Kybernetika

Jan Chleboun

Hybrid variational formulation of an elliptic state equation applied to an optimal
shape problem

Kybernetika, Vol. 29 (1993), No. 3, 231--248

Persistent URL: http://dml.cz/dmlcz/125104

Terms of use:

© Institute of Information Theory and Automation AS CR, 1993

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to digitized
documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped with
O digital signature within the project DML-CZ: The Czech Digital Mathematics Library
http://project.dml.cz


http://dml.cz/dmlcz/125104
http://project.dml.cz

KYBERNETIKA — VOLUME 29 (1993), NUMBER 3, PAGES 231 -248

HYBRID VARIATIONAL FORMULATION
OF AN ELLIPTIC STATE EQUATION APPLIED
TO AN OPTIMAL SHAPE PROBLEM

JaN CHLEBOUN

A variational formulation of the Poisson equation with homogeneous boundary condition
is considered as a state equation on a two-dimensional domain. A part of the boundary has
to be found to minimize a smooth cost functional. The primal hybrid formulation of the
state problem is used to obtain not only a solution of the original state equation but also its
derivative with respect to the outward unit normal to the boundary of the domain. Simple
approximative spaces are introduced and a convergence of approximate state solutions as
well as approximate optimal domains are proved.

INTRODUCTION

To make a theoretical analysis of the optimal shape problem studied in this paper the
primal variational formulation of the state equation is quite sufficient (cf. Begis and
Glowinski [1]). However, in practice, computational methods and algorithms have
to be taken into account to maximize effectiveness and accuracy of computation.

There are different methods used in the field of sensitivity analysis and some of
them require to know the derivative of the solution of a state and adjoint problem
with respect to the unit outward normal vector to the boundary of an optimized
domain, see Haug, Choi, Komkov [5]. The derivative computed by means of the
pritnal finite clement method (FEM) is inaccurate. That is why we use the primal
hybrid formulation. It directly gives the derivative we need.

The goal of the paper is to apply the primal hybrid formulation of a simple elliptic
boundary problem to an optimal shape problem given by a smooth cost functional.

We extend the results of Raviart and Thomas [9] to a family of domains with a
variable boundary and incorporate them into the methodological frame of [1], using
results attained by Hlavdgek [6], Hlavacek and Mikinen {7].

An optimal design problem is formulated in Section I and reformulated in Sec-
tion 2, where an existence result is given, too. In Section 3, we introduce approximate
problems. An error and convergence analysis is given in Section 4.

N
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1. PRIMAL FORMULATION OF AN OPTIMIZATION PROBLEM
Let us introduce the following set
U, = {1) € CO([0,1]); 0 < €y < v(z) < Ca, || < Cs ave. in (0, 1)} :
where C(®:1([0, 1]) denotes the space of Lipschitz functions and Cy, €y, €' are given
positive constants. The prime symbolizes the derivative with respect to z,.

Next, we consider a family of domains Q(v), v € U2, (Fig. 1), where

Qv) = {(z1,22) ER% 0 < &y < v(23), 0 < zp < 1}
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Fig. 1.

Let us define the state equation: Find a function y(v) € H}(S(v)) such that

Yw e Hi(Q(v)) /n( )Vy(v)-de:c: )fwdz, (1.1)

Qv

where H{(€(v)) denotes the Sobolev space of functions with vanishing traces, f €
L%(Qg) is a given function, Qs = (0,C2) x (0,1). In virtue of the Lax-Milgram
theorem there exists a unique solution of 1.1.

We introduce the cost functional J on the set U;:

T yv) = /n IRUCRORY (12)

where y(v) solves 1.1 and the function y, € L?(Qp) is prescribed.
Finally, we define the set of admissible design variables (see [7])

1
Uga = {v € C(I)’l([(), 1]); v € Uy, |v"'(22)] < Cy a.e.in (0, 1),/ v(zz)day = 6'5} s
0

where C(’)ll([ﬂz 1]) stands for the space of functions with Lipschitz-continuous deriva-
tives and (4, Cs are positive constants. The constraint imposed on v"(z3) is based
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on numerical tests and recommended by [7] to reduce oscillations of the designed
boundary.

Then the domain optimizalion problem P reads: Find vept € Ugq such that

T (vopt, Y(vopt)) = ulé}itnd T (v, y(v))- (1.3)

2. THE PRIMAL HYBRID FORMULATION OF THE STATE PROBLEM
AND THE EXISTENCE OF AN OPTIMAL DOMAIN

Let Q{v) = Uf:i)ﬂr(v) be a decomposition of the closure of the domain Q(v),
v € US,, into a finite number R(v) of disjoint subdomains Q,(v) with a Lipschitz-
continuous boundary. We introduce the space

X(v) = {w € LAQv)); wr = wlg, ) € H' (2 (), 1S 7 < R(zz)}

provided with the norm derived from the Sobolev norm || - |l1,a,(v) on 1/1(Q:(v))
R(v) /2
lollxey = | 2o lwrliam |
r=1

The seminorm | - |1 q,(v) 1s defined analogously.

