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KYBERNETIKA ČÍSLO 3, ROČNÍK 1/1965 

Some Variants of Fault-Finding Procedures 
L I B O R K U B Á T , M I L A N U L L R I C H 

For three types of fault-finding procedures the optimum ones are determined by means of 
probability theory methods. 

The maintenance of complex devices and systems becomes a very important 
problem. It is well known, that the greater part of maintenance hours is used for 
looking for the unoperating units of the device, and the smaller part for their repair. 
In other words, the main maintenance problem is not how to repair, but what to 
repair. Thus, good fault-finding procedures are necessary for fast and efficient 
maintenance and their use improves the availability degree of equipment. 

There is a great number of variants of possible fault-finding procedures. In the 
present paper three basic types are discussed, which — according to the authors' 
opinion — are most important and theoretically interesting: 

(i) the signal-measurement procedure, 
(ii) the element-measurement procedure, 

(iii) the replacement-of-element procedure. 

All three types are solved in general, and illustrated on simple examples. 

INTRODUCTION AND SIMPLE EXAMPLES 

In this paper we shall deal with the problem of determining all failures, i.e. all 
defective elements of a system containing n elements in the case we know that the 
whole system does not operate. We shall look for such a procedure of determining 
these failures which minimizes the expected cost. 

Now, we shall introduce some mathematical notions and assumptions. We shall 
consider that the system contains n elements numbered by 1,2, ...,n. We shall 
assume that the i-th element of the system is defective with probability p ; and good 



with probability 1 — pt, and that these values are known. Let all the elements be 
statistically independent. Let us have random variables £., <f2, •••> £» given by 

& = 0 if the i-th element is good, 

= 1 if the i-th element is defective. 
Then 

P(Zi = i) - Pi = i - PiZt = o) 

and random variables (^x, £2,..., £,,) are independent. 
Let us assume that the whole system does not operate if at least one element is 

defective. Every element of the system found to be defective is immediately exchanged 

"~1 

'/л — 1 

Fig. 1. Elements connection in the type (i). 

by a good one or repaired. In any of the three discussed procedures we do not include 
the cost of repair into the cost of procedure, because the cost of repair does not depend 
on the used fault-finding procedure. 

As we have mention above, we shall discuss three basic types of the fault-finding 
procedures, which are defined in the following way: 

(i) The signal-measurement procedure is based on the assumption that the system 
is composed by elements functionally connected in a chain-like form as shown in 
Fig. 1. The signal-measurement is possible on the output of any element only. If in 
the chosen point of the chain the measured signal is good, then all preceding elements 
are good, and in the opposite case, i.e. if in the considered point the measured signal 
is not good, then surely at least one of the preceding elements is defective. This 
procedure corresponds mathematically to the following problem: is the chosen 
random variable nt for given i equal to 0 or to 1, where 

rji = max £. (i = 1, 2 , . . . , n ) . 

(ii) The element-measurement procedure is based on the assumption that we can 
decide by measurement of elements their state, i.e. if the considered element is good 
or defective. Moreover we suppose that in this procedure the determining of a defec
tive element is followed by its repair and by checking the entire-system performance, 
immediately. 



(iii) The replacement-of-element procedure is based on the assumption that there 
are not any measuring devices available and elements of the system can be replaced 
by spare parts only. 

Whereas the first type of procedure can be used for special configuration — the 
chain-like connection of elements — the other two types are more general and can be 
used for any configuration of elements, of course for such configurations correspond
ing to the above assumption that the whole system does not operate if at least one 
element is defective. 

For any of the considered types of procedures the optimum procedure means that 
its expected cost will be minimum and moreover in the case (iii) that none good 
element of the system will be replaced. 

On following simple examples all types of fault-finding procedures and their 
optimization will be illustrated. 

Henceforward we shall use the following symbols: 

Di measuring on the i-th element (i.e. in the type (i) measuring of r](, in 
the type (ii) deciding about the state of i-th element); 

D determing of the entire system performance; 
Ni replacement of the i-th element of the system by spare part (in the 

type (iii)); 
Vi re-replacement of the i-th element (i.e. the replacement of the installed 

spare part by the original element of the system) (in the type (iii)); 
O i repair of the i-th element which is found to be defective (in types (i) 

and (ii)); 
P(ij, i2,..., ik) the procedure. for determing all defective elements in the set of 

elements (iu i2,..., ik), when it is known that there is at least one 
defective element in this set; 

Q(i1 , i2 , ...,ifc) the procedure for determining all defective elements in the set of 
elements (il, i 2 , . . . , ik) when nothing is known about these elements; 

d the cost of procedures D; 
<5 the cost of procedures Di, Ni or Vi (for every i = 1, 2 , . . . , n); 
JV(P(ix, i2, ..., ifc)), Ar(Q(i1, i 2 , . . . , ik) the minimum expected costs of procedures 

P(i1; i 2 , . . . , ik) and Q(i'i, i2,..., ik), respectively. 

In the graphical description of different procedures we shall use the following 
symbolic form in connection with D or Di. These operators correspond to the 
questions: 

D = Is the entire system in the operating state? 

Di = Is the i-th element (or the chain of elements 1, 2 , . . . , i) good? 

The positive answer leads to the rightward continuation in the graphical form, and 
similarly the negative answer to the downward continuation. 



Example 1. The signal-measurement procedure for n = 3. All possible fault- -39 
finding procedures of this type in the case of an unoperating system containing three 
elements are given in Fig. 2. There are only four possible procedures. T^ow, we will 
look for the optimum procedure between them for the case 8 '— 1. The costs for 
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Fig. 2. All possible proce
dures in the type (i) for 
» = 3. 

Costs of all different procedure in the type (i) for n = 3. 

