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KYBERNETIKA-VOLUME 28(1992), NUMBER 6, PAGES 425 -443

COMPARING ALTERNATIVE DEFINITIONS
OF BOOLEAN-VALUED FUZZY SETS

IvaN KRAMOSIL

Two definitions of fuzzy sets with Boolean-valued membership functions, introduced by Drossos and
Markakis and called by them external and internal Boolean fuzzy sets, are compared with a third,
classical definition descending more directly from the original Zadeh’s and Goguen’s ideas. Under some
rather general conditions, internal and classical Boolean fuzzy sets are proved to be equivalent in the
sense that there exists a one-to-one mapping to each other conserving the set theoretic operations. On
the other side, the space of external Boolean fuzzy sets is richer, so that such a mapping exists only in
some rather special cases.

1. THREE DEFINITIONS OF BOOLEAN-VALUED FUZZY SETS

The two basic notions considered and combined together throughout this paper will be
that of fuzzy set and that of Boolean algebra. Let us refer to [4] as far as the notion of
fuzzy sets, their properties and basic results are concerned, let us refer to [5] for Boolean
algebras. Fuzzy sets, in their classical setting with numerical real-valued membership
functions, were conceived by Zadeh in 1965 [6] with the aim to develop a mathematical
tool for uncertainty quantification and processing, alternative to that one represented by
the classical probability theory. Hence, a fuzzy subset E of a nonempty basic space or
universe A was defined by and identified with a function pg defined on A and taking its
values in the unit interval (0, 1) of real numbers. For a number of reasons, as soon as in
1967 Goguen presented the idea of fuzzy sets with non-numerical membership functions,
cf. [3] for more details and motivation. Then, in 1985, {1] Drossos and Markakis argued
in favour of taking profit of Boolean algebras when defining fuzzy sets, however, both the
definitions of fuzzy sets, suggested by the same authors in [2], differ from the definitions
resulting from direct applications of Goguen’s ideas. So, the aim of this paper will be to
compare the two definitions of Boolean-valued fuzzy sets from [2] with the third, classical
or Goguen-like one.

Let B = (B,V,A,~,03,13) be a Boolean algebra over a nonempty support set B,
hence, for each e, f € B, eV f is the supremum and e A f the infimum of e, f, —e is
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the complement of e, Op is the zero and 15 the unit (or: the minimal and the maximal)
element of B. The partial ordering < on B will be defined in the usual way, i.e., for
e, fe€ B,e< fholdsiff eV f = f, or, what is the same, iff e A f = ¢, here = is the
identity (relation) on B. There are numerous settings of the set of axioms which the
operations and the distinguished elements of a Boolean algebra are to obey and we shall
not repeat them here referring, e. g., to axioms A; - As in [5].

In what follows, we shall always suppose that:

i) The Boolean algebra B is complete, hence, for each @ # C C B thereexist f, g € B
such that

(a) e < fforeach e € C and, if e < f; holds for some f; € B and each e € C,
then f < fi; such an f is denoted by \/EEG e and called supremum of C.
(b) g < efor each e € C and, if g; < e holds for some g; € B and each e € C,

then g; < g; such a g is denoted by A . € and called infimum of C.

(i1) The operations of supremum and infnimum are conventionally extended to the
case when C is empty, setting /\eew e=1p, Vceo e=0g.

(iii) The Boolean algebra B is nonempty and nontrivial, i.e. B # 0 and 0p # 15.

As the most simple example of a Boolean algebra satisfying all the demands above
let us mention the system of all subsets of an at least two-element universe with respect
to the common set-theoretical operations of union, joint (intersection) and complement,
with the empty set and the universe playing the role of the distinguished elements. In
what follows, the Boolean algebra B will be taken as fixed, so that it will not be always
explicitly introduced as a free parameter of the notions and constructions presented
below.

Definition 1.1. Let e € B,let C C B,i.e.,C € P(B)={E: E C B}. The set C
is called a decomposition of (the element) e if, for each f1, f € C, fi A f2 = 0p and if
Ve f = €. The set of all decompositions of e will be denoted by Dcp (e) (C P(B)).

Let A be a nonempty abstract set, fixed throughout all this paper.

Definition 1.2. B-fuzzy element of (the set) A is a mapping z taking A into B and
such that {z(a)}sex is a decomposition of 15.

The set of all B-fuzzy elements of A will be denoted by A#* or by A[B], if B is to be
expressed explicitly, so that

A* = {z: z € B*, {#(a)}aca € Dep (1)}, (1.1)
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Definition 1.3. (cf. [2] for (i1), (iii))

(i) Classical B-fuzzy subset of (the set) A or: classical B-fuzzy set over A is a mapping
X defined on A and taking its values in B. Hence, the set A* of classical B-fuzzy sets
over A is defined setting A* = BA.

