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KYBERNETIKA — VOLUME 8 (1972), NUMBER 4 

A Mathematical Correction Problem 
JERZY ZABCZYK 

A special problem of stochastic control is considered. An approximation of the solution of 
the problem is given. 

In this paper we shall consider the following problem. Suppose that we observe 
the Markov process {Q, F, P, x,} 

(I) xr = x - — t + wt, t ^ 0 , 
|x| 

where x e R3, x + 0 and {Q, F, P, w,} is a Brownian motion. At some stopping time T 
we make the correction, namely for t > T we will observe a new process 

(II) x,= y-^-(t-T) + w r_ r , where y = xT. 
\y\ 

The question arising in this situation is the following: what should be the stopping 
time T in order to maximize the probability of hitting of the ball Ka, 

Kx = {ze R3; \z\ S «} where 0 < a < |x| 

i.e. in order to maximize 

P{there exists t ^ 0 that |xr| < a} 

where 

fxt for t <; T, 
x, = 

x, for t > T. 

Roughly speaking, equations (l) and (II) describe a situation when the deterministic 
trajectory in a physical system is perturbed by Gaussian white noise. 



318 We shall show that we obtain a good approximation of the solution of the problem 
when we define 

T= M{t = 0;xj ^ 0 or |x,| ^ a} 

where xt = (x,1, x2, xf) and the starting point x = (—r, 0, 0), r > 0. 
We do not know how to calculate the exact solution of the above problem. 

In the sequel we shall use the following notations: 
p(r, a) denotes the probability of hitting of the ball Kx starting from x = ( —r, 0, 0) 

when T = + oo (without correction), 
pm(r, a) denotes the maximal probability of hitting of the ball Kx (with optimal 

correction), 
p"(r, a) the probability of hitting of the ball K„ starting from x = (—r, 0, 0) when 

T= inf {t ^ 0; x,1 ^ 0 or [x,| = a} . 

We shall prove 

Theorem. The following inequalities hold 

(1) a-SP(r,«) = - S \ 
r r 

(2) ™*'JZ{"+*-Ji)-
^^Jl[(^^r"^jy-^] 

and therefore 

(3) l ^ l i m t(l^l = m ? ^ = c>", 
r - + oo 1 r - + °o 1 

a - a -
r r 

l ^ l i m ^ = M £ - % - - * « - - . 
r- + cc In r - + x In 

a J 2r a J 2r 

Proof. The potential kernel (see [l], p. 69) of the process {Q, F, P, x,} 

x. = ( - r ,0 ,0) + *(l,0,0) + wf, t = 0 

takes the form 

G(x, y) = — . - - 1 —- e1"-11 e - ^ - ^ 
2JC x - y\ 



where 

But 

and 

where 

x = (xl,x2,x3), y = (yu y2, y3) . 

2na G(x, 0) = 1 = 2Kae2ot G(x, 0) , for |x| = a 

G(x, 0) = E[G(x r . , 0)] , for |x| > a 

T = inf{í > 0 : |x t | = a} . 

This and the potential-theoretical characterization of the hitting probability (see 
[1], p. 141) give 

2roe G((-r, 0, 0), 0) = p(r, a) = G((-r, 0, 0), 0) 2na e2* 

and therefore (l) is true. 
To obtain a lower bound for p\r, a) let us denote 

Then (see [3]) 

S = inf{ř > 0;xj = 0} 

P(Sedf) = — r — e - e - " 2 / 2 ř dř , ř > 0 . 

Hence 

where 
P(x s 6 áy) = gr(y) dy , y = (yu y2) 

Í
+OO , 

гw o [V ( 2 л 

, - Ì У Ï 2 / 2 t - ( r - . ) - / 2 « d ř = 

2«)]J VP"1 

Let us assume that 

T = M{t > 0;xj = 0 or |x ( | = a} 

аnd 

h(x) = 

1 for |xj = a , 

« J~ i i — for x > a . 

Since /i(xT) _ h(xs) we have 

pa(r, a) = E(h(xT)) = E(h(xs)) . 