Having H(div; Q(v)) = {q € [L2(9(v))] ? ;divq € [42(Q(U))} , we define the space

r=1

R(v)
M(v) = {,l € [[ #1209 (v)); 3a € H(div; v)) :

1= dlg ) vron 0Q:(v), 1 <7 < R(v)} ,

where vy is the unit outward normal along 9, (v). Generally, a functional q - v €
H=Y2(8Q) is defined by the Green formula

Ywe HY(Q) (q«u,w)aﬂ:/(Vw~q+wdivq)dm,
o

where (-, )5 Tepresents the duality between H=1/2(3Q) and H/2(3Q).

A norm over the space M(v) will be defined in Section 4.2.

For any function v € L{fd, we consider the continuous bilinear forms a(v;-,-) :
X(w) x X(v) =R and b(v;-,"): X(v) x M(v) —» R defined by

R(») R(v)
a(v;w,2) = Z/ Vw-Vzdz and b(v;w, p) = — Z {1, W)Yo, (v) -
0, (v)

r=1 r=1
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The primal hybrid formulation of the state problem (1.1} (see [9]) reads:
Find a pair (y(v), A(v)) € X(v) x M(v) such that

Vwe X)) a(v;y(v),w)+ b(v;w, A(v)) = f fwdz, (2.1)
Q(v)
Vi€ M) b(v; y(v), ) = 0. (22)
It is known {9, Lemma 1] that
Hy(Qv)) = {w € X(v); Yu € M(v) blv;w,p) =0} (2.3)

and that [9, Theorem 1] the problem (2.1) - (2.2) has a unique solution (y(v), A(v)) €
X(v) x M(v) for any v € U;. Moreover, y(v) € HA(Q(v)) is the solution of the
problem (1.1) and we have the equality (though in a weak sense, still useful — see
the Introduction)

9y(v)

vy

As a consequence, both (1.1) and (2.1)—(2.2) can be considered as the state
problem for the optimal design problem 7 (see (1.3)).

= AWoq, vy, 1< < R(v).

If we need we shall extend any function belonging to the space Hg(Q) or L%(Q) by
zero on the set R?\ Q. For the sake of simplicity, the extension will not be denoted
by a new symbol. Particularly, any solution y(v) of the state problem (1.1), v € U2,
can be extended to the domain Q5 = (0, 6) x (0,1), § > C, (see Fig. 1).

Lemma 2.1. Let {v,};2, be a sequence of functions v, € Uzs. Then a subse-
quence {vn, } C {v,} and a function v € U,4 exist such that v, , — v in CW([0, 1])
and
Y(vn,) — y(v) in H'(Qs), (2.4)
where y(vy,,) and y(v) are the first components of the solution of the state problem
(2.1)-(2.2) on the domain Q(vn,,) and Q(v), respectively. If a sequence {v, }rr; C
U3, converges in C([0,1]), then v € U2, and (2.4) holds again.
Proof. Let us notice that subdomains 2,(vs), 92-(v) are unimportant here.
The solutions y(v,) belong to H3(Q(vn)) and are H!()-bounded. Thus a weakly
convergent subsequence can be extracted. The set Usq is compact in C([0,1)).

The strong convergence of y(vy,,) can be proved like in the proof of [6, Lemma 2.1].
m}

Theorem 2.1. There exists at least one solution of the optimization problem 7.

Proof. The proof is standard — cf. e.g. [1], [6]. Suppose {vn}nry, ¥n € Uad,
is a minimizing sequence, i.e., "linalo T (v, y(va)) = uierl‘ltd J(v,y(v)). A subsequence
{¥nn} C {vn} exists (Lemma 2.1) such that lim v,, =wv, Vo € Uaa.

It is easy to see that the convergence (2.4) i;;ﬁ:s 'Jilgo](vnm L ¥(n,.)) = T (vo, y(vo))
Hence, vérlll{d T (v,y(v)) = T (vo, y(v0)) and vo = vopt. o
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4. APPROXIMATION BY HYBRID FINITE ELEMENTS
W shall praceed briefly, since the section summarizes known results. For details we
refor to oo g (6], [7] (triangulations) and [9] (the pritnal hybrid FEM).
Lett Nbe a positive integer and h = 1/N. Denoting by ¢; the subintervals
[(G— B, i =1.2,..., N we deline the set

= {»-,, €U al, € Piles), G=1,.. ., N,

H
B2oaGhY) < Cayi= 1 ... N — 1, / vy () dug = C

where Py(e;) is the set of Linear Tunctions defined on ¢; and
. 1 Sy . . .
8 on(jh) = = oG+ D) = 20,(Gh) + va (G — DA)].

