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A ROBUSTNESS RESULT FOR
A VON KARMAN PLATE'

MARY E. BRADLEY AND IRENA LASIECKA

This paper considers the problem of the robustness of boundary feedback controls for a
von Kdrman plate with respect to a small parameter . This parameter enters the problem
through a term representing rotational inertia for the plate and is assumed to be quite
small (i.e. proportional to the plate’s thickness). This paper proves that the exponential
decay rates produced for the energy of the total system (with v # 0) are prescrved as we
pass with a limit on v — 0F,

1. INTRODUCTION

1.1. Statement of the Problem

Let © be a bounded open domain in % with smooth boundary I'= Iy U 'y, where
Iy are relatively open, I'o vl = 0. We consider the von Karnnan system in the
variables w{l, &) and \(w(l, 2)):
= [w, v{1)] [N

[HY]

on Yo (1.1)
Aw - (1 =) By =

on My

Ly, = w, o oon ¥
o W = Uy T 0y 4 u n g

zi_)u'—\““{” (1 = )iy —

where Q = Qx (0,7) and Xy = T x (0, T for £ = 0, 1. Here, b(x) € L™ () satisfies
b(e) > 0w in Q,0 < u < i is Poisson’s ratio and the operators By and By are

glven by

Byw =

T T
NIy — 15 Wy } (l.J)(l))

1Y = 08 gy 4 nyna{iyy — wep)]
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Also, x(w) satisfies the system of equations

A2y = —[w, v
x=2%x=0 onZ=Tx(0,00) (12)
where .
L 0% 0% 0% 0% 8¢
[6,4] =

T 0y " Gy 022 Owdy 0zdy’

Define the bilinear form
a(w,v) = / (AwAv + (1 = 4)(2Wsy Vay — Wrrlyy — WyyVss)) dQ (1.3)
Q
and the energy functional is given by

E()

2 1 1 .
%./Q {lwel? + 7?1V | + [Ax P} a2 + En(w7 w) + 3 /rl w?dl
Ey(8) + Ex(1), (1.4)

it

where E5(t) is defined by
1 2
Ba(t) = T/[Amln
2Ja

In [2] it was proven that by implementing stabilizing controls acting through forces
w; and bending moments gf’;w, and %wt along a portion of the plate’s edge, we
achieve an exponential decay for the energy (1.4). Our goal in this paper is to prove
that this exponential decay of energy is “robust” with respect to the parameter ¥y
(i.e. when ¥ — 0% the energy for the resulting system also decays exponentially
in an appropriate topology). This problem is of interest, since the parameter 7 is
asswmed to be small (proportional to the thickness of the plate). Also, by taking
v =0, the resulting limit equation (with zero right hand side) is precisely the Euler—
Bernoulli plate model, which is a well-known and frequently studied plate equation
from classical mechanics.

1.2. Literature and Orientation

The problem of stabilization and controllability for the von Karman plate described
above (so named for the nonlinear right hand side which was developed by von
Karman) has attracted much attention in recent years. Indeed, the results on local
controllability and stabilization can be found in [4, 5, 3, 2]. As for the question of
global decay rates (such as we consider here) we refer to [4]. There, it was proved that
for the von Kdrmdn model without rotational inertia or viscous damping (i. e. setting
7 = 0 and b = 0) the energy of the resulting system is exponentially stable, provided
that € is star-shaped. This stability was achieved by means of the boundary feedback
acting on the whole boundary (i.c. Ty = @), where results were achieved by means
of a Lyapunov function argument. This contrasts with our approach (see {2]) which
is based on proving certain functional relations directly for the energy function. This
allows us to “build in” an appropriately developed nonlinear compactness-uniqueness
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argument to “absorb” nonlinear boundary traces and undesirable lower order terms
arising from energy estimates. In order to dispense with geometric conditions, we
shall use “sharp” regularity results for the traces of the linear problem, which were
proved in [6] by using microlocal analysis.

Our main contribution in this paper is that we produce a cohesive theory tying
together the results of [4] and those of [2] by proving that the same type of feedbacks
will provide similar stability results for both Euler-Bernoulli model of dynamics (i.e.
v = 0 as in [4]) as well as the Kirchhoff model (i.e. ¥ > 0 as in [2]) in their respective
appropriate topologies. In producing this result, it is critical that we carefully track
the appearance of v in the estimates which we use to bound the energy (1.4). We
must then prove that by passing with a limit as ¥ — 0% we do not destroy the
exponential decay of the energy.