320 But 

E(h(xs)) = cc f gr{y) i - dj; + f gjy) áy ž 
J\t\>* \y\ J|y|š« 

^ a <7r(}>) ~ áy . 
Jw>« M 

Using the polar coordinates we obtain 

Since 

E(Hxs)) ^ a í^ / [1 + V(r2 + s2)] e * ^ ^ ds ;> 
Ja v( r + s ) 

4+^[1 + ^ + s , ) W~'"' ! ' d ! -

we háve for any ji > 0 

(III) E(/i(x5)) > f - i - f e ~ ^ 2 ds l a / - . 

At last, applying (III) for /? = ^ / r we finally obtain 

To obtain an upper bound for pm(r, a) remark that 

pm(r, a) = sup E(p(|x r | , a)) 
T 

where T is any stopping time connected with the Markov process {í2, F, P, x,}. The 
function 

k(x) = sup E [p(\x + Ť(í, 0, 0) + wT\, a)], x e R3 , 
T 

is the least excessive majorant (see [2]) of p(\x\, a), and k( — r, 0,0) = pm(r, a). 
Therefore it is sufficient to ůnd excessive function / for the process [Q, F, P, x,} for 



which 

Since 

f(x) ^ яe 2 a —-, x є R3 . 

n/__i + î + i i U ± 1 1 . _2„.0 __. 
L2\3x. 5x2 <3x2j 5 x J e t;

3 

where g(x) = |x| and S0 is the Dirac measure (c50{0} = 1), it follows that 

a e2_ JL _= 2rca e2* G(x, 0) + ae 2 a f G(x, y) i i - dy = 
|* | J R 3 |y | 3 

= 2TC« e2* G(x, 0) + ae2* f G(x, >•) - ^ - dy + 

J**- |>|3 

+ ae2* f G(x, >) p ^ d> . 
J«<o M 

Consequently we can assume that 

f(x) = 2n:a e2* G(x, 0) + ae2* f G(x, >) ---- dy . 
J..S0 kl3 

Thus forx = (-r, 0, 0) 

pm(r, a) S «e2 2 - + cce2* — f -—-'-—- _"'*• e ^ * - ' " 2 l 
r 2Kj_1g0 |x - y| \y\ 

After the change of variables (\y — ( —r, 0, 0)| = R) we obtain: 

d y . 

p.i-xi „ - I * - . I d>' = 

dR = 

f ^L____ 
J-lžo I* - >i M 

- f + T (Vie 5 "-^ + 2r(s - >1))-3/2dy llds = 

= f + T | V ' ( s - t)(s2 + 2rř)-3/2dřldsg 

^ I T f e"'s(s2 + 2rí)"3/2 díl ds= f V ' ( í 2 + 2r.)"1/2 dř g 

__LrV'± /___.__ ' r-.-.L 
V2 rJo s/tfsjt+2r V2 rJo Vf J 2r 



322 because 

r v7. d , = v*' 
Finally, we conclude that 

p™(r, a) ^ ae2« - + e2° a / -
r V 2r 

and this completes the proof. 

The author wishes to thank Dr. S. A. Molcanov for valuable discussions. 

(Received December 20, 1971.) 
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Jeden matematický problém opravy odchýlené trajektorie 

JERZY ZABCZYK 

V práci se uvažuje následující problém: Deterministická trajektorie v prostoru, 
směřujíci konstantní rychlostí do počátku, je zatížena chybou typu Brownova po­
hybu. Odchýlenou trajektorii je možno jedenkrát opravit tak, že opět směřuje do 
počátku. Za kritérium vhodnosti korekce je zvolena pravděpodobnost zasažení koule 
o poloměru a se středem v počátku. Optimální strategie není známa. Autor doporu­
čuje provádět korekci při průchodu trajektorie rovinou, vedenou počátkem a kolmou 
na (deterministický) směr jejího pohybu. Odvozuje nerovnosti, umožňující porovnat 
tuto strategii s optimální. 

Dr. Jerzy Zabczyk, Institut Matemalyczny Uniwersytetu Warszawskiego (Institute of Mathe-
matics, Warsaw University), Palác Kultury i Nauki IXp., Warszawa. Poland. 
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