*1> Ь 2 . Ї З 

Procedures 
*1> Ь 2 . Ї З 

(1) (-) (3) (4) 

0 0 1 
0 1 0 
0 1 1 
1 0 0 
1 0 1 
I 1 0 
I I 1 

2 
3 
3 
3 
3 
3 
3 

2 
3 
3 

з 
4 
4 

1 
3 
3 
4 
4 
4 
4 

1 
3 
3 
3 
4 
5 
5 

different combinations of £t, £2> £3 are summarized in Tab. 1. From tabulated data 
the expected cost and the minimum can be easily calculated. 

The following relations between the expected costs for different procedures, (1), 



240 (2), (3) and (4), denoted by Nt, N2, N3, and N4 respectively, are obviously valid: 

N\ g N2 and N3 S N4 if and only if (1 - Pz) (1 - Pi) ~ Pi _.. 0 , 

iVi ^ iV3 and N2SN+ if and only if (1 - Pi) (1 ~ P2) P3 ~ Pi S 0 . 

Hence: 

Procedure (1) is optimum if and only if 

(1 - Pi) (1 ~ Pi) - P2 ^ 0 and (1 - Pi) (1 - Pi) P3 - Pi g 0 . 

Procedure (2) is optimum if and only if 

(1 - Pz) (1 ~ P3) - P2 ^ 0 and (1 - Pl) (1 - p2) p 3 - Pt £ 0 , 

Procedure (3) is optimum if and only if 

(1 - p2) (1 ~ p3)~ p2^0 and (1 - pi) (1 - p2) p3 - Pi ^ 0 . 

Procedure (4) is optimum if and only if 

(1 - Pi) (1 - P3) ~ Pi ^ 0 and (1 - p.) (1 - p2) p 3 - Pi k 0 . 

The expected cost is given by the following formulae: 

JV(P(1, 2, 3)) = — _ - i — [ 3 P l + 3p2 + 2p3 - 3 P l p 2 -
1 - (1 - Pi) (1 - Pi) (1 - Pi) 

~ 2PiP3 - 2p2p3 + 2 P l p 2 p 3 ] 

if the procedure (1) is optimum; 

[2P! + 3p2 + 2p3 + 2p tp2 -
1 - ( 1 - P i . ) ( l - P 2 ) ( l - P з ) 

- 4 P i P з - 2p 2 p 3 + PiP 2Pз] 
if the procedure (2) is optimum; 

= 'л Tл VГл \Tл \ í4pí + Зp2 + Pз ~ ЗPiPг ~ 
1 - (1 - Pi) (1 - Pг) (1 - Pз) 

- PiPз - PгPз + PiPгPз] 
if the procedure (3) is optimum; 

1 
[Зpi + Зp 2 + p 3 - PíPl 

l " ( l - P i ) ( l - P 2 ) ( l - P 3 ) 

- P1P3] 
if the procedure (4) is optimum. 



In the special case for p t — p2 = p3 = p the optimum procedure is (1) or (2) 2.11 
according to the validity of following conditions: 

Procedure (1) is optimum if and only if 

(1 - p)2 - p ^ 0 -

Procedure (2) is optimum if and only if 

(1 - P)2 ~ P ^ 0 . 
In this case we obtain: 

iV(P(l, 2, 3)) = - 1 [8p - 7p2 + 2p3] if (1 - pf - p 5S.0, , 
1 - (1 - p)3 

[ 7 p - 4 p 2 + p 3 ] if ( 1 - P Y - P _ 0 . 
1 - (1 - P) 

Another formal description of the above procedures — shown in Fig. 3 — can be 
used, which is more convenient for further generalization. For the discussed special 

(I) D1 P(2,3) (II) D2—P(3) Fig. 3. All possible proce-

01_Q(2,3) D1—02—Q(3) J™ 8 P ( 1 ' \ 3)™ t h e t y p e 

| (l) for n = 3. (An equiva-
01 Q(2,3) lent description to Fig. 2.) 

case pj = p2 = p 3 = p the expected costs denoted by AT, and Nu are given by the 
following formulae: 

7V,= {(l + i V ( P ( 2 , 3 ) ) ) ( l - p ) [ l - ( l - p ) 2 ] + 

+ (l + i V ( Q ( 2 ) 3 ) ) ) p } . i _ (
1 _ f > ) 3 , 

Nu = {(1 + iV(P(3))) (1 - P)2 [1 - (1 - p)] + [2 + iV(Q(3))] p(l - p) + 

+ (2 + i V ( Q ( 2 , 3 ) ) ) p } . _ _ i - r _ . 

However, iV(Q(3)) = 1, iV(P(3)) = 0, iV(P(2, 3)) = (3 - p)/(2 - p) and 

iV(Q(2, 3)) = 2 if ( 1 - ^ - ^ 0 , 

= 1 + 3p - p 2 if (1 - p)2 - p ^ 0 

as can be easily proved. 



242 Thus, the corresponding expected costs are 

- 7p2 + 2p 
N. = 

i - (i - PУ 

for (1 - p)1 - p = 0, and 

7p - 4р 2 + p3 

IV, = 
1 - (1 - PУ 

!V„ = 

Nn = 

ÌP - V + P3 

1 - (1 - Py 

ІP - 2p 2 

1 - (1 - p)3 

for (1 - p)2 - p = 0. 
In both cases JV, = iVn and therefore the procedure (I) is optimum. 

0) DІ Oj O/c-

O ; — D -

Ok-

Oi D 

Fig. 4. AH types of possible 
procedures P(i, /, k) in the 
type (ii) for n = 3. 
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(2) Di Dj Ok-
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Oíc-
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Dk O j — . 

Ofc D . 

i;-
Table 2. 