1.3. Statement of Results

We begin by defining the space of finite energy for (1.1), H, = HZ (Q) x H} (Q)
where

H2(Q)={we H(Q):w=LZw=00nTy}
with norm
Nl oy = a(w, w)
and
HL(Q)={we H'(Q):w=0onTlo}
with norm

”w“ignm) = /(wz + 7| Vuwl?) dQ.

We note that well-posedness and regularity results for system (1.1) with respect
to the topology H., was proven in {1].
We now state our main result.

Theorem 1.1. Assume that the domain Q C R? has a sufficiently smooth bound-
ary T' = I'p UT; and that there exists 9 € R? such that

h-v=(z—x0) -v<0 forzel,. (1.5)
Then for any initial data, (wg,w1) € M, there exist constants C' and « which
are independent of v such that, for ¢ > T sufficiently large, the energy for (1.1)
(corresponding to v # 0) satisfies

) Eyo(t) £ Ce™ " Ey0(0). (1.6)
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Remark 1. Note that the statement of Theorem 1.1 affirms a “robust” property
of the stabilizing boundary feedback. Indeed, the effectiveness of this feedback, as
measured by the constants C and « in (1.6), does not deteriorate when the parameter
v -0t

Theorem 1.1 allows us to obtain decay rates for the limit problem when y — 0%,
We will show that the solution w, to (1.1) with ¥ > 0 converges in L2([0, T} x Q) to
a function w which is a solution to the following limit problem:

wy + A?w + b(z)wy = [w, x(w))] in Q
w(0,-) = wo € HZ (Q) ; we(0,-)=w1 € H () inQ
w=Zw=0 on X (1.7
Aw+ (1 ﬂu)Blw:—%w, on X
%Aw-&—(l—;l)ng:wt—;%wr{»w on Xy,

with the energy Ey=o(t) given by
1 9 9 1 1 2
Ey=o(t) = 3 {lwe]® + |Ax*} dQ + a(w,w) + - [ w’dl, (1.8)
Q 2 2 Jr,

Moreover, the exponential decay rates (1.6) hold for a solution w of (1.7) as well.
A precise statement of this result is given in the following corollary.

Corollary 1.1. Let w = lim, o+ w,. Then w € C([0,T]; H*()) with w; €
C([0,T]; L¥(S)) is a solution of (1.7). Moreover, there exist constants C' > 0 and
a > 0 such that

Ey=o(t) < Ce™* E,—o(0) (1.9)

where the constant C depends on the size of the initial data in a bounded way.

Remark 2. Exponential decay rates for the limit problem (1.7) with boundary
feedbacks acting on the whole boundary are proven in [4]. However, the results there
are established to hold for “regular” solutions only (i.e. w € L*([0,T]; H4(9)) and
wy € L([0, T]; L%(2))). Moreover, geometric conditions that € be a “star-shaped”
domain were assumed in [4]. .

The remainder of this paper is organized as follows. We first set out the prelimi-
nary energy estimates which will be used in proving that the energy for system (1.1)
(7 > 0) decays exponentially. These estimates will possess lower order terms which
will then be absorbed by a compactness-uniqueness argument. We then use an ar-
gument from nonlinear semigroup theory, which provides us with an energy decay
rate for system (1.1) that is independent of . Finally, we use a limiting argument
to prove that (1.6) holds for the limiting equation (1.7).
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2. PROOF OF THEOREM 1.1

Our beginning strategy in proving Theorem 1.1 is to use the method of multipliers
to produce preliminary energy estimates for (1.1) (with v > 0) which may then be
used in conjunction with “sharp” trace regularity results to obtain the desired energy
estimate, modulo traces of the nonlinear function x(w) and lower order terms. These
energy estimates will follow closely those that are found in [2], however, here we will
carefully follow all dependence of constants on the parameter y. We summarize the
results of these energy estimates below.

Note. In this section, w and E(T") denote, respectively, the solution and energy to
(1.1) with ¥ > 0. We will only distinguish w, and E, from w and E,-o in the
limiting argument, where such a distinction becomes necessary.

