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K Y B E R N E T I K A — V O L U M E 13 (1977), N U M B E R 3 

Connectedness in Fuzzy Topology 

K. S. RAJA SETHUPATHY, S. LAKSHMIVARAHAN 

The concepts of subspace topology and connectedness in the context of a fuzzy topological 
space are introduced. 

I. INTRODUCTION 

With the emergence of the fundamental paper [5] by Zadeh in 1965 number 
of papers have appeared in literature featuring the application of fuzzy sets to pattern 
recognition, decision problems, function approximation, system theory, fuzzy logic, 
fuzzy algorithms, fuzzy automata, fuzzy grammars, fuzzy languages, fuzzy algebras, 
fuzzy topology, etc. [2], [7]. In this note, our interests are in the study of certain 
concepts in fuzzy topology. 

The concepts of continuity, compactness in the context of a fuzzy topological 
space are well known [ l ] , [7]. In this note the concept of subspace topology is 
introduced and connectedness of a fuzzy topological space are studied. Our notation 
and terminology follow that of [ l ] . 

II. SUBSPACE TOPOLOGY 

Definition 1. [1] A fuzzy topology is a family T of fuzzy sets in X which satisfies 
the following conditions: 

a) 0, X e T. 

b) If A, Be T, then AnBeT. 

c) If A{ e T, for each i e I, then \JAt e T. 
i 

T is called a fuzzy topology for X, and the pair (X, T) is called a fuzzy topological 
space (FTS in short). 



Definition 2. [ l ] Let j be a function from X to Y Let B be a fuzzy set in Y with 
membership function /^(Y). Then the inverse image of B written asj - 1(j~) is a fuzzy 
set in X whose membership function is defined by 

fr- HB)(X) = Hn{f(x)} for all x in X . 

Conversely, let A be a fuzzy set in X with membership function nA(x). The image of A 
written as j(A) is a fuzzy set in Y whose membership function is given by 

/Vu>O0= S u P {VA(*)} if f~-(y) is not empty, 

= 0 otherwise 

for all y e Y where f~\y) = {xjf(x) = y}. 

Definition 3. [ l ] A function 'j ' from a fuzzy topological space (X, T) to a fuzzy 
topological space (Y U) is F-continuous if and only if the inverse of each U-open 
fuzzy set is T-open. 

Let (X, T) be a fuzzy topological space. Let A be an ordinary subset of X. Then the 
relative fuzzy topology of A can be defined in the following way. 

The subset A of X (in the ordinary sense) has a characteristic function say \iA such 
that 

pA(X) = 1 if x e A , 

= 0 if x$A. 

Let TA = {B n A\BeT) . 

Then TA is called a fuzzy subspace topology on A. 
For, choose 0 e T, with membership function n0. Then, as min (n0(x), fiA(x)) = 

= n0(x), we have 0 e TA. 
To show that A e TA, choose fix characteristic function for X, then 

min (nx(x), nA(x)) = nA(x) . 

Again, if BA and CA e TA then BAn CAe TA for BA n CA = (B n C) n A, and for 
.B^ e TA, then 

UBi = U(#i n A) = (U^i) n A . 
i i 

Hence, T^ defines the fuzzy subspace topology for A. 

III. CONNECTEDNESS 

Definition 4. A fuzzy topological space X is said to be disconnected if X = A KJ B, 
where A and B are non-empty open fuzzy sets in X such that A n B = 0. 

Hence, a connected space is defined as follows: 



192 Definition 5. A fuzzy topological space X is said to be connected if X cannot be 
represented as the union of two non-empty, disjoint open fuzzy sets on X. 

Remark 1. If X = A u B where A n B = 0, A and B are non-empty fuzzy open 
sets of X, then they are complements to each other; and hence, both are open and 
closed. 

For 

min {nA(x), JXB(X)} = fi0(x), xeX , 

= nA(x) or fiB(x). 

Suppose for a given x, 

min {li/x), fiB(x)} = nA(x), then tiB(x) = 1 . 

Theorem. The F-continuous image of a connected fuzzy space X to a fuzzy topo­
logical space is connected. 

Proof. L e t / : X -» Ybe a F-continuous map of X to Ywhere (X, T) and (Y Tfm) 
are fuzzy topological spaces, X is connected. 

Suppose f(X) is disconnected. Then there exist non-empty open fuzzy sets G 
and H e Tfm such that f(X) = G u H. This implies that G and H are obtained 
from non-empty open fuzzy sets say Gy and Hy in Ysuch that G = Gy r*f(X); H = 
= Hynf(X). 

We shall show that / 1(G) and / l(H) give a disconnection for X. That is, 
X = / - 1 ( G ) u / - 1 ( H ) . 

For by Definition 4, 

max(iU/-i(G)(4 /*/-«(H>W) = max (juG(/(x)), /*„(/(*))), 

= 1 (since G u H = / ( X ) ) , 

= /*x(*) • 

This is a contradiction to X being connected. 
Hence, / (X) is connected. • 

(Received January 7, 1976.) 
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