(11) Internal B-fuzzy subset of (the set) A or: internal B-fuzzy set over A is a B-fuzzy
element of P(A). Hence, the set of all internal B-fuzzy sets over A is the set [P(A)]*
defined, according to (1.1), by

[P(A)* = {X € B {X(E)}peppny (= {X(B)}pca) € Dcp(lg)}. (1.2)

(iii) External B-fuzzy subset of (the set) A or: external B-fuzzy set over A is a classical
crisp) subset of the set . Hence, the set of all external B-tuzzy sets over A 1s the

isp) subset of th A#*. Hence, th f all external B-fuzzy set: A is th
power-set P(A#) of the set A# of B-fuzzy elements of A.

Fact 1.1. In general, [P(A)]# is a proper subset of P(A#). Hence, each internal
B-fuzzy subset of A is also an external one, but, in general, not vice versa.

Proof. Cf. [2] and references introduced there. a

In the rest of this paper we shall investigate some relations between internal and
classical B-fuzzy sets over A and between external and classical B-fuzzy sets over A. In
the extensional setting, we shall investigate the relations between [P(A4)]# and A*, and
between P(A#*) and A™.

2. MUTUAL EMBEDDINGS OF INTERNAL AND CLASSICAL B-FUZZY SETS

Let k. be a mapping defined on [P(A)]#, taking its values in A* and such that, for each
internal B-fuzzy set (over A) X € [P(A)]¥, hi(X), denoted also by X, is the classical
B-fuzzy set (over A) defined by

hie(X)@) = Xa) = \/  X(B) (1)
ECA,a€E

for all a € A; here ic abbreviates “internal to classical”. It is evident that X € A*,
moreover, the mapping h;. is one-to-one, as Theorem 2.1 proves.

Theorem 2.1. Let X;, X, € [P(A)}#, let X; # Xa, then X&) + Xé').

Proof. First, let us prove a more general auxiliary assertion: let C C B, C €
Dcp (1), let F be a nonempty set, let § # #U(A) C C for each a € F, then

AVe= V e (22)

a€F ectd(a) e€f),er ¥

Wiite (\4(a) instead of MepU(a). As N(e) € Ul@) for ;"\“h :/6 £ *eweLe"t"‘fa"el
Vet € S Veeuqe € for each a € F, so that Veenuu © = Nack Veeta) =
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C—NU(a), then f € C~U(ay) for some ay € F, hence, fAVeeu(a,) €= Vcell(a./)(f/\e) =
0p, as f # e for each e € U(ay), consequently, f Ae=0g. So, for f € C—~(\U(a)

A (f" V r—’)=M(/\ vV e>=oﬂ, 23)

a€F e€U(a) a€F ect(a)
so that
Vo (may)-( v a(py - e
1eC—-NU(a) a€F e€U(a) JeC—NU(a) a€F e€li(a)
Hence,

AN (A o] @9

e€F ecld(a) a€F e€l(a)
(Ay (v osvy o)
a€F e€ld(a) jec-Nua)  feMU(e)

() G ) (A ()

OV \/ f= v e,

feNUe)  eeMUa)

1l

a5 Ve u(a) € < Naer Veeu(a) © is nothing else than

(/\ V e) A ( V e) = V e, (2.6)
a€F e€l(a) ce(\U(a) ee[\U(a)
hence, (2.2) is proved.

Now, let us prove that, for each X € [P(A)}* and each F C A,

X(F)= A xS a)n A ~X9a) (2.7

a€F e€EA-F

Or, supposing that (2.7) holds, and considering X, X3 € [P(A)]* such that X}')(a) =

X9 (a) for all a € A, we obtain that X;(F) = X,(F) for all F C A. Hence, if there exists

F C A such that X (F) # X3(F), it must also exist a € A such that Xl(')(a) # X;‘)(a)‘
Due to (2.1), (2.7) yields that

xRy =N\ V x®Br A -\ XxE). (2.8)

a€EF ECA,0€E a€A-F ECA,acE
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AsVerlE: ECAjacE} ={E: ECA,a€E, forallac F} = {E :

(2.2) yields that

NV x@E =\ x&).

a€F ECA,s€F EDF
Moreover,
U {E:ECAaeB}={E: ECA E¢F},
aEA-F
so that
A-V x®=-V V\V x®B=-\ X&)
a€A-F ECA,a€E a€A-F ECA,c€E E¢F

Consequently, (2.7) is equivalent to
X(Fy=\/ X(E)r-\ X(E)
EDF E¢F

which we are to prove. But,

\V x(E)a-\ X(B) = \/ {X(G) AN —-X(E)] .
E¢F

BoF GoF E¢F
fGDF, G#F,then G ¢ F, hence, G€ {E: E ¢ F}, so that
X(G)A N\ ~X(E)=X(G)A-X(G) A \ -X(E)=o0s,
E¢F E¢F.E4G
so that