2.1. Energy Estimates

The first preliminary energy estimate we will prove is

Proposition 2.1. Let (wo,w1) € Hy = HZ (Q) x H} (Q), then the energy of
system (1.1) as given by (1.4) satisfies the following estimate

/ ! E(t)dt — C(1 +~+*)E(T)
< Cr {(1 + 72)/ (w} + [Vw[?)dS; +l.o.(w)

+(1+~/2)/Qb(x)w3 dQ+/leldE

£ Ja} o

for all T sufficiently large where Cr depends on E(0) in an increasing manner but
does not depend on 7. Here, l.o.(w) represents terms in w having order lower than
the energy:

2 2

8w

+ ovor

o
av?

0w
r?

I‘o'(w) = |[wl|i2([o,71;ﬂ3/7+‘(n)) + “w‘”?ﬁ(q) (2'2)
where 0 < e < %

In the following computations, we will assume the necessary regularity of solutions
for (1.1) as guaranteed by [1] for sufficiently smooth initial data. Then the final result
will follow by a standard density argument.

Proof. Recalling (1.4) and by using the multiplier wy, it is straightforward to
calculate the identity

E(t)+2 (/Ot /r {w? + |Vw)?} dTy dt+/0t/nb(z)wt2d9 dt) =E(0). (23)
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This proves that energy is nonincreasing for the controlled system.
If we now multiply the state equation in (1.1) by w and integrate by parts, we
see that
T
[t +7ulaq- [ awwi- [ @o%Q
Q 0 Q

= (wy, w)a[f +72(Vwy, Vw)alf + 3(5(2)w, w)alf

+ [ WL+ (w00, [+ (T, T, 2.4)
Subsequently, we multiply (1.1) by h-Vw and again integrate by parts, we obtain
[ )
Q
= (w,h-Vu)g[§ + v (Vw, h - Vuw)olf +f w?dQ
Q
T
+/ a(w,w)dt +/ b(z)wy(h - Vw)dQ
o Q
—l/ (w? 4 2|V ?)(h - v)dE; — 1/ (b - v)(Aw)?dZ,
2 23 2 Zo
1
+5/ (- v) {(Aw)? + 2(1 — p)(w, — woswyy)} AT
Iy

2
+/’; {(w, - % + w) (h-Vw)+ & (h- Vw)—a%wt} d;.  (2.5)

From [4] (see page 115) we have
/[w,x](ll~Vw)dQ: —l/(AX)QdQ——l-/h-l/(AX)zd):.
Q 2 /o 2/
Putting these together, keeping track of the dependence on %, and bounding the

traces in the last term of (2.5) and using (1.5) to eliminate the boundary integral
on £y we obtain

T
L 2
/Qw?dQ+/o a(w,w)dt + 5/()(Ax) dQ

< G / buwidQ + C; / (Ax)%dE
Q o)
+|(we, b - Vo)olF | + 77 [(Vwy, b - V)5 |
+C3(1+7%) / {w! + |V} dS1 + Lo.(w)
b

o (

2 2

o2

o
ar?

8w
vdr

2
) s (2.6)
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Here, we have also used the estimate

——/ bwi(h - Vw)dQ < 01/ bw,de+C’z/ |V w|?dQ
Q Q Q

IA

C;] bw?dQ + Lo.(w). (2.7)
Q
From (2.4) and (2.6), we obtain
T
/0 EWdt < (e, w)all] 1492 [(Tur, Vw)alf | + | bw, w)aff|

+ [(wt,h . Vw)n!gl +42 ](Vw,,h . Vw)n|g'| + l(w,w)r] |g[
+1(0,90)e,]) +C1 [ (Axaz + Lou)
e

+Cz(l+72)/ (wf+|vm,|2)d21+03/ bw?dQ
B, Q

waf (

By the Sobolev imbeddings and trace theory, we see that

2 2

+

8w
dvor

8w
X

o
ar?

2
) ax. (2.8)

Ci(1+7%)E(T) + Ca(1 + ¥ E(0)
> J(we, w)al¥ | + 72 |(Vewr, V)alT | + |(we, b - Vw)a|T |
+ 72 [(Vur, h - Vo)o f] + |(w, w)e, [+ | (Vo, Vo)e, [F] . (2.9)

‘We now estimate

|(bw, w)alg|

IN

6/(w2(T) + w?(0)) dQ2 (2.10)
C{E(T) + E(0)},

A

since b € L>(£).
Using the results in [2], we obtain the bound

/ IAx(w)|2dE < eC - E?(O)/Tz(z)dt + %/[Ax(w)]dz. @2.11)
= 0 b>)

oy and using (2.9)—(2.11) in (2.8) along with the

estimate (2.3), we obtain the estimate

By appropriately selecting € =

/ " B - 00 +)E(m)

< cl{(lw) [ @i+ vup s,
21
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+(1 +’yz)/gbw,2dQ+ I.o.(w)+6’E2(0)/ |Ax|dE

2 2
+/ ( )d):l}, (2.12)

where the constants C, Cy, and C do not depend on 7. This proves Proposition 2.1.
u]

2
0w

o

2o
av?

