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KYBERNETIKA — VOLUME 20 (1984), NUMBER ¢

DUALITY IN VECTOR OPTIMIZATION

Part 1II. Vector Partially Quasiconcave Programming and
Vector Fractional Programming

TRAN QUOC CHIEN

In the last part of the tripaper so-called T,~duality concept for a certain class of vector opti-
mization programs is introduced. Further, both the T -duality theory and the T,-duality theory
are applied for some classes of vector fractional programming. Finally, for completeness some
T, -duality theorems are formulated and proved in the last section.

6. T,-DUALITY IN VECTOR PARTIALLY QUASICONCAVE
PROGRAMMING

Let D be a nonempty convex in R". A function f : D — R is called r-quasiconcave
(r € R) on D if the sets

{xeD|f(x) = a}

are convex for all o = r.

Given F = [fy,...,f,], where f,, k = 1, ..., q are functions defined on D, we say

that F is r-quasiconcave, where r = (rl, e rq) € RY, if f, are r,-quasiconcave on D
forallk =1,..., 4.

Remark 1. We see that quasiconcave functions are — oo-quasiconcave. Hence all
results in this section remain valid also for quasiconcave programming.

For the further development one will need the following theorem
Theorem 6.1. (Separation Theorem.)
a
Let {4,}{_, be a finite family of convex subsets of R". Then if } A, = @ there

k=1
exist a family of vectors of R", not simultaneously equal 0, {¥}4_, and a family
of real numbers {/}#-, such that

() 4, c{xeR|x><4) Vk=1,..4q,
4 q
@ YrFk=0 and Y2, <0.

k=1 k=1
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Proof. Consider thesets 4 = A, x A, X ... x A,and B = {(x, x, ..., x) | x e R"}.
——
g-times
q
We have AnB = 0 for N A, = 0. Hence, by the known separation theorem of two
k=1
convex sets, there exists a family of vectors of R", not simultaneously equal 0, {I"}Zzl
such that

q a
Y S(Y XY VxFed,k=1,..,q9, VxeR".
k=1 K=1
4q
From this inequality it follows that ) ¥ = 0 and
k=1
Ao=suplExd < 4+w Vh=1,..,q.

xedi

So the families {I*}{_., and {4}{., satisfy condition (i), (i). O
Now let F = [f,,...,f,] be r-quasiconcave on a nonempty convex set D = R*

where r = (ry, ..., r,) € R% Consider the program

(6.1) find  Sup™{F(x) | xe D}

which is called a vector partially quasiconcave program.
Similarly as in Section 4 of [2], instead of program (6.1), we shall deal with its
modified program

(6.2) find * Sup¥ | pe(x) = S
xeD
where
ur(x) = F(x) - RL VxeD.
Denote
q
(63) £ ={L=("..,|FeR", Vk=1,..,q,% F=0 and 3V #0}
k=1
q
A={A= (... A)eR|Y 2 S0}
k=1
and
(64) D*={{L)e? x A|Fje{l,...q}; Dn{xeR < x>> 1;} #0}.

For any (L, ) € D* put
L1, &) = sup {fi(x) | xe D, I xd > &}
DL, ) = [F1(I', 2), . L1 2)]

and

(6.5) ' ve(L, 1) = ®(L, ) + R% .
The program

(6.6) find Inf* J vo(L,A) =1

(L.2)eD*

is called a Ty-dual for the program (6.1) (or (6.2)).
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Theorem 6.2. (Weak T,-Duality Principle.)
If f, are lower semicontinuous for all k = 1, ..., ¢, then we have

Vxe DV(L, 2)e D* : F(x) — ®(L, 1) ¢ int RY, .
Proof. Let x e D and (L, 2) € D*. If F(x) > ®(L, 1), then
xef{zeR|(F 2y 24} Yh=1,..4q
Let je{l,...,q} be such that (see (6.4))
Dn{zeR"|<F,z) > A} +0.

Since f{(x) > & (¥, 4;) and f; is lower semicontinuous we have </, x) < ;. Hence

N

q
IRGEIEDIW Y
1 k=1

K=
q

which contradicts the property Y I¥ = 0 for any Le £, O
K51
Further put
(6.7) M =Min" (J vo(L,2)
(L,2)eD*
and

R, = (ry, o) x ... X (r, ©).

