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KYBERNETIKA — VOLUME & (1972), NUMBER 4

A Mathematical Correction Problem

JERZY ZABCZYK

A special problem of stochastic control is considered. An approximation of the solution of
the problem is given.

In this paper we shall consider the following problem. Suppose that we observe
the Markov process {2, F, P, x,}

M X=X — St4w, 120,

Ix]

where x € R, x # Oand {Q, F, P, w,} is a Brownian motion. At some stopping time T
we make the correction, namely for t > T we will observe a new process

(m ¥ o=y- A (t = T) + w,_, where y = xp.

The question arising in this situation is the following: what should be the stopping
time T in order to maximize the probability of hitting of the ball K,,

K,={zeR% |z} £ o} where 0<a<|x|
i.e. in order to maximize

P{there exists 1 2 0 that |%| < a}

5 = X for ¢
! X, for 1t

where
T,
T.

VvV oIIA

Roughly speaking, equations (I) and (II) describe a situation when the deterministic
trajectory in a physical system is perturbed by Gaussian white noise.
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We shall show that we obtain a good approximation of the solution of the problem
when we define

T=inf{t20;x; 20or |x| £ a}
where x, = (x!, x?, x}) and the starting point x = (~r,0,0), r > 0.
We do not know how to calculate the exact solution of the above problem.

In the sequel we shall use the following notations:

p(r, «) denotes the probability of hitting of the ball K, starting from x = (—r, 0,0)
when T = +oo (Without correction),

p™(r, ) denotes the maximal probability of hitting of the ball K, (with optimal
correction), .

p(r, ) the probability of hitting of the ball K, starting from x = (~r, 0, 0) when
T=inf{tr=0;x! 20 or |x| S a}.

We shall prove

Theorem. The following inequalities hold

1) 2 < p(r,o) il e,
r r

® pr(ra) S o aypeigmpe /i R
2r INE%4
n _ i 2 e
(r, ) = ol S QR R e™s"/2 ds
peaze [Efwermye 2

and therefore

(3) Iéﬁﬂﬂiﬂémyﬂ)ée“,
r~tw rxl rotw 1

Proof. The potential kernel (see [1], p. 69) of the process {@, F, P, x,}

x,={(-7r,0,0) +1(1,0,0) + w,, t=0
takes the form
Glx, ) = L
2n |x -y




where
X = (xl, X2, X3), V= ()’1- V2 Y3) .

But
2na G(x,0) £ 1 £ 2nae® G(x,0), for |x| =«
and
G(x, 0) = E[G(xy.,0)], for |x| >«
where

T =inf{r=0:|x]|=0af.

This and the potential-theoretical characterization of the hitting probability (see
[17, p. 141) give

2ra G((~71,0,0),0) < p(r, o) £ G((~7.0,0), 0) 2me c**

and therefore (1) is true.
To obtain a lower bound for p*(r, «) let us denote

S =inf{t=0;x} 2 0}.
Then (see [3])
P(Sed)= — e TV g (>0,
J(2re?)
Hence
P(xsedy) = g (y)dy, y=(y1, 12)
where

+ o
1 —Iy r .
yr(}’)=J. B LU e

o [V J(@nt?)
N AP VY IR S r? 1.
[ | G b+ e+

Let us assume that
T=inf{tZ0;x/ 20 or|x|< a}
and
L for |x| £,
h(x) =
/() X for [x] > a.
||

Since h(x7) = h(xs) we have

p(r, o) 2 E(h(xr)) 2 E(h(xs)) -
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But
E(h{xs)) = :xJ. a/y) 3 dy +J‘ | aly)dy =
|¥|==

|#]>a 3"

2rxJ. aln) L ay.
|#l>2 |”[
Using the polar coordinates we obtain
E(h(xs)) = ,JH”__._?__ [1 4 J(r* + s¥)] e P vitemn g >
o ST

e /@) [1+ J( + _\-2)]; e R g,

2). T+ oy 76w

Since

r f(2mr) Bk r? J/(2nr)

we have for any ff = 0

o i< 5

(1) E(h(xs)) = [ﬁ J :{vlre—swl d{l « J ;‘_r ﬁ .