8w
ovor

Our next step is to develop appropriate estimates for the traces of the solution,
w, on the portion of the boundary, I'y. To accomplish this, we shall use the following
result proved in {2].

2

Proposition 2.2. Let w satisfy (1.1). Then for any a > 0 and £ > 0 we have
w 8w 6w
+

T—o 2
//(a—z F auar>d““‘

< CT,OI,E {“wtﬂi’(}:l) + ||thl|32(z,)
+E2(0) Wx(w)llor qo.ryers=+ oy + l~0‘(w)} . (2.13)

2

Here, Cr,q4,c does not depend on y for 0 <y < M < oo,

We are now in a position to prove our main energy estimate.

Lemma 2.1. Let w satisfy the system (1.1) and let 0 < & < T and let € > 0 be
arbitrary. Then

E(T) < Cr,a.(E(0) {(1 + 72)f (w? + |Vws|?) dE; + Lo.(w)

T
+(147?) /Q baQ-+ [ 1axwas+ [ ||X(w)l|m—qmdt}

where C71,a,(E(0)) is an increasing function of E(0) but does not—depend on 7.
Proof. Applying the result of Proposition 2.1 on the interval [, T — o] yields
T—a

/ E(t)dt — (1+72)E(T - a)

@

< CT(E(G)){(1+72)/ (wt2+lth|2)d21a+/IAX(W)]dE

) dzl,,} (2.14)

+(1+7%) /Q bw2dQ + Lo.(w)

2 2

o
or?

02w
ov?

Pw

drdv
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where 14 = Iy x [o, T — a]. By the dissipation of energy given in (2.3), we have
E(T) < E(T — a). Also, since Cr(E(t)) is an increasing function of E(t), we have

Cr(E(a)) < Cr(E(0)). (2.15)

Applying Proposition 2.2 to the last term on the right hand side of (2.14) and
recalling (2.3) and (2.15) leads to the desired right hand side of the inequality in
Lemma 2.1. Again using (2.3), we see that

t—

TE(T) < TE(T - o) < / " B at.

a

Then since, v < 1, selecting T' > Ty = 2C, we have the lemma. [m]

2.2. Compactness—Uniqueness Argument

Making the observation that
T
[ 1axl s < mes(r) 72 [ 1Azt
= 0

T T
< c f IAX /24 eydt < C / T —— (2.16)

and using the results of Lemma 2.1, we now have a bound on our energy in terms of
the controls and some undesirable terms (i.e. lower order and nonlinear terms) and
in which the dependence on v is explicit. We now use the following result proven in
[2] which proves that the energy of (1.1) is bounded in terms of the controls alone.

Lemma 2.2. Let (w,wy) be a solution pair for (1.1). Then for any ¢ > 0,

T
/0 1 (]| o= @y 8t + L0.(w)
wi + [Vuf” ? .
<G (E(O)){/n,{ 7+ [V }d21+/Qb(x)w dQ} (2.17)

where C,, (E(0)) is an increasing function of the initial energy, £(0), and may depend
on 7. We note that l.o.(w) are as in (2.2).

We now must prove that the estimate (2.17) holds where C(E(0)) is increasing
in E(0) but does not depend on ¥.

Lemma 2.3. Let (w, ;) be a solution pair for (1.1). Then for any € > 0,
T
/ Ix(w)lless-e @t + Lo.(w)
0

< cwon{ [ (w4 upan+ | Mawiae) (1)
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where C (E(0)) is an increasing function of the initial energy, £(0), and does not
depend on 7.