V X(BE)A-\ x(B)=\/ [X(G) A ﬁX(E)} =
EgF

EDF Ge{F} E¢r
= X(F)A \ ~X(B)= \ (X(F)A=X(E)) = X(F),
E¢F E¢F

as E ¢ F implies E # F, so that X(E) A X(F) = 0p, hence

X(F)A-X(E) = (X(F)A=X(E) V (X(F) A X(E)) =
= X(F)A(~X(E)VX(E)) = X(F) A 15 = X(F)

for each E ¢ F. Hence, (2.12), (2.7) and Theorem 1 are proved.
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F C E},

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

[=]

When trying to define a mapping from classical B-fuzzy sets into the internal ones we
shall use relation (2.7). So, let A.; be the mapping defined on A*, taking its values in the
set BP(4) of all mappings from P(A) into B, and such that, for each X € A* and each

FC A,
ha(X)F)= A X(@)A A -X(a).

«EF a€A-F

(2.17)
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We shall write also X® nd XY#)(F) instead of h.(X) and hei(X)(F). Here, again,
¢i abbreviates “classical to internal”, but in this time it is not evident that X#) is in
[P(A)]* so that we have to prove it.

The complete Boolean algebra B is called completely set-isomorphic, if there exists a
set S and a mapping H defined on B, taking its values in the power-set P(S) over S
and such that, for each e € B and each C C B,

H(~e)=S—H(e), H (\/ e) =J H(e) (2.18)

eeC eeC

Consequently, also

H(0g)=0, H(g)=S, H (/\ e) = H(e) (2.19)

e€C e€C

hold, as can be easily proved. When considering only finite operations, i.e., finite sets
C in (2.18) and (2.19), each Boolean algebra is finitely set-isomorphic, due to the well-
known Stone representation theorem (cf., e.g., [5], § 8). For infinite operations the
existence of an isomorphism between a complete Boolean algebra and the field of subsets
of a set is a nontrivial property of the Boolean algebra in question, as the two facts
introduced below demonstrate. )

An element Og # e € B is called an atom of the Boolean algebra B, if for each f € B
such that f < e, either f = Og or f = e. Boolean algebra B is called atomic, if for each
0p # [ € B there exists an atom e € B such that ¢ < f. Complete Boolean algebra B
is called completely distributive, if for each {ews}ier,ses C B,

n U €y = U n €t,0(t)s (2:20)
teT s€S EST teT

or, what is the same due to the fact that de Morgan rules are valid also for infinite
operations, if for each {ei}ter,ses C B,

UNea= N Uetwto- (2.21)

teT €S »€eST teT

Fact 2.1. A complete Boolean algebra is completely set-isomorphic iff it is atomic
(cf. assertion 25.1, [5], § 25).

Fact 2.2. A complete Boolean algebra is completely set-isomorphic, iff it is com-
pletely distributive (cf. assertion 25.2, [5], § 25).

Theorem 2.2. Let B be completely set-isomorphic, then X#) ¢ [P(A)]* for each
X e A
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Proof. We have to prove that {X(#)(F)}FcA € Dcp(ls). Let E, FC A, E#F,
then (2.17) yields that

XB(E) A XH(F) = /\ X(a) A /\ =X (a) A /\ X(a) (2.22)

22 a€A-E 2€F
AN ~X@= A x@r N\ XS
a€A-F a€EuUF a€A~(ENF)

< X(ao) A ~X(ao) = Op,

where ap € (EU F) — (EN F); E # F implies that EU F # E 0 F, hence, such an ao
exists.
Let S be a set and H a complete isomorphic mapping of B into P(S). Se,

H ( Y (/\ xX@n A ﬂx(a)>) = (2.23)

FCA \aeF a€A-F
= U (ﬂ Hx@)n (S~H(X(a)))>~
FCA \a€F a€A-F

Let 50 € S, let F(s0) = {a € A: so € H(X(a))}, then so € Nycp(sy) H(X(a)), but also
so ¢ H(X(a)) for each a € A — F(s0), so that so € N,ea—p(s)(S — H(X(a))). So, for
each so € S there exists F C A such that so € H (XY#)(F)). Consequently,

U H@EW@E)=H (\/ X(*)(F)) = (2.24)
FcA FCA )

= U (ﬂ H(x@)n (S—H(X(a)))> =5
FCA \a€eF a€A-F

However, 1p is the only element of B which is mapped onto S by H. Hence, it follows
Vrca X#F) = 18, so that {X¥#)(F)} ., € Dep(1p). The assertion is proved.
m]

