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KYBERNETIKA — VOLUME 24 (1988), NUMBER 2

ON TRANSFORMATIONS
OF MULTIVARIATE ARMA PROCESSES

ALES LINKA

Transformations of multivariate ARMA processes are investigated such that they preserve
the ARMA structure. A theorem is given that characterizes a multivariate ARMA process
using a property of its covariance function. The theorem is applied to the linear transformation
of a multivariate ARMA process and to the scalar product of two ARMA processes.

1. INTRODUCTION

Let X, be an I-dimensional ARMA (p, ¢) process. Let g: R* — R® be a measurable
function. Define a process Z, by Z, = g(X,). Generally, Z,is not an ARMA process.
However, we are interested in such functions g, for which Z, is also an AR
process. It is important to know the orders of the process Z,. In the most cases we
find only some bounds for them. From the practical point of view, our considera-
tions enable to express complicated ARMA processes in a form of some transforma-
tions of simpler ARMA processes.

The problem of transformations of one-dimensional ARMA processes was in-
vestigated in several papers. The results concern mainly sum, product and aggrega-
tion of ARMA processes. A unified approach was presented by Engel [2]. Tt is based
on a theorem which characterizes a one-dimensional ARMA process using a property
of its covariance function. In Engel’s paper also all other references can be found.

There exist only few papers devoted to transformations of multidimensional ARMA
processes. They concern mainly the sum of ARMA processes. Let us mention the
paper by Liitkepohl [8], who considers a transformation Y, = FX, where F is a matrix
with real elements.

In our paper we prove some assertions on the scalar product of two ARMA
processes. The methods are based on Theorem 3.1, which characterizes a multi-
variate ARMA process by means of its covariance function. Theorem 3.1 is a general-
ization of the assertion for one-dimensional processes given in [2] The problems
concerning bounds for orders of the model are demonstrated on some examples.
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2. PRELIMINARIES

Let g = (&, ..., &) be an m-dimensional white noise with E,g, = 0 and var g, =
= I, where 1, is the unit matrix of the type m x m. Let A,, ..., A, and D,, ..., D,
be m x m matrices with real clements such that A, & 0, D, = 0 and that the follow-
ing conditions are fulfilled:

a) A, and Dy are regular.
q
b) We define D(z) = ) D,z"
k=0
P
c) If we define A(z) = Y. Aiz* then the equation |A(z)] = 0 has all roots outside

the unit circle. k=0
Then there exist m x m matrices Gy, Cy, ... such that

«©
[AR)]7' D(z) = ¥ G2, |2 < 1,
k=0
Syl <o for jI=1,..,m
k=0

and the process X, given by
(2.1) X, =3 Cay
k=0
is the unique solution of
(22)  AX +AX _(+...+AX _, =Dy +Dgz_+..+Dg._,

which has the form of a linear process. The process X, is called an m-dimensional
ARMA process of the order p and q. We denote it by ARMA,(p, q). We shall
use the symbol ARMA,[p*, ¢*] for an ARMA,(p, q) model such that its true
order p, g satisfies p < p*, ¢ < g*. Il B is the back-shift operator, then (2.2) can be
equivalently written in the form

(2.3) A(B) X, = D(B) ¢,

where

14 P
A(B) *‘;‘ZDAkBk = (Aij(B))’iT:jf—l = (Zoﬂlijk)'iy:j:l
= s

q q
D(B) =AZODth = (D,vj(B))’,-'fjﬂ = (Z d’;jBk)Ii’fFl
= 0

=
Denote
“piy = deg[4,(B)], gy = deg [D;(B)]
where deg [+ ] denotes the degree of a polynomial. Then it holds
p=maxp;, ¢=maxgq;.
i ij

The process X, is stationary and we get from (2.2) that its covariance function
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R, (k) satisfies
(2.4) AB)R(K) =0, k>gq,
(2.5) A(B) Ry(q) = D,C, = 0.

Let A*(B) = (47{B))/;~; be the adjoint matrix to A(B). Multiplying (2.3) from the
left by A*(B) and using |A(B)| I,, = A*(B) A(B) we get

(2.6 |A(B)| X, = A*(B) D(B) 2, .

This formula will be usefal in the next considerations. Let H,;(B) denotes the ijth
cofactor of matrix A*(B) D(B). Then it holds max {deg [H(B)]} =
i,

= max {deg [A5(B)]) + g, i,j,n=1,...,m]. M,uhiplying (2.6) from the right
by X;_,, taking expectations using (2.1) we obtain
(27) |A(B)] Ry(k) =

if k> max {deg [A}(B)] + q;,; i,i,n=1,..,m}.

It is known that the matrix f(2) = (f;;(A))7';=1 of spectral densities of the process
X, exists and equals

f(2) = i [A(#)]* D(3) B(2) [A(%)]
where
A(%) = iAk e A(J) = iA;" eihd

q
D(2) = Y D e"**, DB(3) = ) Djel**.

k=0 k=0

Since the matrix f(2) is regular, the process X, is also called regular (see [5] and [6]).