Costs of both procedures (1) and (2) in the type (ii) for n = 3 and for given permutation (/, /, k) 

Ѓ1. Í2- Һ 
Procedures 

Ѓ1. Í2- Һ 
0) (2) 

0 0 1 2 2 
0 1 0 1+d 2 + d 

0 1 1 г + d г + d 
1 0 0 1 + d \ + d 
1 0 1 г + d г + гd 
1 1 0 г + гd г + d 
1 1 1 г + гd г + гd 

Example 2. The element measurement procedure for « = 3. For this type only 
two procedures for every ordering of elements i, j , k are possible, as shown in Fig. 4. 
Tab. 2. presents the costs for both the possible orderings i, j , k. For procedures (1) 
and (2) the expected costs, denoted by N± and N2 respectively, are given by the 
following formulae: 



1-(Í-Pl)(í-Pj)(l-Pk) 

N, = 

- { 2 [ i - o - P O O - P J ) a - P L ) ] -

- P,<1 - Pj) (1 - Pk) + d(Pi + pj)} , 

. - ( . _ p , ) ( . _ P y ) ( . _ f t ) < * - ( ' - » > ( > - < > <>-.*>-

- Pi(l - P;) (1 - P*) + «t[pf + Py + Pi(Pk - Py)]} • 

It can be seen that the procedure (1) is better than the procedure (2) if and only if the 
inequality pk ^ Pj is valid. The optimum procedure is determined by such an ordering 
i,j, k for which the expected cost is minimum. This minimum can be attained by 
comparing the second and the third terms of the above formulae for Nt and H2, 
These terms for different orderings i, j , k are presented in Tab. 3. 

Table 3. 
Expected costs in the type (ii) for n = 3 and for different permutations of (/',/', k) 

І, Л k Expected cost 

1 
1 
2 
2 
3 
3 

2 
3 
1 
3 
1 
2 

3 
2 
3 
1 
2 
1 

d(Pi + P2) - Pi(\ - P2) (1 ~ Pз) 
d(Pi + Pз + Pi(Pг - Pз)) ~ PiO ~ Pг) U " 
d(Pi + P2) - P2(\ - PO (1 - P3) 
d(P2 + P3 + Pi(Pi - Pз>) - Pi(l - Pi) 0 " 
d(Pi + P3) -P3(l - Pt) (1 - P 2) 
d(P2 + Pз + P3(Pi - .Pг)) ~ -Pз(Д - Pi) (! 

- P з ) 

"/ 'з) 

- P 2 ) 

(1) N1 D- (2) N2 D-

V1 

N2 D -
I 

N1 

V2 
l 

N1 D -

N2-

Fig. 5. All possible proce
dures P(l, 2) in the type 
(iii) for n = 2. 

It can be shown that in the case the elements are numbered in such a way that 

P l ^ p2 <; p3, and if the assumption d £ 1 — px holds, the optimum procedure 
is (1) by the ordering i = 3, j = 1, k = 2. 

Example 3. The replacement-of-element procedure for n = 2. In this case there 
are only two possible fault-finding procedures shown in Fig. 5. Let us assume that 
the cost of replacement of re-replacement of an element equals 1, i.e. 5 .= 1. Then 



244 we obtain the costs of both possible procedures as shown in Tab. 4, and the expec
ted costs are given by the formula 

N, = 
1 [3(1 - pj) P l + Pl(\ - p2) + ĄplPl + 

1 _ (1 _ pi) (1 _ p2) 

+ 2d(l - (1 - P l ) (1 - p2)) - dPl(l - - a ) ] 

for the procedure (1) and by the formula 

N2 - t , ^ . ^ . ^ K- - ft) ft + 3ft(l - *> + 

+ 4p,p 2 + 2 < 1 - (1 - pL) (1 - p2)) - d(l - p.) p 2 ] 

for the procedure (2). 

Costs of ali different procedures in the type (iii) for n = 2 

*.. Һ 
Procedures 

*.. Һ 
(1) (2) 

0 
1 
1 

1 
0 
1 

3 +2d 
1 +rf 
4 + 2d 

1 +</ 
3 +2d 
4 + 2d 

Let the elements be numbered in such a way that p1 ^ p 2 . Then we obtain iV2 _^Vj 
because 

( J V 2 - ^ ) [ l - ( l - p L ) ( l - p 2 ) ] = 

= - 2 ( 1 - pL) p2 + 2pL(l - p2) - d(l - p,) p2 + dPl(\ - p2) = 

= (2 + d)(Pl-p2)^0, 

i.e. the procedure (2) is optimum for the case p1 i£ p2 . 
The above examples illustrate the three discussed types of fault-finding procedures 

and the technique of determining their optimum. In the following sections the 
introduced methods will be discussed in more general form. 

SIGNAL-MEASUREMENT PROCEDURE 

In this section we shall discuss the first type of fault-finding procedures used for 
the chain-like system (as shown in Fig. 1). Let us assume that by signal measurement 
on the output of the z'-th element we can decide only whether all elements 1,2, . . . , i 
are good or whether at least one of them is defective. The general solution of this 



problem is very tedious and principally it is similar to a special case of well known 
classical problem of determining randomly chosen number from the set 1,2,.. . . 2" if 
permitted questions are of the type: Is the chosen number greater or smaller then 2k?, 
only. In authors' opinion this classical problem has not yet been solved. 

Our problem could seem to be solved by well known ideas of the information 
theory, i.e. by measuring nt for such i for which the conditional entropy H(ni/n„ — l) 
is maximum. However, in the general case this method does not lead to the optimum, 
as it will be shown for n = 6. 