At last, applying (11I) for f = i/r we finally obtain

A2 [ [l F) /5

FETE]
To obtain an upper bound for p™(r, «) remark that
p"(r, %) = sup E(p(|x|, «))

where T is any stopping time connected with the Markov process {@, F, P, x,}. The
function

k(x) = sup E [p(|x + T(1,0,0) + we|,2)], xeR?,

is the least excessive majorant (see [2]) of p{|x|, a), and k{—r,0,0) = p™(r, x).
Therefore it is sufficient to find excessive function f for the process {Q, ! oo x,} for



which

fx) =z ccez‘nl— xeR?.
x

2 2 2 3
! 9—2+iz+a;z>+~j|1=—2mso-ﬁ
2\ox; Ox3 0x3 0x1]e 0?

where g(x) = |x| and &, is the Dirac measure (§,{0} = 1), it foliows that

Since

we?* L 2mae® G(x,0) + “ezz'l. G(x, y) 11'3 dy =
|| R Il
= 2nxe?* G(x, 0) + ae f Glx, y) 2 dy +
»nzo 1yl

+ mh,[ G(x, y) }—‘3 dy.
»1<0 ly‘

Consequently we can assume that
S(x) = 2ra e G(x, 0) + azez"[ G(x, y) ﬁ dy .
7120 y

Thus for x = (—r, 0, 0)

2a1+ aez’i . 1 ey.-xle~|x~y|Ldy'
r 2 Jyizo ¥ — ] v

pr(r o) < ae
After the change of variables (|[y — (=7, 0, 0)] = R) we obtain:
L Y1 yi-x1 - |x—y]
- A enmetl gy o
2"J.y.go b =y P
fyle”“‘ (s* + 2r(s — yy)) 732 dy,] ds =

'S
fe"'(s — 1) (s* + 2r1)732 dt] ds =

A

A

1 +w _ ] 2 1 +o /
- e — / " ds =,—J' e"i—dt= T
NP2 VA t+2r 2r)o Jt 2r

o R-r
= i 27R Iif LR'-ey‘“ e R, (R2 —rt = 2ry1)“3/2 dyl:l dRrR
0

+ o0 ] + a0
< '[ [ e s(s” + 2r) 732 dt:l ds = J- e ( +2r) V2 dr <
0 0
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because

Finally, we conclude that

1
(@) < ae® - + e*u I
r 2r
and this completes the proof.

The author wishes to thank Dr. S. A. Mol¢anov for valuable discussions.

(Received December 20, 1971.)
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VYTAH

Jeden matematicky problém opravy odchylené trajektorie

JERZY ZABCZYK

V prdci se uvazuje ndsledujici problém: Deterministickd trajektorie v prostoru,
sméfujici konstantni rychlosti do po&étku, je zatizena chybou typu Brownova po-
hybu. Odchylenou trajektorii je moZno jedenkrdt opravit tak, Ze opét sm&fuje do
podatku. Za kritérium vhodnosti korekce je zvolena pravdépodobnost zasaZeni koule
o poloméru o se stiedem v pocdtku. Optimdlni strategie neni zndma. Autor doporu-
¢uje provadét korekei pii priichodu trajektorie rovinou, vedenou poédtkem a kolmou
na (deterministicky) smér jejiho pohybu. Odvozuje nerovnosti, umoZiiujici porovnat
tuto strategii s optimdlni.

Dr. Jerzy Zabezyk, Institut Matematyczny Uniwersytetu Warszawskiego (Institute of Mathe-
matics, Warsaw University), Palac Kultury i Nauki IX p., Warszawa. Poland.
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