3. CHARACTERIZATION OF MULTIDIMENSIONAL ARMA
PROCESS

The following assertion is a generalization of Theorem 1 from [2].

Theorem 3.1. Let X, be an m-dimensional regular stationary process with vanish-
ing expectation. Then X, is an ARMA,(p, q) process if and only if there exist
matrices Ay, ..., A, such that A, = 0 and that the following conditions are fulfilled:

14
(3.1 If we define  A(z) = )’ A,z* then the equation |A(z)] = 0
k=0
has all roots outside the unit circle.
(3.2) AB)Ry(k) =0 for k>gq.
(33) AB) Ry(q) + 0.

Proof. If X, is an ARMA,, (p, q), then the assertion clearly holds.
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We prove that the conditions are sufficient. We see that

RA(E)X(k) = z

7
i=0 j=0

ARy (k+i—j)A;=0 for k>gq,

Ramx(4) + 0.
It remains to show that if the covariance function Ry(k) of an m-dimensional process
Z, satisfies

(3.4) Ry(ky=0 for k>gq,
(3-5) Rz(‘l) +0,
then Z, is a moving average process. From the Wold decomposition we obtain
(3.6) Z,=3%Cn._,
j=o
where C, is a regular matrix, 7, = (n,, ..., ")’ is an m-dimensional white noise and
(3.7) Hn) = A(Z)

where #(Z) = #(Zi;i=1,..,m,s <1{) is a subspace of the Hilbert space
H(Z)=#(Z;i=1,....m t=0,F1,.. ) (see [9]). From (3.6) we get
(3.8) EZg_; = Gy
On the other hand, (3.4) implies
EZZ/_, =0 for k>gq.
In view of (3.7) we have also
(3.9) EZy,, =0 for k>gq.
Comparing (3.8) and (3.9) we can see that €, = 0 for k > q.

Assume that C, = 0. Then EZ,y;_, = 0 but in view of (3.7) we have also EZ,Z;_, =
= 0. This contradicts (3.5). Thus X, is an ARMA,, (p, q) process. 0

We shall apply the existence theorem to special transformations of the ARMA
processes. If we know a formula for the covariance function of the process arising
from a transformation of ARMA processes, it suffices to find a matrix A(B) such
that the conditions (3.1), (3.2) and (3.3) are fulfilled and to use Theorem 3.1.

4. LINEAR TRANSFORMATION

We start with a transformation of the process which is based on the multiplication
by a matrix, the elements of which are real numbers. The next theorem is given in [8]
without proof.

Theorem 4.1. Let F be an [ x m matrix with real elements. Let the rank of F be [,
Let X, be an ARMA,, (p, ¢) process. Then

Z, = FX,
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is an ARMA, [p*, ¢*] process, where
p* = deg [|A(B)[],
g* = max {deg [A‘,’i*(B)] + g Lin=1,..,m}.

By AX*(B) we denote the ijth cofactor of the adjoint matrix to A%(B).

Proof. The covariance function Rz(k) of the process Z, is given by

Ry(K) = EZ.Z|_, = FRy(K) F'.

Because EZ, = 0 and the covariance function Rz(k) does not depend on ¢, the process
Z, is stationary. From Theorem XVIL1 in Andg&l [1] it follows that the process Z,

is regulat. If we express the process X, in the form (2.6) and if we denote Az(B) =
= |Ax(B)| I,, then it holds

Az(B) Rz(k) = F’AX(B)I Rx(k) FF=0
for k> max {deg [A5*(B)] + g, i, j, n

L..,m}.
Applying Theorem 3.1 we get our assertion. O

Theorem 4.1 is to be understood in such a way that one of the ARMA models
of the transformed process Z, has the order p, ¢ bounded by p*, ¢*. The following
example can serve as an illustration.

Example. Consider a two-dimensional AR(1) process X, given by

5, 10 12
(—1 1>x'+<1 1>X'*':"'

where g is a white noise with Eg, = 0, var &, = I,. Let F = (1, 1). Consider the process
Z = FX, = X! + XZ.
Then the spectral density f,(1) of the process Z, is
SA2) = f, 1()‘) + le(j') + fz1(/1) + fzz(/l)

where fij(/l) are elements of the matrix f(1) of the spectral densities of the process
X,. After some computations we get

B | CRRNL )|
o) = (3-8 215 - 2¢

~i112

— e iz;.Ii )

This spectral density corresponds to a one-dimensional process ARMA (2,‘1). We
know from Theorem 4.1 that Z, is an ARMA [2, 1] process. In this case the bounds
for the order are equal to the true order.
Choose a matrix F = (1, a), where « is a real number. Define again
Z, = FX, = X, + aX].

Analogously as in the previous case we derive the spectral density f,(2) of this process
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Z, in the form
R 106 — 104a + 28a* + (21 — 20a + 4a®) (e™** + &'
fZ(A) = i Tiaal2 .
2n|15 — 2e7 i — 71

If a = % ora= % we get 21 — 20a + 4a* = 0 and then the spectral density corre-
sponds to an AR (2) process. Theorem 4.1 still gives ARMA [2,1]. In this case
the true order of the model is lower than that insured by Theorem 4.1.