In the following we shall give an algorithm for determining the optimum procedure 
which is suitable for computers. Let us assume that pr — p2 — . . . = p„ — p and 
<5=1. Then all possible procedures for P(l, 2 , . . . , n) are given in Fig. 6. The minimum 
expected costs denoted by NliU N2_.,..., W„_5>mii_. for different procedures are 
given by the following expressions: 

Nui =T-~(h~py{[l + N{P{2'-'"))](1 ~ p){l ~(1 ~ p)n~1] + 

+ [l + .V(Q(2,...,„))]p}, 

-V-.i - ~—± r„ {[1 + !V(P(3,..., n))] (1 - pf (1 - (1 - p)-2) + 
1 - (1 - pf 
+ [2 + JV(Q(3,..., n))] p(\ - p) + [2 + N(Q(2, ..., „))] p} , 

Na-t,m__, - j — ^ ~ {[1 + N(P(n))_ (1 - „)•-» (1 - (1 - p)) + 
1 - (1 - p) 

+ [2 + N(Q(n))_ p(\ - p)"-2 + . . . + [ „ _ 1 + N(Q(3, ..., n))_ x 

x p(i - P) + [n - 1 + N(Q(2,..., n))_ p} . 

The optimum procedure is that one for which the expected cost is minimum, i.e. for 
which the equation 

JV(P(l,2,. . . ,n) = min Nu 
l g i g B - l 
I S j S n i i 

is valid. 
Here, iV(Q(l, 2 , . . . , k) is determined as the minimum expected cost for individual 

possible procedures Q(l, 2, ...,1c) shown in Fig. 7. If we denote the minimum expected 
cost for these individual possible procedures by M, t_, M2 ,, M31, M3>2j, •••, 
.., Mk<mk then we obtain the following expressions for the minimum costs: 

M M = [1 + JV(Q(2,..., k))_ (I - p) + [1 + JV(Q(2, ..., fc))] p , 
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Fig. 7. All possible procedures 

Q(l , 2, . . . , n) in the type (i). 
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M 2 ) ] = [1 + iV(Q(3,..., fc))] (1 - pf + [2 + JV(Q(3,..., k))] P(l - p) + 

+ [2 + iV(Q(2,...,fc))]p, 

M*A = [(1 " P) + fcp](l - p)*"1 + [fc + iV(Q(fc))]p(l ~ P)*-2 +'••• + 

+ [3 + iV(Q(3,..., fc))] p(l - p) + [2 + N(Q(2, .. . , fc))] p , 

Mk,mk = [1 + p] (1 - pf + [3 + iV(Q(fc))] p(l - Pf'2 + . " + 

+ .. . + [fc + N(Q(3,. . . , k))] p(l - p) + 

+ [fc + iV(Q(2,...,fc))]p. 

These equations imply the formula 

iV(Q(l,2, . . . ,k)) m min Mu. 
l g i g i t 

The above formulae can be used for determining the optimum procedures giving 
the minimal costs JV(P(1, 2 , . . . , n)) and iV(Q(l, 2, ..., n)) for any n. The calculation 
of these optimum procedures is not difficult but is tedious and therefore it is omitted 
here and final expressions are shown only. The following Tab. 5 presents the optimum 
procedures for particular n. For these procedures, the range of their optimality in 
terms of p and corresponding expected costs are tabulated, and presented in graphical 
form in Fig. 8, 9 and 10. 

As we have mentioned at the beginning of this section, it is not possible to obtain 
the optimum procedure for this type of fault-finding by application information 

0.18 0 215 C.2-15 0,295 0.32 p 

Fig. 8. Optimum procedure areas for different p in the type (i). 



ft = ć 255 

Fig. 9. Minimum expected costs for P(l, 2, 3,. . . , ri) in the type (i). 

N(Q(1,2 n)) 

1 I 1 

Fig. 10. Minimum expected costs for Q(l, 2, 3, ..., it) in the type (i). 



256 theory ideas as the following example shows. Let n = 6 and p = 0-1. The procedure 
can be started by measurement of one of random variables ^i, ^2, J?3, ?j4 or ^s. We 
shall choose such a variable ^i for which Hfyt | */_ = 1) is maximum. It can be shown 
that the conditional entropy is maximal for such a random variable ^i for which the 
absolute value of difference \P^t = 0 | »/6 = l) - P(»j. = 1 | ^6 = 1)| is minimum. 

Obviously 

P ( „ . , , , « . , ) . _ £ _ 

^-.к-.)-(i-fĄ-.(;ӯ'ri-
-*..i|,.-i)-L_í..-_? 

. - ( . - # • 

Пь-.|--0^-f_P-.V". 

ғ ( „ . l | „ . 1 ) . L d l f | , 

_ . . | , _ , . _ _ ^ f l j - _ _ . 

*.-ч*-'>-_5|__$. 

->,. . ! „ . , ) - :

( 1-,'_['-_<;-a. 

^ . „ „ . „ . І Ţ ^ 
and therefore 

___ = |p(,._ = 0 11»6 = 1) - P(ff_ = 1 | if. -= lj) = 

4_ _= |p(,,2 = o | - s = l) - pfr. = 11 r,6 = i)j = 

A3 = | p ( - 3 =_ 0 j tf6 = 1) - P(l/3 = 1 | '76 = 1)| = 

1 -
2_> 

1 - (1 - P)ć 

_ - D - ( i - p ) a ] 
i - (i - PŤ 

І _ ______________________! 
i - (i - Í>)6 



2[1 - (1 - _ _ ] 

1 - (1 - P)6 

_ 2[1 - (1 _ , , - ] 

^ 4 = |P(»/4 = O | rit = 1) - P(«4 = 1 | >?6 = 1)| = 

ZJ5 = | P ( ^ = 0 | » 6 = 1 ) - ^ 5 = 1 | I , 6 = 1) | = 

For p = 0-1 we obtain 

J 1 = 5-73159 

J 2 = 1-89003 

zl3 = 1-56738 

J 4 = 4-67905 

A. = 7-47955 

This leads to starting the procedure by measurement of J,3, but the optimum procedure 
starts by measurement of n2 because 0 < 2.95/105 - 93/103 - 1/10, i.e. the optimum 
procedure is P8(l , 2, 3, 4, 5, 6) as shown in Tab. 5. 