Theorem 2.3. Let B be completely set-isomorphic, let &y, X2 € A*, let X # Ay,
then X#) £ x{#),

Proof. Let us prove that, for each X € A* and each ag € A,

X(ao) =\ xH(F)=\/ ( Ax@n A wm). (2.25)

F3a0 F3ap \a€F a€A-F

Supposing that (2.25) bolds and that X{¥)(F) = X F) for each F C A, then X;(ag) =
Xy(ag) for each ag € A, hence, X;(a} # Ay(a) for some a € A implies that Xl(#)(F) #
X (F) for some F C A.
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Take ag € A arbitrarily and set A9 = A — {ao}. Define a B-fuzzy subset Xy of Ao
(classical), setting Xo(e) = X(a) for each a € Ay, so that Xy € A = BA. Set, for each
E C Ao,

XFUE) = \ Xo(@) A N\ ~Xola). (2.26)

a€E a€ho—E
Applying Theorem 2.2 to Ag and X}, we obtain that

V B E) =\ [ \X@r A —‘XQ(G)>=18- (2.27)

ECAo ECAo (nEE a€Ao-E

But,

xBF) =\ (/\X(a)/\ A Wx’(a)): (2.28)

FCA,F3a, FCA,F3ag \a€F a€A-F
= V a®(Eu{a))=V ((/\ xm) A X(ao)A
ECAy ECAo 3

A A ~x@).
a€(A-E)—{ao}

As (A — E) — {ao} = Ao — E for each E C A and X(a) = Xo(a) for each a € E C Ao
and each a € Ag — E, (2.28) yields that

\V  AEF) =X(a) A\ (/\ Ko(a)A (2.29)
FCA, F3ao ECAo \a€E
A /\ "XO(‘I)) = X{ao) A 1p = X(ag)
a€A-E
due to (2.27), so that (2.25) and Theorem 2.3 are proved. lu]

3. SET-THEORETIC OPERATIONS OVER CLASSICAL AND INTERNAL
B-FUZZY SETS .

Going on in our effort to compare classical and internal B-fuzzy sets, let us introduce the
set-theoretic operations of joint (intersection), union and complement for such sets. We
shall begin with the classical B-valued fuzzy sets, where the situation is more simple.

Definition 3.1. Let &’ € A” be a classical B-fuzzy set over A, then its complement
is denoted by X'° and defined by X°(a) = ~X(a) for each a € A. Let C C A be a
nonempty set of classical B-fuzzy sets over A, then the joint or intersection of the B-
fuzzy sets from C is denoted by [Jyec A and defined by (Vyec X) (@) = Ayec X(a) for
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each @ € A. The union of the B-fuzzy sets from C is denoted by | Jy X and defined
by (Uxec &) (@) = Vyec X (a) for each a € A.

As the Boolean algebra B is complete, X°, [(yeo &, and [Jyec & are obviously in 4%,
also the validity of de Morgan rules for these operations immediately follows from the
validity of these rules in B. If C' = {X], A}, we shall write X; N A; and X, U X; instead
of Nvex, ) X and Urern, ) ¥-

In the case of internal B-fuzzy sets the corresponding definitions are more complicated
in the sense that the membership of the resulting objects in the space [P(A)]* of internal
B-fuzzy sets is neither necessary nor evident.

Definition 8.2. Let X € [P(A)* be an internal B-fuzzy set over A, then its com-
plement will be denoted by X¢ and defined by X°(E) = X(A — E) for each £ C A.
Let T be a nonempty parametric set, let {X;}ier C [P(A)]¥, i.e., each X,, t € T, is
an internal B-fuzzy set over A, then the joint or intersection of the B-fuzzy sets X is
denoted by Nier X, and defined, for each E C A, by

(ﬂ Xt) (B) = V N\ Xu(F). (3.1)

teT {FherCP(A),op F=E t€T

The union of the B-fuzzy sets X, is denoted by { J,r X: and defined, for each E C A, by

(U x‘> (B) = (n X:)c (E). (3.2)

teT teT

If T = {1,2}, we shall write X;NX; and X;UX; instead of nte{m} X, and Uze{l,z} X,

as can be easily seen,

XnX)E)=  \/  (4(F)AX(G). (33)

F,GCA,FnG=E

Theorem 3.1. For each X, X1, X, € [P(A)]¥, X°, X1NX>, and X;UX; are also in
[P(A)]*. If the Boolean algebra B is completely distributive, then Nier X and Uer Xe
are in [P(A)}#* for each nonempty parametric set T'.

Proof. HE, F C A, E#F, then A~ E # A— F, so that X*(E) A X*(F) = X(A—
E)A X (A~ F) = 0p, moreover, \/g, X°(E) = Vg4 X(A— E) = Vgcy X(E) = 15,
so that {X°(E)}gca € Dcp (1), i.e., X¢ € [P(A)]*.