Proof. The proof is by contradiction. Suppose (2.18) does not hold for C(E(0))
independent of y. Then there exists a sequence of functions {w,(t)} in H, which
satisfies the system

wl —~ 72Aw¥ +Awy 4 bw!, = [wy, x(wy)] in Q
wy(0,°) = w0 5 W (0,-) = wy in Q
wy=Fuw, =0 on Eo (2.19)
Auy + (1= @) Bruy = ~ &, on s

] 28 0 ot 3% v
ZAwy + (L= p)Bywy — > Zulf = wl) — Zguw), +w, onk

and such that

T
Lo.(wy) + / (ol s—e oyt
lim £

ot / ((wl))? + [Vt ) A2, + fq b(ul,)24Q
Zy

=00 (2.20)

where the initial energy (as prescribed by initial data (w-o,wy1)) are uniformly
bounded in . (Note: for convenience, we denote the time derivatives by ’.)
Denoting the sequence

- 1/2
e = {l-or(wv) +f nx(wv)u"a-em,dt} (2:21)

we introduce the new variable

vy = 1;’—” (2.22)
¥

We observe that v, satisfies the system

ol — Y2 Al + Aluy + bol, = [vy, x(wy)] in Q

v4(0,) = vy0 5 ¥4(0,-) = vy inQ

Uy = ;—”1),1 =0 on Xg (2.23)
Avy+ (1~ p)Byvy = —-Ea;vfr on ¥ .

9 29 11— o 3% 1
2 Avy + (1= ) Bavy — Y vy = vl — gv) + vy on Ep.

By using (2.20), we see that v, satisfies (by the quadratic dependence of x on
Wy

T
Lo.(og) + / (o) llrsme oyt
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T
I.cn(uu,)-#/0 ”X(wv)l|ﬁ3“'(n)dt

= = =1 (2.24)
Lown) 4 [ ()l
so that
vl—i}él*'[;l((vi’)? + |V P)dE) + /Qb(v;)de =0 (2.25)
By (2.25), we have the following convergence properties:
(i) v, —0 inL*Q)
(i) of =0 in H'()). (2.26)

In order to pass with a limit on (2.23), we need first to determine the convergence
properties for v, and for our nonlinear terms.

To determine the convergence properties of v, we will use the energy estimates
which were derived in the previous section. Using an argument similar to that found
in [2], we apply the results of our well-posedness theorem (see [1]) to (2.23) to obtain
that

loslloqoriaz @y + 105 lleqsmiazen + 721V leqomazay < C (22m)

which implies, in particular, that {v,} are uniformly bounded in H([0,T] x Q).
Hence, by the compact Sobolev imbeddings and trace theory, we see that

vy 5 v in L2([0, T]; H3()) and @} <o in L2([0,T}; LX(Q))
= vy 2w in HY([0,7] x )
= vy — v in L3(X). (2.28)

Also, since E,(0) < M, the well-posedness for (1.1) yields similar convergence prop-
erties for w,.

We now state some convergence properties of the von Kérmén nonlinearity,
[vy, x(wy)], which were proven (or are similar to results proven) in [2].

Proposition 2.3. Let wy, % w in H2(Q). Then x(w,) = x(w) in H3(Q).
We now seek to obtain the convergence of x(wy) in the space-time cylinder, Q.

Proposition 2.4. Assume that
2
lomlleqorazan + 105 llogomazan + 1 NVEh oo riz@y < C
and
wy S w in LA([0,T); HA(Q))
w, 5w in L2([0, T L3(Q)).
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Then for every 0 < € < %,
x(wy) = x(w) in C([0,T}; H3=5()).

Proposition 2.5. Suppose that v, % vin H2(Q) and w, satisfies the assumptions
of Proposition 2.4. Then [vy, X{(wy)] — [v, x(w)] in the sense of distributions.

In passing with a limit on (2.23), we will consider two cases.

Case 1. ¢ = {l.o.(w)+ fUT [Ix(w)|| re=e () d£}1/2 # 0. By the result of Proposition
2.4, (2.21), the convergence properties of w, and by the compactness properties of
l.o.(w), we have ¢, — co, hence v = w/co. Using (2.26), Proposition 2.5 and passing
with a limit on (2.23), we obtain the limit system

A%y =[v,x(w)] = Lw,x(w)]  inQ

v= ai’;v =0 on ¥g
Av+(1—p)Biv=0 on I (2.29)
ZAv+(1—-p)Byv =0 on X;.