ELEMENT-MEASUREMENT PROCEDURE 

In this section the general solution of the second type of fault-finding procedures 
will be derived. This type of procedures is based on the assumption that the measure
ment of any element of the system determines whether this element is good or defec-

D ( l — P ( / 2 , . . . , /.„) 

O r , — D — . 

P(í2> . . . , / „ ) Fig. 11. A possible procedure in the type (ii). 

tive. The optimum procedure will be derived for the assumption that every element 
found to be defective is repaire dimmediately, and this step is followed by the check
ing of the entire system. 

Every procedure is characterized by a sequence of indices i., i 2 , . . . , i„ in the formal 
description of the procedure shown Fig. 11. 

Let the elements of the system be numbered by 1,2, ...,n in such a way that 
Pi = />2 = ••• = Pn- Let 5 = 1, and d < 1 — pv Then the optimum procedure is 
characterized by the sequence n, n - 1, n - 2, . . . , 3, 1, 2 as theorem 1 shows. 

Let us denote the expected cost of the procedure characterized by the sequence 
ii,i2,...,inby,V(P(il,...,in)). 

According to Fig. 8 we can write 

jr(p(iu .... ,„)) = P(£. = o | n = 1) [1 + ^(P(i2, - , QJl + 

+ (d + 1) P(£(l = 1, {,. = 0, ; = 2,..., n | n = 1) + 

+ [1 + d + ҖP(i2,...,i„))]P(£il = i. max ši. 
2 á j S „ 

= 1 I П = 1 ) . 



258 By substituion of terms 

( i - p ^ f i - W i - l ^ l 
pfo. = o | n = l) = L _ - ^ -L 

I - П ( I - P O ) 
J = I 

РнПа-Ро) 
Щи = 1, т а х {,, = 0 | ц - 1) = ^ 

1 - П (i - P«,) 
J = I 

p j i - П ( I - P Õ ) 1 

Pfl... = 1, max ttj = 1 | ц = 1) = —L iľi J 
I - Ш І - P . J ) 

J = l 

in the above formula we obtain after simple calculations 

JT(T(iL,.... i.)) -[l- n ( l - Pi,)]^(P(«2,.... 0) + dp,, 

+ [1-n(.-P„)]. 
Whence 

jr(?(iu..., Q) = i + — ~ "i1 (dPh +1 - n a - pj) = 
i - n ( i - p . j ) i = l V fc=' y 

J = I 

= 1 + --- S(it,...,Q, 
i - n a - p . j ) 

J = I 

where 

s(iL, h,..., g -"s (-ip,. +1 - fl(i - p,j) • 
J = I ^=7 

Now we can formulate the following lemma: 

Lemma 1. If for any two indices is and ir(s < r, r = 2, 3, .,., n — 1) the inequa

lity 

Pis S pir 

holds, then 

S(it,.... is, is+L, ..., ir-L, ir, ir+L,..., Q ^ 

^ S(iL, ..., ir, is+L, ..., i , - j , is, ir+1,..., i„) . 



Proof. According to the definition of the function S(iu ..., Q w e obtain 

S(it,..., is, is+u..., ir_!, ir, ir+i, • ••, 0 -

- S(iu ..., ir, / s + 1 , . . . , « . _ ! , i„ ir+i, •••, i„) = 

= (Ptr - Pi.) [(- - Pf. J - (1 - P-V-.X1 - PW.) - ( 1 - P j + 

+ (1 - *! , • , ) •••(- - P.V-.Kl - *«, + l ) - ( - - P^ + ••• + 

+ (1 - P. r-.)(1 - P,V+!) ••• (1 - P j + (1 - Pw.) • - (1 - ?,'„)] 

and this expression is non-negative because p!r 2: p,y 
Theorem 1. 7/ 

Pi ^P2 =§••• = P» 
then 

JV(P ( l , 2 , . . . , « ) )=^ (P (n ,« - 1, . . . , 3, 1,2)). 

Proof. Using the Lemma 1 we obtain for any./ = L 2 , . . . , n and for any sequence 
of indices i,, i2,.-, i„ where j„ = j 

S(n,n - 1, ...,j + 1 , / - 1, . . . , 2, l,j)<S(it, i2,. ..,/„) 

and moreover 

S(n,n - 1. . . . .3,1,2) ^ S(«, n - 1,..,,./ + l , j - l , . . . , l , j ) 

and therefore iV(P(l, 2 , . . . , n)) = ^V(P(n, n - 1 , . . . . 3, 1, 2). 
The optimum of the element-measurement procedures Pfl, 2 , . . . ,«) is given in 

Fig. 12. 

THE REPLACEMENT-OF-ELEMENT PROCEDURE 

The determination of the optimum procedure of the third type of fault-finding 
procedures, i.e. by replacement of the elements of the system, is very tedious. In 
both preceding types, any procedure terminates by the step when the system is 
reoperating, while in this third type of procedures the checking follows, by which we 
make sure of the necessity of any replacement. The replacement of a good element 
of the system by a spare part would lead to inadmissible losses. 

The general case of the system containing n elements seems to be solved only, by 
the determination of all possible procedures, by the calculation their expected costs 
for known values of pu p2,..., pn, and by the choice of the optimum according to 
expected costs. The most tedious step is the determination of all possible methods, 
because their number grows very rapidly with increasing n. Therefore in this paper 
we will discuss the case n = 3 only, which illustrates quite well the methods. 

We suppose the cost of replacement or re-replacement of any element to be 3 = 1. 
In the determination of all possible procedures, the following symbols will be used 



Dn Dn-1 .. DЗ D1 0 2 -

! 
0 1 D -

0 2 

D 
OЗ 

D1 0 2 -

0 1 D -
I 

0 2 -

On-1 Dn-2 .. DЗ D1 0 2 
I ! 

