3.2.3') to (3.3.2),
-1

(3.3.3) and (3.1.8). Similarly, boundedness of ? y(n) follows im-

Vi —v,— 1
mediately by applying (3.2.3) to (3.3.2), (3.3.3) where the last term is replaced by
(3.1.9). o

Now recall that %,(n; f) = o7 " x{(n; f) (where x(n; f) are defined recursively by
(1.1)) and remember that f™ € F is given by (1.1). Theorem 3.1 implies the following:
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Corollary 3.4. Let assumption (3.1.1) of Theorem 3.1 hold. Then for any i
Lp—1:

=i

see

(i) There exists (finite) n; such that forany n = n,
(3.4.1) eP(J®) =0 for I=v,— L. ,vy—v,=p~i

and, consequently, {cf. (3.3.1)) for any n = n,

(3.4.2) ¥+ 1) = T 5O + Y O7) o) +

J=i+1
it e o
5 (o,
1=0
(ii) 1f there exists fe F such that
(343)  lim[x(n) = x(m; [} =0 forany j=p, .. ip+v, —1,

then there also exists [* e F (with J*(k) = f(k) for any k e I{f) with m Z p) such
that

vl ) e

where (cf. (3.2), B.1.1) w” = W) for [ =v; — 1,...,v; — v, and

amoo \Vi TV

(.44) i (") L0 = s ) =o.

Moreover, if also (3.1.3) holds and the convergence in (3.4.3) is also exponential,
then even the sequence

{(\‘.— _ :,, _ 1>‘1 [Zdn) = %(n;J*)], n=0,1, }

is bounded.

Proof. To establish part (i) we shall employ (3.3.1). Premultiplying (3.3.1) by
-1
n (recall that v, — v; = p — i), then letting n — co and inserting from

(3.1.1), (3.1.2), (3.1.4) we conclude that
) n \"1vclfp
(3.4.5) ”]:m <p " i) ,;,(1) PP(F™) = 0.

As f are taken from a finite set F, by (3.4.5) we conclude (recall (3.3.5), (3.3.5'))
that (3.4.1) must hold. (3.4.2) follows then immediately by (3.3.1) and (3.4.1).

To verify part (ii), mimicking the procedure used in the proof of Lemma 3.3 (Cf.
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(3.3.4)—(3.3.7)), we easily conclude that for any i = iy, ..., p — 1 and some f*e F
(34.6)  yOn + L) = Q7 y0(n; J*) + % 07 7§ %)
Jj=i+1

where (cf. (3.2)) for i = ig, ..., ig + v, — 1

vi—1
(3:46) ) = i) = 5 (1) 0
=0
(3.4.6") Vi n; %) = o x,(n; f*) forany j 2'ip + vy, -
Here w{"’s together with f* € F arc calculated on the base of
(3.47) W =w (for j=p,...ip+v, =1, I=v,—1,..,0)

introduced in Theorem 3.1; so by (3.3), (3.3') we immediately conclude that also

(34.7) Wil =w® forany I=v,—1,..,v,~—v,.

In virtue of (3.1.1), (3.4.3), (3.4.6'), (3.4.7) and (3.4.6”), (1.7') we get that
(3.4.8) lim y{(n; j*) =0 for j=p.
Now by (3.4.6), (3.4.8), using the same arguments as in the proof of Theorem 3.1,
we conclude that
\ . [
(3.4,9) hm( ) ygl“](n;j*) =0
no \Vi Y

and, consequently, (3.4.5) can be immediately verified by (3.1.2), (3.4.9).

In case that (3.1.3) together with exponential convergence in (3.4.3) is assumed,
convergence in (3.4.9) is exponential and, similarly as in the proof of Theorem 3.1,

-1
" ~ 1) y(i’“)(n;f*)}, As by Theorem 3.1 also

-,

-1 -1
n (o) . . . , n
{(W - 1) ¥ (n)} is bounded, in virtue of (3.4.7) {(V;’ - 1) .