Multiplying (2.29) by v and integrating by parts, it is easy to show that
1
0 =a(v,v) + —z-/(Ax(w))de,
€ Ja

and conclude, by the positivity of a(v,v) that
v=0 in Q. (2.30)
By Proposition 2.4, (2.27), (2.28) and (2.30) we obtain

T
(I.o-<v1)+ / IIX(U~,)I|HJ-'<n>d’) —0.

and hence the proof of Lemma 2.3 for Case 1.

Case 2. ¢ = 0, (i.e. x(w) = 0 and lo(w) = 0.) In this case, we will a-
gain use the result of Proposition 2.4. Here we use the fact that x(wy) — 0 in
C([0,T]; H*=¢(R)) in combination with (2.27) and Proposition 2.5 in order to ob-
tain that [vy(t), x{(wy)()] — 0 in the sense of distributions. By using (2.26) and
passing with a limit on system (2.29), we obtain .

A%y =0 in@Q
v=2y=0 on X
o ’ (231)
Av+(1=p)Biv=0 on I;
%Av+(l—;4)32v:0 on ;.

The same argument as in Case 1 yields a contradiction and the proof. [m]
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2.3. Completion of Proof of Theorem 1.1

By using (2.3), (2.16) and Lemmas 2.1 and 2.2, we have shown that, for T sufficiently
large, the energy for system (1.1) satisfies

E(T) < C(E{(O))(1++%) (/ (w,2+}vm\2)d21+/abwfd(;)>, (2.32)

where C(FE(0)) is increasing in E(0) but does not depend on 7. Now using an
argument {rom nonlinear semigroup theory (as in [2]), we see that the energy of
(1.1) satisfies

Ey>o(T) < Ce™ " Ey50(0) (2.33)
where the constants C' and « depend on the initial energy, E,5(0), but not on 7.

This proves Theorem 1.1. Q

3. PROOF OF COROLLARY 1.1

We now show that the estimate (1.6) also holds for the energy of the limiting system
(1.7). We first note that by the well-posedness and regularity of solutions to system
(1.1), we have

||w~r||c([uxr1;n§ﬂ @)+ ”wi,"cun»v');ﬁm» + 72”Vw'7”c((om;b’m)) 5 c (3.1)
so that w, enjoys the following convergence properties:

w*

wy, Sw in L¥(0,T]; HZ,(9))

rw?

wl 5w in L([0, T); L3(S)
wy Sw in HY([0,T] x Q)
wy—w in LY(Ep). (3.2)

In particular, this implies by the compact Sobolev imbeddings that w, — w strongly
in L*([0,T] x Q).

We also know that [w,, x{(w,y)] — [w,x{(w)] in the sense of distributions (see
Propositions 2.3-2.5). However, this is not sufficient to pass with a limit on system
(1.1) as v — 0F. We must also have the following result, which was proven in [3].

Lemma 3.1.  Let (w,,w)) be a solution pair to system (1.1). Then

e 2 s,y + 1V 2,

< C(”wluzﬂn) + 72”V“11”'i?(m + “w()“l'l%o(f?))

where (wo, w1) € H, are the initial data for system (1.1) and the constant C does
not depend on ¥.
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A consequence of Lemma 2.4 is that the traces w! |(z,) and V! |(s,) are uniformly
bounded in v in L#(,). (This follows because the initial data are not changing with
7 and the fact that v is bounded above.)

By the result of Lemma 2.4 and a standard limiting argument, we obtain that

V’wfy|,gl£>Vw']El in LZ(EL)
w)ls, S w'ls, in L3(E). (3.3)

We note that this result does not follow from general trace theory and interior
regularity of solutions. In fact, w/, € H‘ln (£2) alone is not enough to imply that the
trace Vwi,lxl is even well-defined!

Now combining (3.1)-(3.3), we may pass with a limit on (1.1) as v — 0% to
obtain that w satisfies (1.7) (in the sense of distributions). We also observe that for
t > T sufficiently large we have

Ey=o(t)
= 3 (I Olley + a(w(t), w(t) + [, IAX(wO)PAQ+ [, w¥(t)dT: )
< timinfy § ({104 (O, + 72V Olf2 )+ alt4(0), w1 (1))
+ o [Bx(wy()PdR + [, wg(t)drl)

< liminf, Ce=a! {[]w1||2 + V|2, + a(wo, wo)

L2(@) L2(@)
+ [, 1Ax(wo) 7R + f;, (wole)? dI' }
= Ce‘“tE-,zo(O),
where we have used (2.33). This gives us the proof of Corollary 1.1. a

(Received March 16, 1993.)
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