0 1 D 

OЗ D 

D1 0 2 -
I 

0 1 D -
I 

0 2 -

DЗ D1 0 2 -
I 

0 1 D 
I 

0 2 

D OЗ 

D1 0 2 -
I 

01 D -

0 2 -

Fig. 12. The optimum procedure in 
the type (ii). 

in the formal descriptions: 

Q(i) = Is the i-th element good? 

R(/) = Is only the i-th element defective? 

The positive answer is symbolized by the rightward continuation in the formal 
description, and the negative answer by the downward continuation. The double 
dash represents the common continuation after both answers. The full description of 
symbols Q(i) and R(i) is shown in fig. 13. 



Q(/): Nj 
Nfc 

R(/): N; 
I 

D S( = 1, f, _ 0, & = 0 

P(y,A;) and Q(0 
D |, = 0 

Fig. 13. The full description of symbols Q(/) and R(/) in the type (iii). 

R(o) - . 
I 

R(b) — 

R(o) or Q(b) 

R(b) or Q(o) 

No 
I 

D — Şa = 1, f , = 0 

Vo 
NЬ 

D —. Sa = 0, ђa = 1 

1 _ 

R ( o ) - . Q ( Ь ) - . 

Q ( o ) - . R(b) — 

Q(Ь)-

Q(o) 

Fig. 14. The full and shortened description of one procedure P(a, b) in the type (iii). 

Type 1. (A) 

Q(0 -
1 

QO.fc) 

•ЧУ.*) 

Type II. (B1) ( B 2 ) (BЗ) (B4) 

R(/) — 
i 

R(0 — 

| 
R ( / ) ^ 

1 
R(0 — 

1 
R ( / ) - . 

| P(J,fc) and Q(/) 7" 
PO.k) 

Q ( j ) - Q ( 0 

Q(/,fc) 

PO.k) 
II 

Q(/) 

ЩІ.Í) 
II 

Q(fc) 

Type III. (C1) (C2) (CЗ) (C4) ( C 5 ) 

R ( / ) - . R(0 — 
1 . 

R(0 — 
1 

R(/) — R(0 — R ( / ) - . 
j 

R ( j ) - . R(j) — R ( j ) - . Щfì — R ( j ) - . R(Л — 
1 

P(/,fc) and P(j,k) R ( f c ) - . 
1 

W(/,j,fc) 

Q ( f c ) - . 

1 
ЩІ.І) 

Q ( O - Q O ) 

Ңj.k) 

P(І.k) 
II 

Q(0 

ЩІ.І) 
II 

Q(fc) 

Fig. 15. All possible procedures P(i, j , k) in the type (iii). In the first step of the procedure of the 

type I stays Q(/), whereas two other types start with the step R(/). The second step is not R(j') 

in the type II, and is R(j) in the type III. 



262 The sense of symbols P(i, j) and Q(i, j) is the same as in previous sections. Another 
symbol will be used, too: 

W ( i , j , k) = Are two and only two of three elements defective? 

By use of symbols Q(i) and R(i) we can obtain four versions of the description 
of P(a, b) procedure, which was discussed already in the introductory section. Its 
full description and all variants of shortened description are shown in Fig. 14. 

(al) (a2) (Ы) (Ь2) 

D — 00 
1 

D —. 00 
i 

No 
i 

Nb 
i 1 

Na 

D —. 10 

Nb 

D —. 01 

I 
Nb D n 

I 
D I 

1 
Na 

D —. 10 

Nb 

D —. 01 

I 
D —. 01 
I 

vь 
Na 

l 

I 
Nb 
Va 

I 
D — 01 

i 

I 
V Ű 

I 
D—. 00 

I 
N Í 
VЬ 

I 
D—. 10 

I 

í 
D -

1 
Na 

D —. 10 

Nb 

D —. 01 D —. 10 
I 

Na Na 
í 

NЬ 

i 
11 

I 
NЬ 
i 

01 
I 

Na 

i 
11 

I 
NЬ 
i 

11 

] 
1*1 

I 
10 

í 
NЬ 

i 
11 

I 
NЬ 
i 

01 
I 

Na 

i 
11 

I 
NЬ 
i 

11 

Fig. 16. All possible procedures Q(a, b) in the type (iii). 

All possible procedures for P(i, j , k) are described in Fig. 15. Since for P(a, b) 
there are two possible procedures (see the introductory section), for Q(a, b) four 
possible procedures (see Fig. 16; the figures 0 or 1 at the end points of procedures 

Q(i) ( 1 
Щj) 

Щk) 

D—. 011 
I 

r v ! 

7 
1 D—. 101 

Nj 

D— . 110 
I 

Nfc 
Fig, 17. One possible realization of the procedure W(/, j , k) in 
the type (iii). 11*1 

represent realization of random variables £,„ and %b; the same holds for subsequent 
schemes, too), and for Y/(i,j,k) six possible procedures (all permutations of 
elements i, j , k according to Fig. 17), and since there are six permutations of three 
elements i, j , k, the symbolic description in Fig. 15 represents 228 procedures. 



But for three elements numbered in such a way that p1 ^ p2 Si p3 one of two 
possible procedures for P(a, b) dominates the other (see the introductory section), 
and similarly, as shows Tab. 6, one of two procedures for Q(a, b) of the type (a) 
dominates the other whereas two remaining procedures of the type (b) are equivalent. 
Thus the number of the good procedures diminishes. 

