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KYBERNETIKA — VOLUME 76 (1980), NUMBER 2

Optimal Control of Stabilizable Time-Varying
Linear Systems with Time Delay

JozerF KOMORNIK

The linear-quadratic problem on the infinite time interval is considered. Optimal control is
derived from the smallest nonnegative continuous bounded solution of the known system of
three Riccati-type equations.

In this paper we show that the optimal control of stabilizable time-varying linear-
quadratic systems with time delay on the infinite time interval is given by the formula
similar to the known formula for the optimal feedback control of systems on a finite
time interval. The main results are contained in Theorem 1 and Theorem 2.

Theorem 1 describes the asymptotic behavior (in T) of the solution W™ of the
Riccati-type system of equations in three variables (cf. [1], [2]) subject to the initial
conditions W7(T) = 0. The limit is the solution of the above system on the infinite
interval. Theorem 2 contains the formulas for optimal control and minimal cost and
a discussion of some properties of solutions of the mentioned Riccati-type system on
infinite time interval. The functional of minimal cost corresponds to the smallest
nonnegative bounded continuous solution. A sufficient condition for uniqueness
of this solution is presented.

Consider the system described by the equation

() = Ao(1) . x(t) + r Ayt 7). x(t + 1) de + A1) x(t — B) + B(t) u(t) »

-h
(1) for € {to, )
with the initial condition
x(to +7) = o(z); tel—h,0>

where
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x(t) is the n-dimensional state vector
u(t) is the p-dimensional control function
Ao(1), Ay(t, 1), A5(2), B(r) are matrix coefficients of appropriate types which are
bounded and continuous on their domains.

Let Q,(f) and Q,(t) are bounded continuous matrix functions with nonnegative
definite and positive definite values, respectively. Our aim is to minimize the loss
function

) crw o) = |
where
(2a) oft, x(1), u(t)) = x'(t) . Q,(1) . x(t) + w'(¥) . Qu(t) - u(2) .

It is well known (see [1], [2]) that for any T > s 2 t, the optimal control of the
system (1) with respect to the cost function

@

c(t, x(1), u(t)) de

2

s

@) Cl(u, x) = J "ot %), u(t) dt, x(s + %) = o) for te(—h,0)

can be written in the form

3) ul(t) = —Q; (1) . B'(r) . [Wo' () . xT(t) + V[O W1, 7). x"(t + 1) dr]
~h

and the corresponding minimal cost can be written in the form

O] CIu™, @) = ¢'(0). Wo'(s) . ¢(0) + 2¢'(0) .J‘o;. Wy (s, 7) @() do +

+ Ji. Jﬁ;p’(r) - Wi (s, 7, @) @(e) do dr = W'(s) (o)

where the triple Wg (1), W (t, ), W] (s, 1, o) of bounded continuous matrix functions
of type n x n defined for t e (ty, T); 7, 0 € {—h, 0) is the unique solution of the
Riccati-type system of equations:

dW,(t)

(5.1) =t A1) . Wolt) + Wolt) . Ao(t) + Wi{t, 0) + Wi(t, 0) +
+ 0,(t) = Wo(t) . B,(t) . Wo(t) = 0
(5.2) &(‘Jlt—) A Wt 5= 1) + Welt) . Ax(tys — £) +

+ Wy(1,0,5 — 1) — W(t) B,(t) . Wi(t,s — 1) = 0



(53) dW,(t,s — t,r — 1)
dt

+ Wilt,s — 1) Ay(t,r — 1) = Wi(t,s — 1) . B,(t) . Wi(t, r — 1) =0

where s, re {t — h;t); B, = B'Q5'. B

+ Ayt s — 1) . Wy(t,r — 1) +

. (5.4) Wi(t, —h) = Wy(1) . A1)
(5.5) Wy(t, —h, 1) = A5(t) . Wy{t, 7)
(5.6) Wz(t, T, Q) = Wz’(t, o, r)

with the initial conditions
(6) Wa(t) = WH(T, 1) = Wi(T,t,0) = 0.

We show that all the functions Wq (f), Wi(z, ) and W, (1, 1, o) converge (under the
condition of stabilizability of the system (1)) in T to a triple of continuous functions
Wo(t), Wi(2, 7) and W,(t, 7, @) which is a solution of system (5) on (#,, o). Moreover,
the optimal control and minimal cost are given by (3) and (4) (with T omitted).

First we introduce some formalism. For any matrix A of type m x n we consider
the Euclidean norm in R™".

Definition 1. For any Lebesgue measurable subset M of the interval (—h, 0> we
put

m(M) = A(M) + card (M ~ {—h, 0})
and

mo(M) = A(M) + card (M n {0})
where A is a standard Lebesgue measure on {—h, 0).