Let X1, X; € [P(A)*, let Ey, E; C A, Ey # By, then

(X100 X2) (Ex) A (X1 N X2) (Ba) = (3.4)
= \Vi (X2(F) A X2(G1)) A

F1,G1CA, NG =E)
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A V (Xi(F2) A Xa(Ga)) =
F,,G2CA, FnG3=E;
= V V (X1(F1) A X2(Gh) A X (F2) A Xo(Ga)) .

F1,G1CA, FinGy =Ey F3,G,CA, NGy =E;
But, if By # E;, i NGy = Ey, and F; N G, = E,, then either F} # F», or Gy #
G, so that either X;(Fy) A Xq1(F2) = 0p, or X3(G1) A X2(G2) = Op, consequently,
X1(F1) A X2(Gr) A X1(F2) A X2(G2) = 0p in every case. Hence,
(X2 1 X2) (B2 A (X: 01 X2) (Es) = 0. (3.5)

Moreover,

V (Xan X)) (B)=\/ ( V (XI(FMXZ(G))) = (36

EcCA ECA \F,GCA,FnG=E

= V &®)axa@) =\ V (XG(F)AX(G)) =
F.GCA FCAGCA

=V (x,(F)A vV x2(0)> =\ G(F)alp) =
FCA GCA FcaA

=V Xu(F) =15,
FCA

hence, {(X; 0 X2)(E)} g, € Dep (1), so that X; N X, € [P(A)]*.
Let {X.}er C [P(A)]*, let E1, E; C A, E; # Ey, then

(ﬂ x,) (Ex) A (ﬂ X,) (Bz) = (37)

teT teT
= V 9 ({Fi}eer) A
{Fi}erCP(A).,ep Fr=E1
A V h({Gibeer)
{Gi)erCP (A er Ge=Ez
where
g({Fi}eer) = /\Xt(Ft)a (3.8)
teT
h({Glier) = N XuGy).
teT
So,

() e

(QT X,) = (3.9)
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V V (9(f Filier) AR ({Giheer)) =

{F-)IETCV(ALH.ET Fi=Eg, {U‘)reTC'P(A)vn,eT Gi=E;

V'V (/\(Xz(F:)/\Xt(Gt))) =0p,

{F:}{G:} \teT

1l

as if ﬂteT Fy = E, mteT Gy = E;, and E; # E,, then there exists to € T such that
Fyy # Gy, 50 X3y (Fiy) A X (G,,) = OB, consequently, A,er Xo(Fe) A Xi(Gy) = 0p.
Finally,

V (n x,) (B)= (3.10)

ECA \teT

VooV (A

EcA {Fi}eerCP(A),gp Fi=E \t€T

V AxR)= | AXe

{FilierCP(4)teT PEP{A)T teT

Il

il

If B is completely distributive, then for each nonempty parametric sets T, S, and each

{ess}eerses C B,
v /\ Cp(t) = /\ V €4s. (3.11)

€ST LT teT s€S

Setting S = P(A) and e;g = X, (E) foreach t € T, E C A, i.e., E € S, we obtain from

(3.10), that
V (n X.) (B)= A\ \ Xu(B) =15, (3.12)

ECA \teT teTECA
as Vgcy Xe(E) = 1p for each t € T. Hence,

{(ﬂ x,) (E)} € Decp(1p), (3.13)
teT EcA

so that e X¢ € [P(A)[*. The same assertion for (J,ep X follows immediately from
(3.2). o

Let us recall that external B-fuzzy sets over A are defined as classical (crisp) sets of
fuzzy elements of A, i.e., as elements of P(A#), so that the set-theoretic operations over
external sets are defined in the usual way.

4. COMPATIBILITY OF SET-THEORETIC OPERATIONS AND EMBEDDINGS
FOR CLASSICAL AND INTERNAL B-FUZZY SETS

In this chapter we shall prove that, roughly speaking, the set-theoretic operations com-
mute with the mappings h;. and h.; defined and investigated above. In other words, we
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shall prove that these mappings define homomorphic embeddings between classical and
internal B-fuzzy sets over the same basic set A. A more formal description of what this
commutativity means is given in the conditions of the assertions introduced and proved
below.