Any domain Q(vy,) is subdivided into triangles (Fig. 2) and we suppose that the
resulting family 7 = {Za(va); vn € UL, It — 0+} of triangulations 7}, (vy) is strongly
regular in the sense of [3] (see [6] for details). I h is fixed the triangulation of the
rectangle [0, Co] x [0, 1] is independent of vy, Ch is a fixed positive constant less than

g,
We prescribe a unique correspondence between Q(up) and 7, (vy,). Coordinates of

the nodal points are governed by N + 1 values v (jh), 7 = 0,..., N. The triangles
of a triangulation 75, (1) serve as subdomains Q.(vy)

NNNAYAYAY

\\/ )
\~ Hne
g
1A

0 Gy G ¢ X

*2

Fig. 2.

To be prepared to use the rectangle Q5 we extend each triangnlation Tp(vp) € 7
to §s uniquely and denote by Tps(vy). The resulting family 74 of triangulations is
assumed to be strongly regular. Like in Section 2 we define the space Xjs(vy) with
the norn |} - ||, (0, and the seminorm |- |x(v,)-

Let us consider the approximate subspaces

Npfo) = {w € L)) VN € Ta(en) w]g is a linear function} € X (vs),
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Muy(op) =€ H LY(0K); VK € Ty(vn) VS plg = constant,
KeTh(vn)

;t[zm.l +ptlyg, =0 0on S = Ky N Ky, Ky and K> are adjacent triang!es} C M(v),

where S denotes a side of the triangle K.
Elements of Mp(vp) comply with a natural condition which follows from epposite
directions of outward normals along a common side of adjacent triangles.

The approzimate state problem:
Find a pair (yu(vn), An(vn)) € Xi(vn) x My(vs) such that

VYwy € Xn(va)  alon; yu{vn), wn) + b(vi; wh, Au(vn)) = / fwy dz, (3.1
Q(vn)
Y pun € My (v) b(v; yn(vn), pn) = 0. (3.2)

The approzimate domain oplimization problem Pp: Find vf,’pt € U", such that
T (s (o)) = min 7 (on, va(n)), (3.3)
k7Y EHM

where yi(vn), yn(v,;) are the first components of the solution of (3.1)—(3.2) on the
domains Q(vy,), Q(vf,‘pt), respectively.

As an analogy to (2.3) we introduce the space

Vi(vn) = {wn € Xa(vn); Vun € My(vs)  b(vi; wh, o) = 0}

and reformulate (3.1)~(3.2) into the problem to find yn(va) € Vi(vs) such that

Y wn € Vi(vs) a(uh;yh(vh),wh):/

fwy dz. (3.4)
(vn)

According to [9], the mapping

wy, = [a(vp; wh,wh)}]/2 = ]wh|x(.,h)

is anorm on V;,(vp), the problem (3.1) - (3.2) has a unique solution (yx(vh), Au(vr)) €
Xn(vn) x Mi(vh), the component ys(vs) belongs to Vi (vs) and solves (3.4) uniquely.

Remark 3.1. A general treatment of the primal hybrid FEM applied to the Pois-
son equation can be found in [9]. Let us note that V,(vx) is an external approxi-
mation of the space H{(Q(vz)), i.e., Vi(vn) ¢ H{(R(vn))- A function wy, € Xp(vy)
belongs to Vi(vs) if and only if [9, Section 4]

wy, is continuous at midpoints of the sides of triangles contained in Q(vs); (3.5)

wy, vanishes at midpoints located on 9Q(vy). (3.6)

[m]
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Theorem 3.1. There exists at least one solution of the problem 7 given by (3.3).

Proof. Introducing basis functions of the space Vi (v,), we rewrite the equation
(3.4) into a matrix form. 1t is not difficult to prove that the solution of the linear
system continuously depends on the design variables. The cost functional is continu-
ous, too. Hence, the existence probleni is reduced to a minimization of a continuous
function on a compact set. a

4. CONVERGENCE ANALYSIS

In this section we study a convergence of the approximate state solutions and the
approximate optimal domains, respectively. We emphasize the convergence analysis
of the first component of the primal hybrid state solution, since it is the point of the
optimal domain problem. Let us note that C§°(Q(v)) stands for the set of infinitely
continuously differentiable functions with a compact support contained in Q(v).