Theorem 6.3. (Partially Strong T,-Duality Principle.)
Suppose that the relative interior of the set D, ri D, is nonempty and f, are lower
semicontinuous for all k = 1, ..., g. Then the following equalities

SNnR.=MnR,=1InR,
hold.
Proof. It suffices to prove the assertion for the case when int D is nonempty
since then it can be analogously carried out in the affine hull of D if int D = Q.

Suppose thus that int D # 0. We shall prove it in the following steps
(i) SAR, = M:Lety=(y,...,»)eSNR, Put

A= {3 (X)>w), k=1,..,q

q
Obviously () 4, = 0 for the optimality of y. By Theorem 6.1 there is (L, A)e & x A
such that *=!

Ay {xeR | x4}, k=1,..,4.
If Dc{xeR" | x> £ 4}, Yk =1,..., 4, then for any interior point x & D
we have Z I x)y < Z X £ 0 which contradicts z [¥ = 0. Consequently (L, 1) € D*,

Itis easy to see that <P(L /) S yorye vq,(L A) F rom the weak T,-duality principle
it follows y e M.
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(i) InR, = S:Let yel n R, Then forany ze R%, r < z < y there isan x € D
such that z < F(x) (otherwise by the same consideration as above we have ze |
(L,2)eD*
vo(L, A) which contradict y €I). It means y e U ur(x), which implies y € S in view
of the weak T,-duality principle.

The inclusion M n R, = I is obvious. The proof is complete. O

Corollary. (Partially Direct T,-Duality Theorem.)
If x € D is an optimal solution of the primal (6.2) such that F(x) = », then there
is an optimal solution (L, 1) of its T,-dual (6.6) such that

F(x)evo(L, 4) .

Theorem 6.4. (Partially Converse T,-Duality Theorem.)

Let (L. 1) € D* be an optimal solution of the Ty-dual (6.6) such that #(L, ) > r.
If D is closed, f, are upper semicontinuous for all k = I, ..., ¢ and there exists

e{l,...,q} such that the set A = {xeD|f(x)2 #,(V, 1)} is nonempty and
bounded, then there is an optimal solution of the primal (6.2) such that

F(x)eve(L, 2).

Proof. Choose a sequence {y"}7_, < R? such that ®(L, A) > y™ 2 r for all m

and yy 1 #(I*, 4) for all k = 1, ..., q. Put

Ar=dxeD|f(x) = ¥}

q

From the optimality of (L, 1) it follows that the sets A™ = () A} are nonempty,
k=1

closed and convex for all m. In view of Lemma 5.9. in [2] there is an m, such that

A} are bounded for all m = mo Consequently A™ are bounded for all m 2 m,.

Hence ﬂ A"+ 0 and any xe ﬂ A™ is a required optimal solution with F(x)e

m= m=1
€ vg(L, 7).
The proof is complete. O

7. INTRODUCTION TO FRACTIONAL PROGRAMMING

In the literature problems of the type
7.1) max {f(x) !xeS

are called fractional programs. Optlmlzanon problems of this kind occur if rates
of economic or technical terms (for instance cost/time) define the objective function.
Many works (at least 400 according to Schaible [3]) have already appeared in this
field. One may find a relatively complete survey on fractional programming in
Schaible [3]. We shall now develop a duality theory for Vector Fractional Programm-
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ing (V. F. P.), which is still less investigated. For the scalar fractional programming
there are several approaches to define duals, see [3]—[7], and the most known
of them is the transformation method. On the basis of this method one can transform
program (7.1), where —f, g are convex and S is convex, to a concave program and
then apply the known duality theory for convex programming. As regards V. F. P,
these approaches are not applicable, since it is not generally possible to reduce
simultaneously all components of objective functions to concave functions. That
is why one should find a new method to develop a duality theory for V. F. P. Here,
on the basis of the results achieved in the foregoing parts, we shall give a duality theo-
ry for some classes of V., P. F.

Now let S « R” be a nonempty set and N, D, k = 1, ..., g, be functions on S
such that Dy, k = 1, ..., ¢, do not vanish on S. Put

: O(x) = {N1(x)[Ds(x), .., N} D(x)] -
The program

(7.2) find Sup”{Q(x)|x e S}

is called a Vector Fractional Program (V, F. P‘)

If Ny, Dy, k= 1,..., g, are affine and S is a polytope then the program (7.2) is
called a Vector Linear Fractional Program (V. L. F. P.)

If N, Dy, k= 1,..., g, are quadratic, and S is a polytope it is called a Vector
Quadratic Fractional Program (V. Q. F. P.)