The example shows that for a small order of the mode] of the process X, Theorem
4.1 gives good bounds for the order of the transformed process Z,.

The following theorem is a consequence of Theorem 4.1. It concerns the sum
of independent ARMA processes.

Theorem 4.2. Let X, and W, be independent m-dimensional ARMA,, (px, dx)
and ARMA,, (pw, gw) processes, respectively. Define
Z, =X, +W,.
Then Z,is an ARMA,, [p*, q*] process, where
p* = deg[|Ax(B)|] + deg[|AW(B)]].
q* p* + max {G¥,, GW,: i,j,n=1,..,m},
G = deg [AX(B)] + 4% — deg [1A(B)]
G, = deg [A5*(B)] + g}t — deg [|Au(®)] .

1

5. SCALAR PRODUCT

Let X, and W, be m-dimensional stationary processes with EX, = py, EW, = p,,
Let X, and W, be stationary cross-correlated, i.e. their cross-correlation functions
Rxw(k) = E(xt = Bx) (Wt-—k - .uw)' >
Rusdk) = E(W, — py) (Xi— ~ nx)'
depend only on k and not on t.

Let a process Z, be defined by

Z, = X,W, =Y Xiw.
i=1

Then for its expectation py and for its covariance function Ry(r, t — k) it holds
(CRY; Bz = Tt [Rew{0}] + nixirw -

(5.2) Ry(t,t — k) = meRyw(k) uy + pwRx(k) py + nxRywx(k) py +
HwRxw(k) mw — {Tr [Rew(0)]}2 +

E{[(X, = ) (W, — nw)] [(Xeok = me)

x (W — )]} +

+ 4+
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+ E[(X, - l‘x)/ (Wz - Fw)] [(xr—k - ﬂx)/ l‘w] +

+ E[(X — ) (W — )] [5(Wieoi — )] +

+ E[(X, - l‘x)/ ﬂw] [(Xr—k - Fx)' (wt—k - I‘w)] +

+ W, — )] [(Ximi — 1) (Wi = 8w)]
We shall consider special cases in which Ry(t, t — k) depends only on k so that
the process Z, is stationary.

Theorem 5.1. Let X, and W, be independent m-dimensional ARMA,, (py, 9x)
and ARMA,, (P, qw) processes, respectively. Let
m
Z, = X;W, =Y XIW/].
i=0
Then Z, is an ARMA, [p*, ¢*] process, where
p* = deg [|Ax(B)]] deg [|An(B)]],
ijom=1..m},
TX, = deg [AF*(B)] + ¢, — deg[|Ax(B)]].
Tij, = deg [AI7*(B)] + gy — deg [|Aw(B)]] .
Proof. It follows from (5.1) and (5.2) that

q* = p* + max {T7},, Tt

EZ, =0,
(53) Rolk) = Te [Ry(1) Ry(0)] = 3 5 RS(6) RY(H).
If we use for X, the model (2.6), then ’
|AB)| RY1(K), ..., |Ax(B)| RY.(K)
[Ax(B)| Ry(k) = ( ............................. =0
[Ax(B)| RYL(K), ..., |Ax(B)] R (K)

for k > max {deg [A?‘."(B)] + ks i j,n=1,...,m}.

We have m? difference equations for RS(k). Let (of)™", j =1, ..., deg [|ax(B)[]
be the roots of the polynomial |Ax(z)|. Then
degl|Ax(B)[]
R = 5o ey
for k> max{TX; ijn=1..,m},
where
Ty, = deg [AX*(B)] + qf — deg [|Ax(B)[] .

Similar results we get for the process W,. Let u = deg [|Ax(B)
Inserting into (5.3) we obtain

Ry(k) = Z Z di(ofa

for k > max {T/%,, T\,

ijns Lijns

w(B)l]-

ij,n=1,...,m}.
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Define -
Axz) =TT T1(1 — od'a'z) .
I=1s=1
Then we have that
Az(z) Ry(k) =0
when
k> max {Tif,, Tifw; i,J,n = 1,...,m} + deg [|Ax(B)[] deg [1Aw(B)|] = ¢*.
Now, we apply Theorem 3.1. [}

Theorem 5.2. Let X, be an m-dimensional Gaussian ARMA,,.(P, q) process. Let
Z = XX, =} (X)),
i=1
Vi=Z —pg.
Then V,isan ARMA, [p*, g*] process, where
p* = deg [|Ax(B)[] {deg [[Ax(B)]] + 1} ,
g* = p* + max {deg [AX*(B)] + g i,y n = 1,..., m} — deg [|Ax(B)|].

Proof. If we insert ¥, = X, into (5.1) and (5.2), then from Isserlis’s relation in [7]
we obtain

If

EV, =0,
Ry (k) = 2 Tr [Ry(k) Ry(k)] = 2121 zl(R?S‘)z .
i=1j=
Further we proceed similarly as in the proof of Theorem 5.1. ]

(Received July 30, 1987.)
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