4.1. Approximate solutions of the optimal domain problem
The convergence analysis will be based on the following equality (see [9, Theorem 3]).

Theorem 4.1. Let yy(vi) € Vi(on), va € U!,, be the solution of the problem
(3.4). Then

2
[(vn) = v (o)) = ( inf  |y(vn) - ’Uth(u;,)) + (4.1)

whE€Va(vn)

+ ( inf sup ——-——————b(vh; Wiy Mow) = “h)) ,

1r €MLY WiV (01)\{0) [walx(on)

where (y(vi), Mvn)) € HE(Q2vr)) x M (vy) is the solution of the problem (2.1)—(2.2)
on the domain Q(v).

Lemma 4.1. Let {v;}, h — 0+, be a sequence of functions v, € (I('}d such that
1“‘5]1{% vy = v in C([0,1}). Then v € Uyq.

Proof. Through a sequence of continuous piccewise linear interpolates of the
derivatives v}, can be proved that v}, — v’ € C(©([0,1]). In addition, v € U4 can
be shown. See the proof of [7, Lemma 3.2] for details. [u]

Lemma 4.2. Let us denote e(vy) =  inf  |y(vn) —wn|x(u,), where y(vy) is the
wh €Via(vn)

solution of (3.4), v, € UL,. Let a sequence {vp}, h — O+, vy € UM, converge to a
function v in C([0,1]). Then h]il(1]1+€(”h) =0.
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Proof. Let n be a positive integer. For any sufficiently small h (see Lemma 2.1)

1
lly(va) = y()llnas < (42)
Also a function ¢, € C§°(Q(v)) exists such that
1
ly(v) = enlliae) < . (4.3)

The uniform convergence of v; guarantees the existence of a parameter h(n) > 0
such that we have supp ¢ C Q(va) for all & € (0, h(n)].
We define the space (P1(K) is the set of linear functions on K)

Zu(on) = {0 € @A) YK € T(w) g € PU(K), ehloneny =0} CHI(A(0n)).

Denoting by rs¢n € Zi(va) the Za(va)-interpolation of ¢y, we estimate (see e. g. [3,
Theorem 3.1.6]) || (¢n — rhen)li g < Chl(nlg) |2,k for any triangle K. The
constant C' > 0 is independent of & and vy, since the set of triangulations is strongly
“regular. Taking the root of the sum of the squared inequality, we obtain (% is small)

1
=

llen = rrenlltaws < Chlenl2aw,) < (44)

The inclusion Z,(vy) C Va(va) and (4.2), (4.3), (4.4) lead to

3
e(va) < |y(vn) = *a¢nlx(a) = [9(vn) = raontin, < o
but n has been chosen arbitrarily. o

The next analysis is based on an auxiliary problem similar to (1.1).
Let the domain Q,(v) be given by v € I, and a positive integer n,

1
Qn(v) = {z € R% dist (2, Q(v)) < —}4
n
We define the auziliary problem: Find y,(v) € H(Qn(v)) such that

Yw e H (1)) /

Qn(v)

Vya(v) - Vwde =/ fwdz, (4.5)

Qa(v)

the function f (see (1.1)) is extended by zero outside Q5.
We remind that for any n and v € Uaqg the equation (4.5) has a unique solution.

P_timma 4.3. Let v € yq be given and Qg be a domain with a Lipschitz boundary,
Q05 C Q. Assume the parameter n big enough to ensure ©,(v) C Qg. Then

Jim flya (v) = y(®)ll00 =0,
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where y(v) € H{(Q(v)) is the first component of the state solution (2.1)—(2.2).
Proof. The method of the proof is identical with that of Lemma 2.1. a
An analysis of the second term of (4.1) is more laborious. We shall exploit the

method of function regularization. For any parameter ¢ > 0, the mollifier is defined

as follows

[EalF

1 | . _ . llzllge .
exp W,{g—ri?‘ |#|lge > 0, w= [ exp U?IT@?—_! du,

polz) = liwllg2 <1 (4.6)
0, [lefime > o

Lemma 4.4. Let a sequence {vi}, h — 0+, vp € H"l‘d, converge to v in C([0,1]).
Let the pair (y(vn), A(vs)) € Hi(S(va)) x M (vs) be the solution of (2.1)-(2.2) and
let ya(v) € H§(Q(v)) be the solution of (4.5). Finally, let the function y,,(v) be

given by

Yno(0)(x) = 02 /n JRARCIXCEOTE / Ba()(z + el (1) dt,

Iti<1

where z € Q,,(v) and p > 0.
Define r,,(vn) € M(vn) by

o .
Kng(vn) = yo",f,iv) on OK YK € Ta(vs), Qun) CQa(v), 4.7)

where vk denotes the unit outward normal vector along the boundary of a triangle
K € Tp(vp). Then