If N, k =1,..., are quadratic, D,, k = 1, ..., ¢, are affine and S is a polytope
itis called a Vector Quadratic-Affine Fractional Program (V. Q. A. F. P.).

If —N,, D, k=1,...,q, are convex and S is a convex set it is called a Vector
Concave Convex Fractional Program (V. C. C. F. P.)

Quasiconcavity condition (Q. C. C.):

(7.3) D, are positive on Sforallk =1, ..., q
and
(7.4) N, is nonnegative or D, is affineon SYk =1,...,q.

Theorem 7.1. Under the Q. C.C. the V.C.C.F.P. becomes a quasiconcave
program.

Proof. See [8] Theorem 51 page 62.

We see that the V. C. C. F. P. satisfying the Q. C. C., in particular the V. L. F. P.,
are vector quasiconcave programs on S. Therefore for such program the 7;-duality
in Section 4 of [2] is applicable. For. V. C. C. F. P. where it is difficult to verify the
Q. C. C. it is more convenient to use the T,-duality.

In Section 8 a T),-duality for V. Q. A. F. P. is given and in Section 9 a T,duality
for V. Q. F. P. is developed.
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8. T\-DUALITY IN VECTOR QUADRATIC-AFFINE FRACTIONAL

PROGRAMMING
Let B, k =1....,q be real symmetric negative semidefinite n x n matrices,
Abe areal m x nmatrix, be R", ¢,, d, € R" and a;, o, e Rfork = 1, ..., g. Suppose
that
S, ={xeR"|di.x+ B <0, Vk=1,.,q} %9
and put

O(x) = {(xByx + ¢j . x + a)J(d} . x + By), ...
o X'Bx + x4 a)l(dy . x + B}
The program
(8.1) find Sup” {Q(x)|xeS,, Ax £ b}

is called a Vector Quadratic-Affine Fractional Program (V.Q. A. F.P.)
As usual we will find a dual for the modified program of (8.1)
(8.2) find Sup® U pg(x) =S
Af(eési
where
fio(x) = Q(x) — R% .

Using the transformation

(8.3) u=c.x+a, p=d.x+p, k=1,...,q
one can write program (8.2) in the following equivalent form

(8.4) find Sup™ U pex,u,0) =S

where =

@:{(.\',u,u)|xeR",ueR",veR",v<O:Ax§b&
&cp . x o —u=0&d,.x+ P —v,=0Vk=1,..,4},

Fx,u,v) = {(x'Byx + uy)fvy, ..., (x'Bx + u,)fv,}
and

ur(x,u, 8) = F(x, u,v) — R, .

For the program (8.4) we shall apply the approach introduced in Section 4 of [2]
to define its Ty-dual. Given
zeR™, z£0, u,eR, k=1,..,q, XeR", #,5 <R,

k=1,...qg
we have
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q 4 q
+ Y Bldix + B — v) + Xx + Y Gty + Y B | xe R,
k=1 K=1 k=1

u=(ug,...,u),v=_(v,..,0)eR,v>0} =

4q

q 49
=sup {[ZA+ X + Y e, + 2 By x + Y (F — ) u, +
K=1 K k=1

a 4 q
+ Y (B — Gy o+ [~2b + Y + Y v B | xeR, u,ve R, v < 0} =
k=1 k=1 3

k=1

1=

4 q q
[—zb+Y o + Y 0b if ZA+X + 3 e+ ) 5dy =0
k=1 k=1 k=1

k=

=080 S0, k=1..,49
400 otherwise
Having denoted

WH. z550) = (yER|Vxe R, u,0e R, 0> 0:¥x +
q q
+ Y Wy + Y B S = F(x,u,0) 2y}
k=1 k=1
it is easy to verify that
V(Hz,ﬁ,n,xj) < V(Hz,ﬁ,a,i,a) = V(Hz,ﬁ,ﬁj) V<o,

Then according to Section 4 of [2] the Ty-dual of program (8.4) is the following
program

(8.6) Tnf™

where

_,a,a,i) =1

Pg‘ = {Hz,ﬁ,ﬁ,i| V(Hzﬁj,i') * 03
Further, in view of the Remark 1 of Lemma 1.4 in [1] and Lemma 4.3 in [2]

we have

I=Inf" U wH.zpo=mf" U Inf"vy(H, ., =
H: H: Po*

v, vePo* €.