Moreover, procedures of type (B3) are contained in the type (B2); (B4) in (B1) 
and(B2) or in the type of (C); (C3) in (C5); (C4) in (C2) and (C5); and the procedures 

ТаЫе 6. 
Costs of all possible procedures Q(<z, b) in the type (iii) 

e Һ 
Procedures e Һ 

(a1) (a2) (Ы) (Ь2) 

0 0 d d 2 + 2d 2 + 2rf 
0 1 Ъ +Ъd 1 +2d 3 +2d 3 +2d 
1 0 1 +2d Ъ + Ъd 3 +2d 3 +2d 
1 1 A + Ъd 4 + Ъd 4 + 2d 4 +2d 

of the type (C5) using the procedure of Q(i, j) of the type (a) are contained in the 
type(C1). 

Let us denote the procedures using the procedure of Q(i, j) of the type (a) or (b) 
by letter a or b, respectively. Thus the remaining procedures can be listed as follows: 

(Aa),(Ab), 

(B1), (B2a), (B2b), 

(C1a),(C1p),(C2b),(C5b). 

Here (C1a) is such a procedure where the third step (say R(k)), i.e the question 

"Is only this one element defective?", is immediately followed by the fourth step of 
the type "Is the same element defective?" (i.e. Q(/c)), whereas in the procedure (CI [}) 
after the same third question as in the previous case the fourth step is "Is another 
element defective?" (i.e. Q(fc) does not follow immediately after R(k)). 

For elements numbered in such a way that pt ^ p2 ^ p3 for every general 
procedure of our list, the optimum permutation of elements ;',;", k minimizing the 
expected cost for this procedure can be found. Thus we obtain 10 good procedures, 
described in Fig. 18, and the expected costs of which are given by the formula 

Ж(P(1,2,3)) = 
1 

{^001(1 - Р1Н 1 - Рл)Рз + í~(í~pt)(l-p2)(í~p3) 

+ k010(í - PÍ) p2(í - p3) + klooPl(l - p2)(í - p3) + /c011(l - p.) p2p3 + 

+ fcioíM1 ~ P2)Ps + kll0pip2(í - p3) + kuiPiPiPs) • 



[2,1,3] 

( A a ) 

•• [2,3,1] [1,2,3] 

( A Ь ) 

= [1,3,2] 

( two єquivalєnt proceduгes) 

[2.1,3] - [2,3,1] 

N 1 
N З 

| 

N 2 
N З 

| 

N 1 
N З 

D i -
I 

N 1 

I 
D -

i 
N 2 

I 
V1 

vз 

i -
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N 1 
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D -
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N 2 

N 2 V 2 ~ " "~~ì V2 
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I D 

| \L 
! | 

- . 001 D 
I 1 
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D — . 010 
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| I \L 
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- . 001 D 
I 1 i D — . 001 

i i I 
N З 
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V1 
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N 2 
VЗ 

I 
vз 

i i 

[ N 2 
1 VЗ 
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N 1 
VЗ vз 

!N'I 

! vз 
D — . 011 
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D — 001 I 

D — . 110 D — . 100 ! D -- 010 
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110 D — 
! I 

OЮІ D — . 100 
vз 
N 1 

I 
D — • 110 
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VЗ 
N 1 
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D — • 

100 

NЗ 

í 
111 

NЗ 

i 
101 

! I 
j | 
! oíi 

I 
N З 

i 
111 

NЗ 

I 
011 

! i 
NЗ 

I 
! iõi 

N З N 3 

[3 

( B 1 ) 

1,2] æ [3.2,1] 
(B2a) 

[3.1,2] 

NЗ 
l 

NЗ 

I 
D — . 
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001 D - 001 

I 
VЗ 
N 1 
N 2 

N 2 

I 
D 

i 
p I 

N 1 
V 2 
VЗ 

I 
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I 
N З 
V1 
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I 
V1 
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N 1 
V 2 
VЗ 
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V 2 
N 1 

011 D — . 
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N 1 

010 
D -
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NЗ 
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N 2 
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N 2 

100 I 
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VЗ 
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vз 

I D . 110 D 
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N З 
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NЗ 

(B2Ь) 
[3,1,2] 

NЗ 
i 

D . 001 

N2 
l 

D 

N1 
V2 

N2 I 
VЗ VЗ 

i I 
D — 110 D 
j i 

NЗ NЗ 

111 101 

vз 
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D -
N3 

111 



(Cla) 

[3,2,1] 

NЗ 
l 

D • 
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vз 
N2 

V2 
N1 

V1 
N2 
NЗ 

V2 
N1 

VЗ 
N2 

D 
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NЗ 

(Clß) 

[3,2,1] 

NЗ 
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D —. 
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vз 
N2 
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Fig. 18. The good procedures P(l, 2, 3) in the type (iii) for the casep l = p2 = p3- The dashed 
boxes contain the procedure Q(2, 3) (or Q(l , 3)) of the type(b), whose second equivalent form 
can be obtained by mutual change of figures 2 and 3 (or 1 and 3 respectively) in the dashed box. 
The dotted box in the procedure (C5b) is Q(2, 3), too, but in this case the second eventuality 
would increase the cost of the entire procedure and therefore it is inadmissible. The permutation 
of the elements i,j, k of the general procedure (see Fig. 15) leading to the good procedure is 
written is square brackets. 

where coefficients /c001, fc010,..., fcllt are listed in Tab. 7. The optimum procedure 
for given pt, p2, p3 and d can be now easily determined. It is that one for which 
the expected cos Jf (P(l, 2, 3)) is minimum of all 10 procedures, i.e. its value 
is JV(P(1, 2, 3)). 

This method for determining the optimum procedure can be applied for any 
number n of elements of the system, but for greater values of n the aid of a computer 
is necessary. 

Let us suppose the case pt = p2 = p3 = p for the fault-finding procedure by 
replacement-of-elements. For 10 procedures from Fig. 18 we obtain the expected 



Table 7. 