Ah(n,0) >0 Yhe(0,h(n,g)] Je(vn,n,0)€R Vwe X(v) (4.8)
[b(vn; w, Mon) — kup(va))] < €(vn, n, 0) Hw”/\'(vn)'»

for any €9 > 0 there exist parameters n and g such that

0< 1 € <e€ 4.9
m (Uh, n, Q) 0 ( )
Proo We introduce the function fg on &2,1(11)

fol) = o7 /n BRCCEDE (4.10)

Supposing z €Q,(v), dist(z, 8Q,(v)) > o, is a given point, we have supp @ (2—) C
Qn(v) and Agpp(a — 1) = Agpy(z — ), (see (4.6) or [8], §16). The subscripts ¢, z
denote variables used in the process of differentiation.
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Applying this and the equality f = —Aya(v) (in the sense of distribution) to
(4.10), we may write

Ch@= [ Opla-pit= @i
Qn(v)
= [ w0rRE-Dd== [ @08 -
,(v) Qn(v)
= -4, o J?ln("’)(t)‘Pg(l'"t) di = "ngxyne(v)("—‘)~

If ¢ is small enough a value h(g,n) > 0 exists such that
Yhe(0,h(g,n)] dist(Qva), R?\ Q,(v)) > o.
Then on any domain Q(v,), 0 < h < h(g,n), (4.11) reads
Jolo) = ~Abiel®). (1.12)

Using substitution of the domain of integration, we obtain

Oyn,o(v) / Byn(v) '
o o = 4.13
0z T Jyer 0z (= + ot)or (t) dt (13)

= (%;(_U)) (:L'), i= 1:2; zTE Q(‘U],), 0<h < h(@: n)'
e

For any h sufficiently small, the function y,,(v) is defined on the set Q(vy). We
can define «n,(va) € M(vs) by (4.7).
Using (4.12) and (4.13), we get (now q = V(¥a,(v)) - see Section 2)

VweX(o)  boniw ngmn)) =~ 3 /K A(ng())w dz —

K€eTh(vs)
S / V(yne(v))-dex:/ fewdz— 3 / (V4a(0))e-Vewda.
KeTh(vn) ¥ (va) K

KeTh(vs)

This and (2.1) Jead to

[B(vn; w0, A(vn) — Knp(vn))] < + (414

/ (f - fowdz
vn)

+ > [Vy(vn) = (Vya(v)),] - Vw de

KeT,(v) K

Let wy € [L2((vA))]? be a function such that for any triangle K € Ti(vh), wolx =
Vuwlg. Obviously, llwyllo.aq,) = |wlxws). Replacing Vw by wy in (4.14) and
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summing, we arrive at

1/2
lb(vh;w,,\(vh)—xno(vh))l5|:/;1( )(f—fg)zdx] ffwllxny+ (4.15)

o

1/
+ [/ [Vy(vs) — (Vo (0))e [’ dl] [lwllx(on)-
J(va)
We can write
ﬁ( - ppan= [ UL e g = a0 eate, (410
(vi) Qv

where the term €1(vs, g) involves the integrals over the sets Q(v;) \ Q(v) and Q(v) \
Q(vy). We easily get

hl_Lr51+ e(vn,0) =0, ULH[1)1+ ea(g) = 0. (4.17)

Indeed, the first limit is a consequence of the uniform convergence of the functions
vy, and the second one is a well known property of regularized functions (see e.g.
i8], § 15).

Making use of Q(v) C Qs N Qg NQy(v), we estimate the second term of (4.15)

IVy(en) = (Von(0))elloaw) < V() = Vy(olllog, +  (4.18)
+ IVy(©) = Via(llo.ng + 11V9a(0) = (Vya(@))ello.auew):

Denoting the terms on the right-hand side of (4.18) by e3(vs), €4(n) and e5(n, g),

respectively, and applying Lemmas 2.1 and 4.3, we have
lim exz{vy) =0 lim g4(n) =0, lim es5(n,0) =0. 4.19
pim es(vn) =0, Jim_eq(n) Jim es(n, 0) (4.19)

The last equality is valid for any positive parameter n.
Finally, (4.15), (4.16) and (4.18) give

e(vn,n, 0) = [61(vn, 0) + €2(0)]'* + ea(vn) + €a(n) + es(n, 0)
and, by virtue of (4.17), (4.19), the statement (4.9) holds. u]