=™ U Iz ,5 %)

(z.8,0,%)e

where
(8.8) & ={(z,i,5,%)eR" x R x R x R"| 2 £ 0,7A + & +
q q N
+ Y e + Y. hd, = 0&
. k=1 k=1
& Sup” {F(x, u, v)| v>0,%x + @u+ 00 1} + 0}

q q
r=r(z,i,0,%) = — 2’b + ) o + ) 5
k=1 k=1
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and
(8.9) L(z,@,5,%) = Sup™ U udx,u,v).

XeR™,u,veRY,v> 0
X' x+tautvvsr

Lemma 8.1. Let Xe R", u,ve R? and re R, If
(8.10)  Sup™ {F(x, u, v) ] xeR, u,veRL,v> 0:Xx +du+ivsr}+0
then u 2 0.

Proof. Let (x° u° ¢°) be an arbitrary feasible solution of (8.10) If u = 0 or
there is an index j € {1, ..., ¢} such that u; < 0, one can choose a sequence {u'};Z
such that

ut—> oo for -0 and VYk=1,..,q
and
X0+ au o S,

Then we obtain F(x°, u', v°) - oo for [ — co which contradicts with (8.10). a

Now from the nonnegativity of the vector u we see that % and (L(z, i, 7, X)
remain unchanged if in (8.8) and (8.9) instead of the inequality sign we replace the
equality one. So we have

(8.11) & ={(z,ii,5,X)eR" x REx R x R"| 220, 7A+X +
q 4q
+Y me, + Y by = 0&
k=1 k=1

& Sup" {F(x,u,v) | xe R, u,pe R, v > 0 :X'x + ilu + Fv=r} + 0
and
(8.12) L(z, 1,7, X) = Sup” U pe(x, u,v).

xeR",u,06R9,0> 0
X'x+a'utvv=r

Summarizing the foregoing results we obtain
Theorem 8.1. The program
(8.13) find Inf¥ () L(zi,5,%) =1

(2,ii,5,5)e?
where % and L(z, i, 7, %) are defined in (8.11) and (8.12)is the T;-dual of the program
(8.2). If the primal (8.2) is feasible then the strong duality principle holds, i.e. S = I.

Now we shall show that our T-dual is a generalization of the scalar one, given
by Schaible in [5]. Consider thus the program

(8.14)  find sup{Q(x) = x'Bx + ¢'x + a)f(d'x + B) | x & S,, Ax = b}
where B is a symmetric, negative semidefinite n X n matrix, A is a real m x n

matrix, ¢, de R", a, fe R and So = {x e R"| d'x + B, > 0} + 0.
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According to (8.11) and (8.12) we have
(8.15) % ={(z,7,5,%)eR" x R x R x R"| 2 S 0,zA + ¥ + ic' + od' = 0&
& sup {F(x,u, v) = (x'Bx + u)fv I xeR u,veR,v >0 Xx + itu +
+ 00 =r=—z'b+ia+ B} + {—o0, +o0}}

and
(8.16) L(z, @, 5, X) = sup {F(x, u, ) [ xeR, u,veR,0 < 0,X'x + iiu + v =r}.

It is easy to check that in the scalar case the Tj-dual (8.13) remains unchanged
if we assume the additional condition @ = 1 (see Lemma 8.1). Consider now the
problem

(817) L(z 7,%) = sup {(x'Bx + u)fv|xe R", u,ve R, v > 0,X'x + iiu + #v = r}.
Having replaced u = r — ¥'x — v in F(x, u, v) we obtain
(8.18) L(z,%,%) = sup {x'Bx + r — ¥'x — Bv)fv 1 xeR,veR,v> 0} =
=sup {r — ¥x + x’Bx)/U|xeR",veR,v >0} -&=
-5 if r = inf{X'x — x'Bx}
= { XeR"
+ 00 otherwise
Put # = {2Bw | we R"}.If X ¢ # then X can be expressed as follows
x=x"+x>, x'e®, x*1L B, x*+0.
‘We have then
%(1x?) — (1x?) B(tx?) = ((x*, x*) > —a0 for t—> —a0.
If X = 2Bw for some w € R" then, for the negative semidefinity,
X'x — x'Bx = 2w'Bx — x'Bx = w'Bw
and the equality is attained when x = w.
From (8.18) and the above consideration we obtain
(8.19) L(z,v,x) = —i<3Iwe R, X = 2Bw&r < wBw,