Theorem 4.1. Let X, Y € [P(A)}*, then
(X)) = (X, Xu)®=xC0uy®,  (XnY)®=x0nyt (41)
If the Boolean algebra B is completely distributive and if X, € [P(A)]# foreacht € T # 0,

then
(*) (%)
(U x.) — U, (ﬂ x,) — . “2)

teT teT teT teT

Proof. Let X € [P(A)]#, let a € A, then

(X)@) = \ x(B)y=\ X(4-E)=\/ X(B) = (4.3)
E3a E3ae Ea
= =V X(B) = ~xO(a) = (X)" ()
£3a

(\/ X(E)) v (V X(E)) -1, (s

E3a Eja
(\/ x(z‘)) A (\/ X(E)) =05, (4.5)
E3a EFa
so that (X)®) = (X®)°,
Let X, Y € [P(A)]#, let a € A, then
(XnY)¥e) = \/ (X nY)E) = (4.6)

E3a

= \/( V (X(F)AY(G)))=

E3a \F,GCA,FNG=E

= Vo &x@®AY@)= \ XE)AYEG) =

FGCA,FNG3a F3a,G3a
= VVw&xware)=\ (X(F)/\ V Y(G)) =
F3aGda F3a G3a

I

F3a G3a

' (\/ X(F)) A (\/ Y(G)) =X a) AYO(a) = (XW 1 YW) (a),
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so that (X NY)*) = X A Y, The assertion for (X UY)®) follows immediately from
de Morgan rules.

In the general case, when X; € [P(A)]* for each t € T # @, we obtain, for each a € A,
that

(ﬂ xt) “ (a)=\/ (ﬂ x,) (E) = 4.7

teT E3a \teT

V V N\ Xd(F) =

B398 {Fi}erCP(A). ) or Fi=E 1€T

V /\X,(F,)z

{FiheerCP(A),p Fi3a t€T

VA Xd(F),

EST teT

]

I

where S ={E: a € E C A} C P(A). l B is completely distributive, the last expression
in (4.7) can be written as

AVXE=A\ V x(B)-= (48)

teT E€S teT E3q,ECA
- o= ()
teT teT

so that (nngXt)M = Mier X&), The dual assertion for (U,GTXg)(') again follows
immediately from de Morgan rules. The assertion is proved. =]

Theorem 4.2. Let the Boolean algebra B be completely set-isomorphic, let X € A~,
let X; € A* for each t € T # 0, then

(A9)® = (xB)°, (U /Yt) * =Jx®, (4.5)
teT teT
)
(ﬂ x,) =Nx®.

teT teT

Proof. Let X € A*, let E C A, then

(x°) #) (E) = /\ X%(a) A /\ —X%(a) = (4.10)
(132 a€A-E
= A-¥@r A\ @) =xP(4-E)=(XH)(B)
a€E a€A-E

s0 that (X)) = (X®)°,
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Let X, € A* for each t € T # 0, let E C A, then we obtain

(ﬂx,)w)(m:/\(ﬂxt) @nr A ﬂ(ﬂx,> (@)= (411

teT acE \teT a€A-E teT
= ANXA A —\(/\Xl(a)>.
a€EteT a€A-E teT

From the other side we obtain that

(ﬂ Aﬁ*’) (E)= V (/\ xé#’m)) = (4.12)

teT {FhercP(A),(,er Fi=E \€T

Vv A [/\ X(a)n A '*Xg(a)} =

{FiheerCP(A)oq Fi=B €T LocFe agA-F;

V Al A xan A ﬂx,(a)}:

{F?}terCP(A-E),(,op FO=0t€T |a€EUFY a€(A-E)-F?

AN Xda) A
a€B teT
A \V A (/\ EAC VN AN A N

{F2)eerCP(A=E).(,p FO=0 t€T \aeF? a€(A~E)-F?

It

il

so that the only we have to prove is that

A - ( A Xl(a)) = A (\/ ﬁ;(@) = (4.13)
o€A-E teT a€A-FE \teT
= V ALA xar A ﬁXt(a)) .

{F2)ierCP(A=E),op FP=0 (€T \acF? a€(A-E)-F?

Supposing that B is completely set-isomorphic we may also suppose, without any loss of
generality and in order to simplify our notation, that X(a) is a subset of a basic space
S for each t € T, a € A, and that (4.13) converts into ‘

H = N UGB-Xa)= (4.14)
a€A-E €T
= U Nl N xan N (S—a',(a)))
{F.D):eTCV(A—E).n‘ETF,:miET aeF? a€(A—E)~F?
= Hy,

where Hy and H, denote abbreviately the corresponding sets.
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Let s€ S, s € Hy, set, foreacht € T,

. 15
afs) ={e€ A s€ X)),  Fs)=aufs) ~ B- (615

Obviously,

ﬂac(s) = {a cA:se€ m /Yt(a)} = (4-16)

tel teT

= {aeA: ses_U(s—x,(a))} C E,

teT o _
as for each a € A~ E, s € Hy yields that s € U,er(S — Xi(a)). Hence, nteTFt_ =
Nier (eu(s) — E) = 0, so that {F(s)}ier is one of the sequences over which the uI:Oﬂ
operation in Hj is taken. Moreover, F2(s) C c(s), so that s € Xy(a) for each a € FY(s)
and each ¢ € T, hence, s € mueFf' X,(a) for each t € T. Due to the definition of
FO(s), (A—E)—ay(s) = (A—E)=F%s), 5o that s € S—X,(a) for each a € (A—E)—F{(s)
and each ¢ € 7', hence, s € ﬂnE(A_E)_F?(S—X,(a)) for each t € T. Consequently, s € Ha,
so that Hy C Hj.