Lemma 4.5, Assume that a function ¢ € HZ(Q(vh)), v, € Il;'d, is given. Let us
define € M(vy) by ¥ = 22 on dK, K € Ti(vs). Then

vy

b(va;w, 9 — jta)
uj — s

inf sup < Chlplsagw)s
BREML(vn) weX(eaN{0}  [W|X(o) o)

where the constant € > 0 is independent of h and vy € U%,.
Proof. Leinma 4.5 is, in fact, Lenuna 9 of [9].
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For any K € Tx(vs) and any side S of K, we set pj, = W%ﬁ% = gy on S,
where 7% stands for the orthogonal projector in L2(S) upon constants Pols. We

can estimate
Op o Op
— - T dyl £
/5(61/1{ TS(?VK v =

Vwe HY(K) M(qp — n)wdy

< Clzl<P|2,.1\'[w|1,K;

where the constant C' > 0 is independent of K, h and vs. The inequality is a direct
consequence of the estimate cited by [9]. However, the paper [9] refers to [4]. A
detailed proof can be found in [2]. Since the independence of C is a consequence of
strongly regular triangulations, we consider [4] as a sufficient reference. Thus

Yw € X(vn) |b(vn;w, 9 — pa)| = |- Z / (¥~ pp)wdy| <
KeTh(v)” 9K

< > Ciblglxlul g < Ciblphawnlvlxe.),
KeTn(vn)

and the constant C > 0 does not depend on h and v. u]

Having Lemma 4.4 and Lemma 4.5, we tend to approximation of A(vy) by Kne(vs)
and to utilization of (4.1). According to the following lemma, the two norms on
Va(va) are uniformly equivalent.

Lemma 4.6. There exists a constant C' > 0, independent of h and vy € Il;‘d, such

that

Vuwn € Va(vr)  lwallxs) < Clwnlx(en)-

Proof. The family 7 of triangulations is strongly regular, so that there exist
constants Cy > 0, C3 > 0, independent of h and v, € L(i'd, such that for any
K € Ti(vs) it holds diam(K) < C1h and C2h? < meas (K).

Suppose vy, € U}, is given. The interval [0,1] on zz-axis is subdivided into
N = h~! subintervals. We denote their midpoints by 2;,j = 1,..., N, and erect
perpendiculars p; —see Fig. 3. Let the set of triangles K; € Tx(vs) intersected by
pj be denoted by I;, j =1,..., N. We define the sets Q; = UieI,- Ki,j=1,...,N,
and the segments q; = p; N K;, i € I;, j = 1,..., N. The length of g; is not greater
than C'lh.
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x2

Fig. 3.

Let us choose a point & € {J;e, Ki, [ = U".V:, I;. Then the subscripts i and j
exist such that z € Kj, » € Q;. By (3.5), the function w is continuous at a midpoint
si = (13, 2;) € K. Using (3.6), we have

t dw
it ()

w(z) = 11‘~])r[11+(Vu;,\) (= s;).

Sstimating the argument of the above integral on relevant segments ¢; and roaliziug
the fact that the number of elements of the set {; is not greater than Cz/h, C3 > 0
is a constant independent of vy, € U*,, we arrive at

wi(@) <4CTCh Y IV wln, g (4.20)
kel;

We integrate (4.20) over Kj, taking linearity of w on any triangle into account,

/ wia)dr < ACKChmeas(K) S 1wl 3 < (4.21)
Ki kel
[ede 9
< 4——111 Z/ IV W], ] d.
2 kel tt

The estimate (4.21) is valid for any K, i € I;. Denoting Cy = 4C}Cy/Cq, we obtain

w? ) da = w () dz < CC / Vg, da.
[ v L/ oy do < 050 Y [ 190l

Hi iel; kel;

Finally, we integrate over Q(v,) = U]\:l Qj

/ 1:'2(3:\¢IJ: < (40, 2: / \Vu'r|1\-k|3 de = (7;;('4!11»)';)\»(,“4).
Qvn) PYRAY: )
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The closing estimate is independent of h and vy € Ilfd,

VweValon) ol < (CaCat Dlwlk,)- 0

Now we are able to prove the following convergence lemma based on (4.1).