Finally, in view of (8.13), (8.15), (8.16), (8.18) and (8.19) the T;-dual of the program
(8.14) can be formulated as following

find inf — 1
(8.20) subject to zZZA+2w'B + ¢ + Ad' =0
—zb+a+ Af £ wBw

zeR", zZ0, weR", AeR.
Remark. If B = 0 for all k = 1, ..., g the program (8.1) becomes a Vector Linear
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Fractional Program (V. L. F. P.), the T;-dual of which will be as following
(8.21) find Inf* U Lz @0) =1

(z,i,0)eZ
where

4 4
(822) # = {(z,#,0)eR"x RIX Rz 20, 2A + Y i) + Y udy = 0&
k=1 =1

13
& Sup™ {F(u, v) | u,ve R, v > 0, iiu + 5'v = r} = P}

Fu, v) = {uyfoy, ... ufv}

q q
r=r(z,i,p) = —2z'b +}‘Z]ﬁk<xk +kzlﬁkﬁk

(8.23) L(z,@,5) = Sup” U F(u,v) — R%
u,vER_,",'vJ>=l:
The scalar linear fractional program

(8.24) find sup {c'x + a)f(d'x + B)| xe R". d'x + B < 0, Ax < b}
is a particular case of program (8.14), where B = 0. Consequently according to
(8.20) it has the following dual
(8.25) inf — 4

subject to zZ’A+ ¢ 4+ Ad' =0

—zb+a+ if L0

zeR", z<0, AeR

9. T,-DUALITY IN VECTOR QUADRATIC FRACTIONAL
PROGRAMMING

In this section we assume that C,, D,, k = 1,..., g, are real symmetric n x n
matrices, negative, positive semidefinite respectively, ¢, d, e R" and «, B, €R,
k = 1,..., q. Consider the program
(9.1) find Sup” {Q(x)| x € @}
where

0(x) = [(x'Cex + cfx + a)f(x'Dix + dix + B,
and 9 is a nonempty convex set of R" on which the denominators x'Dx + dyx + Py
are positive forallk = 1,..., 4.
The function
a(®) = (¥Cx + 6x + a)f(x'Dyx + dix + fy)

is 0-quasiconcave; resp. — oo-quasiconcave, if D, + 0, resp. D, = 0, so that for this
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program one can apply the T,-duality theory introduced in Section 6. Put
£ ={L=(. 19| FerR k=1,.., qlillk =0,3je{l,...q}: ¥ £ 0}
A={(ly,... ) =reR |§1/1k <0}
9* ={(L,)eZ x A|Fjef{l,...q} : D {xeR |V, x>> i} + 0}
S, 2) =
= sup {(x'Cex + ¢ix + a)(xDyx + dix + B) | x € D, (I, x> > A4
and
O(L, 2) = [F(I", 24y), ... (14 2)] -
Then a T,-dual of program (9.1), or more exact, of its modified program, is
(9.2) find InfY {J v(L,2) =1

(L.2)e2*
where

vo(L, 2) = &(L,7) + R .
As a consequence of Theorem 6.3 we have
Theorem 9.1. If ri 2 + 0, then
SR, =MnR, =InR,

where
S = Sup” J (Q(x) — R%)
xe®
M =Min" ) v(L,4)
(L,A)eZ*
and

F=(ry,...r) With r, =

0 if D %0
—w if D =0.

Now applying our approach we derive the resulis obtained by Schaible in [4]
for the scalar quadratic fractional programming. Counsider the following program
9.3) find sup Q(x) = (x'Cx + ¢'x + a)f(x'Dx + d'x + B)

xe§
S={xeS,|Ax < b}
where S, < R” is a nonempty, open and convex set on which the denominator
of Q(x) is positive, C, D are real symmetric n x n matrices, negative and positive

semidefinite respectively, ¢,de€R", beR™, o,fe R and A is an m x n matrix.
Suppose

(9.4) —0 < g =sup O(x) < +o0
xeS
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For any A€ R we have
(9.5) Az gesup[Qkx)— 1] <0«
xeS

< sup [x(C—AD)x + (c —Jd) x + a — AF] 2 0
xeS§

Lemma 9.1. If
(9.6) ‘ {xeR"|Ax < b} c S,
then A = g if and only if there is z€ S, u € R such that
—2(C—iD)z+ Au—(c—2d)=0
Z(€C— D)z + b'u — (a — 2B} 2 0.
Proof. Since S is a polytope the supremum
9.7) suﬁp [x(€ — D) x + (c — Ad)x]
is attained (see [8] Theorem 23, 13, 3, page 217), say at z e S. According to [8]
Chapter 8 z is an optimal solution of (9.7) if and only if there is u € R"} such that
~2(C— D)z + Au — (c— 2d) =0
and
Consequently we have
susp {x(C— D)x + (¢ — M) x + a — A} = z/(C — AD)z +
+(c—Ad)z+oa—Af=2z(C—AD)z + z[-2(C — AD)z + AJu +
+oa—Ap=—2(C~ID)z+ bu+a-—ip