In order to prove the inverse inclusion, suppose that s € S — H;. Then there exists
ag € A — E such that s € S — U,er(S — X(ao)). To arrive at a contradiction suppose,
moreover, that s € Hy. As ag € A — E and (,op F? = 0, it follows that for each
{F}ier C P(A = E), Nier FY = ¥ such t € T must exist that ao is in (A — E) —
FJ. Consequently, s € § — Ay(ao), hence, s € Uyer(S — Xi(a)). But this conclusion
contradicts our assumption that s € § — Hy, so that s € § — H, implies s € § — H,.
Consequently, H; = Ha, so that (4.14) and (4.13) are proved and we may conclude
that (M7 Xl)(#) = Ner X The dual result for (User X,)(#) immediately follows
from relation (3.2) which defines this internal B-fuzzy set over 4 through the joint and

complement operations in the way preserving de Morgan rules. The assertion is proved.
m]

Theorem 4.3. For each X € [P(A)J#, (X(*))(#) = X. If B is completely set-
isomorphic, then for each X ¢ A*, (,,\{(#))(') = AX.

Proof. Let X € [P(A)}* let F C A, then

(X(*))(#)(F)z /\X")(a)/\ /\ -XM(0) = (4.17)
ek a€A-F
= AV x®Br A -V xB=x(F
a€F ECA, qcE a€A~F ECA,a€E

due to (2.7), so that (X&)# _ x jf g completely set-isomorphic, then for each
a€ A,

(X(#))<-)(a)= v XHB(F) = X(a) (4.18)
FCA,a€F

due to (2.25), so that (';H#))(') = X. The assertion is proved. o
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5. EXTERNAL B-FUZZY SETS

Let us recall that external B-fuzzy sets are defined as classical crisp sets of B-fuzzy
elements of the set A, so that the set of all external B-fuzzy sets is identical with the
power-set P(A#*) over A*. Set-theoretic operations over external B-fuzzy sets are, hence,
defined in the usual way.

As already mentioned above (Fact 1.1), the space of external B-fuzzy sets is richer
than that of internal B-fuzzy sets or, due to the results obtained above, than that of
classical B-fuzzy sets. So, it is not too reasonable to expect that a simple mapping from
P(A*) into A* or into [P(A)}* would conserve all the properties of external B-fuzzy
sets and would enable to identify unambiguously the inverse image from P(A#), given
its image in A* or in [P(A)]¥. To illustrate the situation, let us consider the following
straighforward generalizations of the mappings hi. and h.; to external B-fuzzy sets. Let
X € P(A#), i.e., let X C A#, set

Na) =\ z(a), (5.1)
X®(E) = Ax¥a A -x0() =
(132 a€A-E
= /\\/z(a)/\ /\ ﬂ\/r(a)
a€EE r€X a€A~-E z€X

for each @ € A and E C A. It is obvious that X € A* = B4, and it follows from what
we have proved above, that X®# ¢ [P(A)]*. A simple example proves that, contrary
to the case of internal B-fuzzy sets, the mapping defined by (5.1) is not one-to-one, so
that there exist X, ¥ € P(A#) such that X # ¥, but X(*) = ¥( and, consequently, also
X = Y®). Take A = {a,b}, a # b, B ={0p, ¢, —e, 15} such that 0g # ¢, —e # 1,
take X = {z1,22}, Y = {¥1,¥2}, where

zi(a) = e, z(b)=-e, zy(a)==e, z3(b)=ce¢, (5.2)
nla) =05, y(b) =15, y(a)=1p, y(b)=0s,
so that, evidently, X # Y. However,
xa) = z(a)Vaala) =eV (me)=1p = ‘ (5.3)
05V 1p = yi(a) V yo(a) = Y*)(a),
X)) = 2(b) V(b)) = (~e)Ve=15=
= 1pV0g =y (b)V yy(b) = Y™(b),,

so that X = y(),

To compare the extents of the set P(A*) of external B-fuzzy sets and of the set A*
of classical B-fuzzy sets (A* = B#4), the following simple computation concerning their
cardinalities may be worth introducing explicitly. Let B = (P(Bs), N, U, ¢, §, Bo) be the
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Boolean algebra of all subsets of a fixed nonempty set By with respect to the common
set-theoretic operations, let A be a nonempty set, then

card (A*) = card (P(Bo)*) = (card P(Bp)) ™" = (5.4)
(zcard(Bn)) card(A) ~ gcard (Bo)card (4)