xin) - X‘-(n;f*)]} must be bounded. O

we can verify boundedness of {(v

4. CONCLUSION AND DISCUSSION
In the present paper we have established some polynomial bounds on the utility
vector x(n) calculated from dynamic programming recursion (1.1). In the dynamic

programming literature analogous results were obtained only for Markov decision
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chains (cf. [ 1], [4] and especially 3] for the most complete results); i.c. (cf. Example 1
of Section 1 in [7]) for a very special case of our model with s = 2 and

o =[] =[]

where P(f) is the transition probability matrix and #{f) is the vector of one-stage
()

rewards of the considered Markov decision chain. Thea for x(n) = [L(;f’] s v(O) =0

we get

1) = 7)< P o) = 3 (T PO o)

and v(n) can be interpreted as the vector of maximum expected total rewards in the n

next transition of the considered Markov decision chain. We can easily verify that,

in this very special case, the assumptions of Theorem 3.1 are trivially fulfilled with

xy(n) = 1, %,(n) = x,(n) = v(n); so by Theorem 3.1 p{"(n) = x,(n) — nwi" — w(®

is bounded. Observe that w{") = max P*(f) r(f) (the vector of maximum average
F

<
rewards, P#(f) is the Cesaro limit of P(f)) can be found by the celebrated Howard’s
policy iteration algorithm. By the second part of Example I of Section 1 in [7] we
can also easily verify that the assumptions of Theorem 3.1 are also fulfilled for
functional equations corresponding to cumulative expected rewards of Markov
decision chains (cf. [8] for a detailed discussion).

To obtain corresponding results for more general discrete dynamic programming
models, we have heavily employed specific block-triangular structure of the conside-
red dynamic programming problems. Remember that in [7] we have already shown
that any discrete dynamic programming mode] with nonnegative matrices possesses
this property (cf. Proposition 1). The results of [7] summarized in Proposition 2
present some “rough’ bounds on the utility vector of this type of dynamic programm-
ing models. To obtain “finer” bounds we have generalized in Section 2 (cf. Theorem
2.1) policy iteration algorithm for finding maximum average reward of a classical
Markov decision chain and extended in Section 3 the reasoning used in [3] to the
general case with s + 2 and not necessarily stochastic Q;(f)’s. These “finer” polyno-
mial bounds presented in Section 3 (cf. Theorem 3.1) are obtained under the assump-
tions that are trivially fulfilled in Markov programming.

In a companion paper [8] we show how this functional equations approach
together with the obtained polynomial bounds on the utility vector x(n) can be em-
ployed for classical and multiplicative Markov decision chains to establish a family
of optimality criteria having a nice property that an optimal policy can be found
in the class of stationary policies.

Moreover, it was shown in [9] that the assumptions of Theorem 3.1 are also
always fulfilled if some aperiodicity conditions on @;{(f) (with j = p, ..., iy + v;, —
— 1) hold; ie., e.g. in case that for any j = p,...ip +v,, — 1 and any feF
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lim o;77(Q,(/))" exists. In particular, Theorem 4.3 of [9] asserts that, if 07" x(n)

(for all j > i) converges to some polynomial and this converegence is exponential,
then :?,-(n) is bounded by a polynomial of degree v; and, moreover, under some
aperiodicity conditions on {Q;(f), f € F} also X{n) converges to some polynomial
and this convergence is exponential. Observe that these faets immediately imply
that, if aperiodicity conditions are imposed on all Q;(f) with j Z i, then X(n)
converges to some polynomial. These results, in a slightly generalized form, will
be included into the forthcoming paper [10].

Recently, the same problem was independently studied by Zijms. 1n [13] the
properties of generalized eigenvectors for the sets of nonnegative matrices are pre-
sented (thcsc generalized eigenvectors well corresponds to our construction of vectors
w{"’s based on the results of Section 2) and the main result of [14] establishes
(under the assumptions that for all fe F and i = 1, ..., s Q,(f) are aperiodic) that
x,-(n) converges to some polynomial and this convergence is exponential.

The following example shows that, if the assumptions of Theorem 3.1 are not
satisfied, the respective averages of {X,(n)} (with v, > 1) need not converge to any
polynomial.

Example. Let O = Q(f) where

) 01 1
0 = l:g” g;il with Qg = 0y, = [1 0]’ Qi = [0 g}

and x(0) = [0 0 1 0]" (T denotes transpose). Then by a simple calculation from
(1.1), (1.17) we get for x(n):

x(2m) =[0 m 1 0]" and x(2m + 1) =[m+100 1]".

In virtue of the presented example we may conjecture that for the considered
dynamic programming model (if no aperiodicity assumptions on Q;/f)’s are made)
at least {X(nmx¢ + m), n=0,1,..} (for some integers m, » where 0 < m < x)
will be bounded or even converge to some polynomial. Discussion of these problems
is postponed into [10].

(Received December 19, 1980.)
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