Hence in view of (9.5) we obtain the assertion of the lemma. O

On the basis of Lemma 9.1 one can formulate a dual of program (9.3) as following
9.8) find inf
subject to —2(C — AD)z + A'u — (¢ — 2d) =0
Z(€C - AD)z — b'u — (x — AB) = 0
zeS,,uecR), leR
(Az0 if D=0

For this dual we have § = inf A.
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10. APPENDIX: SOME T;-DUALITY THEOREMS

In the appendix, for completeness, we formulate and prove some T;-duality theo-
rems for quasiconcave programming.

Theorem 10.1. (Direct T;-Duality Theorem.)
Given a vector quasiconcave program with affine constraints (1) and its Ty-dual
(1*), defined in Section 2 of [2], assume that the set

P={(z,w)eZ x W|3xeD:z = G(x),w = F(x)}

is a polytope. Then if ¥ is an optimal solution of the primal (1), there is an optimal
solution (z*, w*) of the T,-dual such that

F(x) e L(z*, w*).
Proof. Let X be an optimal solution of the primal (I). It means that the set P
does not meet the set
N={(z,w)eZ x W| z =0, F,(w) > F(x)}
By Theorem 3.3 of [2] there exists an H € P* such that
PcH&HNN=0

or equivalently
HeQ* Vy < F(®)
By definition there is a (Z¥, #*) € & such that
H = Hf‘,W‘,r(i*.W‘) -
It is evident that F(x) € L(z*, w*). The proof is complete. ‘ 0
Remark 1. This direct Tj-duality theorem does not generally hold if the con-
straints are not affine. Consider the example (5.26) of [2].

If (a, b)e '\ I’y then (a, b} is obviously an optimal solution of the primal (5.26),
but there is no n and (z, w*) € &, such that

(Zg) € L(z, w¥).

Theorem 10.2. (Converse T,-Duality Theorem.)

Suppose that in the program (I) of Section 4 of [2] the operators F, and G are
continuous, dim W < +co, P is a polytope and the set F; is closed. Let (z*, w*)
be an optimal solution of the Ty-dual (I*). Then if the set i

M = {we F (D) ] (W, wy S r(Z%, W) & Fo(w) e L(z*, W*) N I}
is nonempty anf bounded, there exists an optimal solution % of the primal (I) such that

F(%) € L(z*, 7).
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Proof. Let (%, w*) be an optimal solution of the dual (I*). We remind that
L(z*, w*) = Sup” {ugw) | w € Fy(D), (W*, w) £ r(z*, w*)} .
Choose an arbitrary wy € M and a sequence {y,}7-; = Ysuch that
Yu <y =Fywo) Vn and y,1y.
Put
M, = {we F(D)| (W%, w) < r(z*, w*) & Fo(w) 2 »,}

wehave M, < M, ., Vn and
0+ (M, = {we Fy(D) | (5%, w) < r(z%, #) & Fy(w) 2 y} < M .
n=1

Hence in view of the first part of the proof of Lemma 5.9 in [2] there is an integer N
such that N, are bounded for all n = N. Since y € Sup” {J ug(x) (see Theorem
4.1 of [2]) we have D, G(x) =0

Vo 3x,eD,G(x,) = 0&F(x,) = y,.

Put w, = F,(x,)e M,. Then in view of the boundedness of M, for all n 2 N
and the closedness of F((D) therc exists an X € D such that G(X) = 0 and F,(X) =
= lim w,. It is evident that F(X) = y and hence F(X) € L(X*, w*). The proof is comple-

n—oo

te. [}

Remark. The assumption that the set M is nonempty and bounded cannot be
skipped. Consider the following example

sup {—x,/%; | %, <0, x,eRix; Z1,%, 21} =0.

Since it is a linear fractional program, one can apply the result of Section 8 and
obtain the following dual

find inf — 4
subjectto —zy + 4 =0
—z;—1 =0
zy +2z, 20

21 £0,z,£0
which is reduced to
inf —4=0
AZ1. AZ0,
We see that A = 0 is the optimal solution of the dual, but the primal has no optimal
solution. In this case the corresponding set M is not bounded.
(Received November 1, 1983.)
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