Definition 2. a) We denote by Lj(m,) the system of all finite n-dimensional mea-
surable functions on {—h, 0) satisfying ihie condition

~

Lol = o] + j

0
lo(@) d= = Jo()] dmo(z) < oo
-k
b) Let QF(my) be the system of all matrix functions of type n X n defined on the
product set {—h, 0> x {—h, 0> and having the following properties:
i) W(t, @) = W(e, 1) for 1,0e{—h0).

i) If we put

(7a) W, = W(0,0), W,(r) = W(0,7), Wir,0) = W(r,0) for 7,0e{—h,0)
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then the functions W, and W, are continuous and continuously prolongable on the
sets (—h, 0> and {—h,0) x {(—h, 0), respectively. Hence we can put

(7b) W,(0) = lim W,(z), Wa(0, ¢) = lim Wy(, o) .
=0 =0

Definition 3. a) We say that the function
W to, 1) = QF(myg)
is continuous if all the functions
Wo(t), Wit,7), Wyt T 0)
are continuous on their domains.

b) For We QF(m,) and ¢ € L}(m,) we define
W(o) = ﬁ #(5) . Wz, ) - 9le) dmofg) dmo(s)

¢} We introduce a partial order on QF(m,) by
W< Ve Yo e Li(mo) : Wle) < V(o)
We QF(m,) is said nonnegative if 0 < W.
Now we return to study the system (1) more closely. We can rewrite it in the form
(1a) x(t) = J A(t, 7). xz) dm(z) + B({) u(t)
where

Ao(t) for 7=0
(8a) At 7) = {4,(t,7) for te(—h,0)
A(1)  for = -—h

and

(8b) x(t) = x(t + 7).
Lemma 1. (cf. [17, [4]). Consider the equation

©) (1) = jA(t, 7). x{1) dm(z)

with the initial condition x, = ¢ & Lj(m,)

Let X(t, s) be the matrix solution of the equation




(92) g%,s) = J‘:A(t, 7) X(t + 1, 5) dm(s) 187

subject to the initial condition X(1, 1) = I; X(1,s) = Ofor t < s.
The solution x(z) of (9) can be written in the form:

(9b) x(1) = j ¥(t, 5, 7) () dmofe)
where
X(t,s) for ©=0

09 s =

X(ts+t+h). As+t+ )+

T+h
+J X(t.s+ 0)Ay(s + 0,1 — @)do for te(—h,0).

The following quite simple result will be very useful.
Proposition 1. Consider the solution x(f) of (9) with the initial condition x; =

= ¢ e Li(m,). There exists a real function K(a, d) nondecreasing in both the real
variables a and d such that for t — s £ d and

sup {|A(r, 1) s reds, ), tes—h, 0} L a
the inequality
(10) Ix(®)] = K(a, d). o]

holds.

Proof. Let the matrix function N be defined by

Nt s) = —Ao(t). 6t — 5) — J‘ihA,(t, ). 0z = 5)dr — Ax(8). 01 — b — 5)

1

where 0 is the step function

1 for t>0
o(t) =
) {0 for 10.
The function X(t, s) is the solution of the integral equation (cf. [4])

X(t5) + j‘X(t, 0. N5, 8)de = 1.

s

We have |I]| = \/n. Using the inequality
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[N(.s)| =(h +2).a=a,
and the Gronwal’s lemma we get
(10a) [X(t. 5) < n'7?. e < 0P e = Kofa, d).
Substituting into (9¢) and (9b) we get

(10b) [Y(t,s, 7)) < max(L,a,). maxv {|x(t.9)] :re s ) =
max (1, a,) . K(a, d) = K(a, d)

A

hence
Ix(0) < K(a. d). o] -
Further we concern with stable or stabilizable systems.

Definition 4. a) We say that the system (9) is stable if there exists a constant K,
such that for any s € (t,, ©) the inequality

(11) J “ X 9l ae = K,

holds.

b) We say that the system (1) is stabilizable if there exists a pair of continuous
bounded functions L(t), L,(t, 7); for t € {to, ©0) T € {—h, 0) such that the system

(1b) x(1) = fA(r, ) x(z) dm(t) + B(1) j. L(t, 7) x{7) dm(7)

is stable.
The feedback control

12 u(t) = j L(t, 7) x,(z) dm(z)

where

Ly(ty for t=0
L(t,t) for t1e{(—h,0)

Lo ={

is called stabilizing.

Proposition 2. Suppose that the function A(t, ) is bounded on (t,, o) x {—h, 0).
The system (9) is stable if and only if there exists a constant K, such that for any
se ty, ) and any solution x(f) with the initial condition X, = ¢ € L}(in,) the
inequality



1) [ 10 0 s Kol w
holds. )
Proof. Put
(8c) a = sup {[A(t, )] : t & (b, 0); 7€ (—h, 0D}
(89) ay=(h+2a.