Theorem 4.2. Assume that a sequence {vy}, h — O+, v, € U, converges
to v in C([0,1]). The solutions of (3.1)-(3.2) and (2.1)-(2.2) are denoted by
(0n (1), n(om)) € Xa(n) x Mi(on) and (3(0), A(v) € HI(Q(0)) x M(v), respec-
tively. Then

Wi flya(va) = y(0)llxs (o) = 0-
Proof. We know (Lemma 2.1) that
y(on) — y(v) in H'(Q), b — 0+, (4.22)

where (y(v), AMvn)) € HY(Q(vn)) x M(vs) solves (2.1)-(2.2) on Q(va).
Denoting the terms on the right-hand side of (4.1) by I?(vs) and [3(vs), respec-
tively, we have (see Lemma 4.2)

i fy(on) = un (o), = Jim, (1 (o) + I3(0n)) = lim I3(vn).  (4.23)

Let us choose g9 > 0 arbitrarily. Then (see (4.9)) parameters n, ¢ and hg > 0,
dependent on ¢p, exist such that e(vsy,n,0) < €0 and the function yn,(v) defines
£no(vn) € M(vs), 0 < h < hg. Using (4.8) and Lemma 4.6, we get

Vwy € Va(va) Vitn € Ma(vn) 1b(vn; wh, Avr) — pa)| < (4.24)
< 1b(vn; wh, Mun) = Kng(va))| + 16(va; wh, £ e(vn) — )l <
< e0Clwalxua) + [b(vn; wh, Kno(vn) — 1a)],
where the constant '} > 0 is independent of & and vy,
Applying Lemma 4.5 to (4.24), we obtain for any positive &g
inf sup b(on; wh, Knp(va) = i) <
Bh€MA(UR) wy eV (vi)\{0) [walx(un)
< €0Ch + Coblyno(V)l2,00n) € €0C1 + Cohlyno(v)]2,0. < 260C1,

[I2(vn)] € €0Ch +

where the constant Cz > 0 does not depend on h and v, Thus, limit (4.23) tends
to zero.
Choosing € > 0, we have, if /i is small enough, (see (4.22), (4.23))

fun(on) — y(0)xs00) <& (4.25)
Next, a function y, (v) € C§*((v)) exists such that

ly(v) = v (@)1, <& (4-26)
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For any triangulation 7;s(vs) € 75 we define the set of continuous and piecewise
linear functions
Zs(v) = {2 € C(); VK € Ths(vn)  2lx € PI(K)}.

For any w € C(Q), let ryw € Zs(vn) be the Zs(vn)-interpolation. ’
The well known estimate (see e. g. [3], Theorem 3.2.1) gives

[lve (v) = rrye (W)l 00 < Cshlye(v)|2,0, < €, (4.27)

the constant C3 > 0 is independent of h and vy, since the family 75 of triangulations
is strongly regular. Combining (4.25), (4.26) and (4.27), we estimate

fyn(vn) = rhye(v)|xsca) < 3e.
For any h sufficiently small, we have supp y(v) C Q(vs), hence rpye(v)]g (vi) €
Vi(vn).
The function gp{vy) = ya(ve) — 7'“/:(")’9(:1,,) complies with the assumptions of
Lemma 4.6, hence a constant Cy4 > 0, independent of i and vy, exists such that
llga(on)llxs(o,) € 3Cqe. (4.28)
The inequalities (4.28), (4.26) and (4.27) imply the final estimate

lla(va) = ¥(0)l|xs00n) < Nun(on) = raye (VW4 on) + lIrave (v) — w(@)ll1 00 <
< 3Cae +|ly(v) — ve ()l a5 + [1ve(v) = rave (V) 0, < e(3Cs +2). a

Lemma 4.7. Under the assumptions of Theorem 4.2

hl_i}& T (vn, yn(on)) = T (v, y(v))-

Proof. The proof is easily seen from (1.2) and Theorem 4.2. a

To prove the main convergence result we need the following auxiliary lemma.

Lemma 4.8. For any v € Uyq there exists a sequence {vp}, h — 04, vy € Ilé'd,
such that

lim v, =v in C([0,1]).

h—0+

Proof. Following the proofs of [7, Lemma 3.1] and [1, Lemma 7.1}, we can
construct a piecewise linear function dependent on h and prove that it belongs to
U",. A sequence of these functions converges to v uniformly. o
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Théorem 4.3. Let {vk,}, h — 0+, vk, € Ul be a sequence of solutions of
the approximate domain optimization problem Py (see (3.3)). Then a subsequence
{vf;:} C {vh,} exists such that vi‘};‘t — Vgpt In C([0,1]), hn — 0+, and the design
variable vopt € Uag solves the problem P (see (1.3)).

The strong convergence of the first component of the approximate hybrid state
solution is ensured by Theorem 4.2.

Proof. We follow the proof of [1, Theorem 7.1].

Let 1 € Uyq be given. There exists a sequence {np}, h — 0+, m, € Il;‘d, such
that 5, — 7 in C([0,1]) (Lemma 4.8). Let us denote by yx(ns) € Xn(nn) the first
component of the solution of (3.1)-(3.2) where vy is replaced by 7.