Coefficients for the calculation of ^T(P(1, 2, 3)) for p^ â Pz = P3 in the type (iii) 

Procedure ^001 ^oю ^011 ^100 ^101 kцo ^111 

(Aa) 3 +2d 5 +2rf 6 + ЗÍ/ 5 +Ъd 6 + Ъd 8 +4d 9 + 4 0 " 
(Ab) 3 +2d 5 + Ъd 6 + Ъd 5 + Ъd 6 + Ъd 6 + Ъd 7 + 3(2-

(B1) 1 + d 5 +Ъd 6 + Ъd 1 +4d 8 +4rf 8+4(3? 9 + 4 б ' 
(B2a) 1 +d Ъ +Ъd 4 + Ъd 5 + Ъd 6 + 4d 8 + 5d 9 + 5d 
(B2Ь) 1 +d Ъ + Ъd 4 + Ъd 5 +4<z\ 6 + 4d 6 + 4d 1 + 4d 

( C l a ) 1 +й ř 3 +2d 8 + 4d 5 + Зб? 10 + 5d 12 + 6d 13 + 6d 
(Clß) 1 +d Ъ +2d 8 + 5d 5 + Зrf 6 + 4d 10 + 6(5? 11 + бй' 
(C2a) 1 + 6? 3 + 2 ^ 4 + Ъd 7+4(7" 8 + 5йř 10 + бб? 11 + 6d 
(C2Ь) 1 + 6? Ъ +2d 4 + Ъd 7 + 5d 8 + 5d 8 + 5б? 9 + 5d 
(C5Ь) 1 + d Ъ +2d 8 + 5d 5 +4d 6 + 4d 6 + 46? 9 +4d 

Table 8. 

Coefficients for the calculation of Jf{9(\, 2, 3)) for pt = />2 = p3 in the type (iii) 

Procedure *. kг * 3 

(Aa) 13 +7б? 20 + 10б? 9 +4d 
(AЬ) 13 + 8d 18 + 9d 1 + Ъd 

(B1) 13 + 86̂  22 + Ud 9 + 4d 
(B2a) 9 + Id 18 + Ш 9 + 5d 
(B2Ь) 9 + 8d 18 + llб? 1 +4d 

(Cla ) 9 + 6d 30 + Ш 13 + бй? 
(Ciß) 9 + 6d 24 + Ш 11 + 6d 
(C2a) 11 +7б? 22 + 14б? 11 +6d 
(C2Ь) 11 + 8d 20 + lЪd 9 + 5d 
(C5b) 9 + ld 20 + Ш 9 + 4d 

costs by the formula 

^ ( P ( l , 2 , 3 ) ) = 
1 - (1 - V) 

ЩX - p)2 p + fe2(l - p)p2 + fcзp3} , 

where the coefficients fet, /c2 and k3 can be found in Tab. 8 for particular procedures, 

This table shows that procedure (B1) is worse than (Ab), (C1a) is worse than (Cip). 
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Fig; 19a. Optimum border-lines for every two good procedures F(l, 2, 3) in the type (iii). 
(Border line 1: in the left area the procedure (C5b) is better than (Aa); 2: (B2a)— (Aa) and 
(B2b)—(Ab); 3:(C1(3)—(B2a); 4:(C1(3)—(C5b);5:(Cip)—(B2b); 7:(Aa)—(Ab) and(B2a)— 
—(B2b);8:(B2a)—(C5b);9:(Aa)—(B2b);10:(C1(J)—(Ab);ll:(C1|3)—(Aa); 12:(C5b)— (Ab); 
13: (B2a)- (Ab) . ) 
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Fig. 19b. Optimum areas for the procedures P(l, 2, 3) in the type (iii). 
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Fig. 20a. Minimum expected costs of procedures P(l, 2, 3) in the type (iii). 
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Fig. 20b. Optimum procedure areas in the type (iii). 

and (C2a) and (C2b) are worse than (C5b). The worse procedures can be thus 

omitted and for remaining six procedures the optimum one for given p and d can 

be determined from Fig. 19, which shows the areas in the plane (p, d), where individual 

procedures are optimum. (The procedure (C5b) is worse than (Ab) for p g 1/2 for 

any d, and worse than (B2a) for p ^ 1/2 for any d.) Fig. 20 shows the expected costs 

for the optimum procedures for several values of d. 

(Received November 10th, 1964.) 
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Některé způsoby vyhledávání poruch v systému 

LIBOR KUBÁT, MILAN ULLRICH 

V článku se probírají metodami teorie pravděpodobnosti tři různé způsoby vyhle
dávání poruch v systému a stanoví se takové postupy, které v průměru vyžadují mi
nimální náklady. Uvažované způsoby vyhledávání poruch jsou: 

(i) metoda měření signálu, 
(ii) metoda měření prvků, 

(iii) metoda nahrazování prvků. 

Při všech metodách se předpokládá, že jsou známy pravděpodobnosti toho, že jed
notlivý prvek systému bude vadný, a že náklady jsou způsobeny pouze zjišťováním 
vadných prvků, nikoliv jejich opravou. 

Metoda (i) je řešena pro n sériově uspořádaných stejných prvků a jsou uvedeny 
tabulky optimálních postupů až pro n = 8. Rovněž je ukázán obecný algoritmus pro 
určení optimálního postupu. 

Metoda (ii) je řešena zcela obecně a je dán obecný algoritmus optimálního postupu. 
Metoda (iii) je vzhledem k rozsáhlosti řešení demonstrována pouze pro případ 

n = 3 a je ukázán postup, který by bylo možno analogicky použít i pro větší n, 
přestože vede k velmi zdlouhavým výpočtům. 

Na rozdíl od metody (i), která je řešena pro sériové uspořádání prvků, platí odvo
zené výsledky pro metody (ii) a (iii) pro libovolnou konfiguraci prvků. 

lni. Libor Kubát, CSc, Inž. Milan Ullrich, CSc, Ústav teorie informace a automatizace ČSA V, 
Vyšehradská 49, Praha 2. 
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