At the same time,
card (P(A#)) = 20004 (4%) (5.5)

In order to obtain a lower estimate for card (A#), consider the following special B-fuzzy
elements of A. Let C C By, § # C # Bo, let a1, a; € A, let 2(C,a5,a2) : A — P(By)
be defined as follows:

z(C,a1,a2) (a1) = C, (5.6)
z(C,a1,03) (az) = C° = By - C,
#(Cya1,a5) (a) = 0
for each @ € A, a # a1, a # az, supposing that @, # a;. If ¢; = ay, then
z(C,a1,a5) (a1) = By, (5.7)
z(C,a1,az)(a) = @
for each a € A, a # a,. Obviously, for each triple (C, a1, a;) € (P(Bo)— {0, Bo}) x Ax A,
{z(C,a1,a2) (a)}aca € Dcp(1s), hence, 2(C,a1,a2) € A*. Moreover, if (C’,a},a}) #
(C, a1, a3}, then z(C’, a}, a}) # z(C, a1, a3), consequently,
card (A*) > card ((P(Bo) — {0, Bo}) x A x A) = (5.8)
= card (P(Bo) — {8, Bo}) (card (4))* =
(2‘“d(3°)) (card (A))%

Hence, if card (A) > 2, card (B,) > 2, then
card (A#*) > (card Bo) ( card A). (5.9)

If, moreover, both the sets By and A are finite, then the inequality in (5.9) is strict (>),
so that
card (P(A#)) = geard(4%) > g(aera(Bo)-2)(card (4))" (5.10)
> geadiBoedld) = card (A7)

Hence, in this case no one-to-one mapping between P(A#) and A* exists. The same
situation occurs when both A, By are infinite, and card (By) > card (A), as in this case

(257180} — 9) (card (A))? = 2°B0) 5 card (By) = (5.11)
card (By) card (Ap).
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On the other side, if A is infinite, if card(A4) 2 2°4®B) = card (P(Bo)) and if
card (Bg) > 2, then

(2274 B0) —2) (card A))? = card (A) = card (A) card (B) (5.12)

and our example fails. Namely, if By is finite and A is infinite, card (P(A#)) = card (A%),
as the following reasoning demonstrates.

Let By be a finite set, let card (By) = b, let A be an infinite set. Let K,, n =
1,2,..., be the set of all decompositions of By into n different and nonempty subsets,
Let K, = card (K,). Each decomposition of By can contain at most b different nonempty
subsets (the decomposition into singletons), so that K, = 0 for each n > b. Obviously,
Kn <2°—1 = card (P(Bo) — {#}) for each n. Let (Dy, Ds, ..., D,) be a decomposition
from K,, hence, # # Di, D;N D; = B foreach 1 < i # j < n, U, Di = By,
let {a1,ay,...,a,) be an n-tuple of mutually different elements from A. Then, each
permutation 7 of (1,2,...,n), ascribing to a; the subset Dy C Bo, defines a fuzzy
element of A with respect to the Boolean algebra over P(By), hence, each such 7 defines
an element from A*. Obviously, different permutations yield different elements from
A*, so that the pair ({a1,...,a,), (D1,...,Da)) of n-tuples defines n! such elements.
If {a1,...,a.) # (a},--.,a,) or (Dy,...,D,) # (D},...,d.), then the sets of elements
of A*, generated by ({a1,...,a.), (D1,...,Da)) and by ({a},...,al), (D},..., D)) are
disjoint, so that

oo

3 ({la, .- an) € A, a; different}) - (5.13)

n=1

card (A*)

-(card (K,)) n! <
b
> card ({{ar,...,00) € A"}) 20! <

b(card (A))* b1 2* = card (A) = card (A) card (Bo),

IA

IA

as card (A) > Ry, card (Bo) < Ro. The inverse inequality card (A#*) > card (A) follows
immediately from (5.9), as A is infinite and B finite. Consequently, we obtain that

card (P(A#)) = 9geard(4¥) _ gcard(4) card(Bo) _ -(5.14)
card (A"),

Il

so that there exists a one-to-one mapping between external and classical B-fuzzy sets.
The immediately emerging questions are as follows:
(1) to find an explicit way how to encode external fuzzy sets by the classical ones in the
cases when it is possible, as our proof of such a possibility is of purely non-constructive
way;

(2) To investigate, in which senise, degree, and for which purposes, classical or internal
B-fuzzy sets can approximate the external ones under the condition that a one-to-one
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encoding is either impossible, or if it is not effectively achievable, or if it is hard to
proceed for some computational or other reasons. However, let us postpone a more
detailed investigation of both these problems till another occasion.

(Received February 3, 1992.)
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