The set 2, is compact in C([0, 1]). We choose a subsequence {”2;:} C {vz‘m} C
U2, such that (Lemma 4.1) vf,‘,;‘, converges to v* € Uqq in C([0,1]).

By virtue of (3.3), J(vf,’;t,yh(vz;,)) < I, yn(n, ) Passing to the limit with
Iy, and using Lemma 4.7, we obtain J(v*, y(v*)) < J(n, y(n)) and v* = vgp. s}

4.2. Convergence of the second component of the approximate state
solution

Essentially, in this subsection we verify results of [9] generalized to a family of
domains with a movable boudary.

1/2
We provide the space X(vs) with the new norm [|wl|x(v,) = ( 3 |||w|||fh> ,
C€Tn(va)
where for any triangle K € 7;,(vs),

3 1/2 . -
Ml = (wlf gk + bl <) "5 hx = diam (K).

Then the space M(vy,) is normed by || = sup bvawp)
p (vn) Meellarcon) wex(uh)\{o}m

Lemma 4.9. Let 7,(vs) belong to the set 7 of strongly regular triangulations.
Then there exists a constant C > 0, independent of h and v, such that

b(ve; wh, ptn)

Y iy € My(va) sup
wneXa@a\{0) Mlwnllxcs)

2 Cllaallazony-

Proof. The proof is based on detailed estimates concerning an affine mapping
between a triangle K and a reference triangle . Since 7 is a strongly regular family
of triangulations, we find out that the proof of [9, Lemma 10] can be followed step
by step. [w}
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Lemma 4.10. Let the pair (y(vi), A(va)) € X(va) X M(vs) solve the problem
(2.1)-(2.2) on the domain Q(vs). Assume that (yn(vn), An(vn)) € Xa(vr) x Mr(vs)
is the solution of the problem (3.1)—(3.2). Then

1
A (vR) = An(wa)llarcony < a‘y(vh) — yn(vn) | x(wa) + (4.29)
1 .
+(1+ ), it I = .

where the constant C' > 0 is independent of & and vy € ll:d and equals to the
constant C' in Lemma 4.9.

Proof. We refer to the proof of [9, Theorem 3]. The independence of C' is an
immediate consequence of Lemma 4.9. a

Theorem 4.4. Let a sequence {vs}, h — 0+, vx € U}, converge to v in C([0, 1]).
Then

i 1A n) = A (on)laron) = O-

Proof. Let us choose € > 0 arbitrarily. By Lemma 4.4, we have y,,(v) €
C>®(2vn)) and kpo(vn) € M(vy) such that

Vw e X(on)\ {0} ﬂ’i‘%—f—%@ < e(vn,n, 0) < é. (4.30)

Using [[wllx(wa) > [wlx(v,) and Lemma 4.5 (¢ = yng(v), ¥ = Kng(vr)), we arrive
at

inf . _ - .
P llkne(vn) ~ mallazcon) ‘ (4.31)
. b(UIL; w, Kng(vh) - l"h) .
= in ! sup —_— £ < Ch v}, <é,
Hr EMr(vh) we X (v, \ {0} flwllx o) (@l flen)

where the last inequality holds for all A sufficiently small because yno(v) does not
depend on h and vp.

The inequality [|w]|x(,) < [lwllx(e,) and (4.30), (4.31) give
b(vn; wy Mon) — pa) <

inf Alvr) = = inf st
I‘hE}\/fl.(U}.))”( ) Irrcen) BREM (W) we X (vy )\ {0} Nlwllx o,y =
< inf sup b(vh;w,/\(vh)—ﬂne(vn))+
Bn€Mu(vr) fweX(va)\{0} llwllx (o)
b sup  Pmiwneo) — )|
weX(u)\{0} Mlewll x ()

Inserting this into (4.29), we finish the proof by

AR = MaConlarcon < ) — 9o xen) + 201+ %,
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Indeed, by virtue of Theorem 4.2 (see (4.23)), the term |y(va) — ya(vh)lx(v,) tends
to zero. The parameter £ is arbitrarily small. m]

Closing remark. The system (3.1)-(3.2) seems to be clumsy to solve. Never-
theless, using the space Vi (vn) (see (3.5)-(3.6)), we can compute ya(vy) from the
equation (3.4) easily. Substituting y5(vs) into (3.1) and introducing suitable basis
functions of the spaces Xp,(vy) and Mpu(vy), we obtain a system of linear equations
with a diagonal matrix.

Thus the component A(vy) can be computed and the desired normal derivative
along the boundary of an optimized domain approximated. However, computational
effectiveness of the approach given in this paper has not been tested yet.
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