From (10) we get
[ = vk ). ol =i ol
For te {s + h, ) we get from (9b) and (9¢)
x(1) = X(t,s + h) . x(s + h) + rM[X(t, T+ h). Ay(v + h) +

+ J‘ﬁhX(t, 0). 4,(e, T — @) dg] . x(c) dr

s+ h
hence

nwgmxmwwawfjmwﬂmw+

s

+f”w@n—mwﬂ@§wmxmm.

e—h

s+2h
.["X(t,s L)+ ay ( 1X(t.0)| dg:l.
Js+h
Therefore

fwh X)) dt < ||} . K¥a, B). r

s+

[ZHX(t; s+ B + 2a2h.
h

s+ 2h
J 1X(t o) dg]dt < 2K¥a, ) (1 + a2} . Ko . o = K7 . o]
L3

s+
Hence (13) is fulfilled for
K, =K; + K.

Proposition 3. Let the system (9) be stable and let the function A(t, 7} be bounded
on {to, ) x {—h, 0. Then for any solution x(t) of (9) we have
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(13a) © lim x(r) = 0.

t—>cw

Proof. Let x(f) be a solution of (9) with the initial condition x, = ¢ € L}(m,).
From (9) and (13) we deduce that there exists a positive constant D? such that

K"“x(z)uz dt < D2

Suppose that (13a) is not valid. There exists ¢ > 0 and an increasing sequence {t,},~4
such that |[x(1,)]| > e Put 4 = ¢2/4D?, The sequence {t,},> can be choosen in such
a way that s + h £ 1y, t,4, > ¢, + 4. For te (1,5 t, + A4) we have

w0l 2 1l = [ 1 oez ea [ [ 1o ac ] 2

2e—¢2D.D=2¢g2.
Hence

1ht4
J Ix(5)]* dt = &2/4. 4 = &*[16D?.

Therefore

) @© thtA
[Thoraz ST P =
n=1),

i
to
which contradicts to (13).

Theorem 1. Suppose that the system (1) is stabilizable. The system of functions
WT(1, 7, 0) converges in T'to the function W(t, 7, ¢) which has the following properties:

a) W(1, 1, 0) e QF(mo) for te<ty, )
b) The mapping
W {to, ) > QF(my)
is continuous.

c) The triple Wo(t), W,(1, 1), W,(t, 7, o) given by (7a), (7b) is the solution of (5)
on {1y, o).

Proof. Choose a stabilizing control

uo(t) = f I0(t, 7) x(7) dmy(7) .
Suppose that
x0 = g e Li(m).



From the fact that the functions Q(f), @,(t) and I°(t, 7) are bounded we obtain that
there exists a constant K, such that

(14) ot 1), w7(0) < K - |2 -
Denote
A%t 7) = A(t, 7) + B(r) . I%(t, 7).
Let .
a = sup {[|4°(t, 1) : te {to, ); TE{—h, 0} .
For te {s,s + h) we have
()] = K(a. d). o],

and
el = [t e+ [ 1) 4+ ool =
< flefls + (1 + k). K(a, h) . o]
when
(152) | j e ar < K5 ol

Fort = s + h we have

st 5 -+ WP + [ )7 4
Therefore
(15b) j Rz de s (1 4+ Y .rnxv(t)uz dr<

S+ B Ko ol = K5 o
Combining (14) with (15a) and (15b) we get
(15) .[ oft, X0, () dt S K, . ol
For T = t, we put

(16a) Oty = ~05'(r). B (1) . W7(1, 0, 7)

and

191
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(16b) AT(1,7) = A(t,7) + B(t). L'(t, )
where WT is the solution of (5) and (6).
Let x7(f) be the solution of (1) for the control function

(16¢) uT(t) = Jih:LT(t, ) x(x) dmofr)

and the initial condition
(16d) xI = geLi(m).
Then we have

Wio) = [( XT(0), w7() dt < jrc(u <90, we) dt < K- Joli -

s

Let T} < T,. We denote by x' and u' the functions x™, u™, i = 1; 2. We have

s

Wiie) = JT‘ e(t, x'(1), u'(1)) dt < jTl e(t, x*(1); w?(1)) dr £

Ty
< [t 0, w ) ar = Wsto).
5
Thus for ty, < s £ T} £ T, we have the following inequalities in QF(mo):
() We S W5 <Kyl

where K, .1 is the constant matrix function on (—h, 0) x {(—h, O).
We denote by In the class of initial functions of the types

(182) Qi =e; . qo, for i=1,..,n

(18b) Yrj=m.€;. femtmurimy fOr J=1,..,ntel~h0);m=12..

(18¢c) @ = ¢ * ¢"; ¢’ and ¢ are of the type (18a) or (18b)

where e; is the i-th member of the standard orthonormal base in R" and xu is the

characteristic function of the set M.
Choosing suitable initial functions from the class In we derive the inequality

(17a) IWi(s, 7, 0)| £Ks.n for s< T t,0e{—h0).

Substituting it into(16a)and (16b) we conclude that there exists a constant « such that

forany T




(17b) sup {47(t, )] : (1, ) € Cto, T x {=h, 0>} < . 193
Therefore for the solution x” of (1) determined by (16¢) and (16b) we have
(170 [¥70] < Ko - ). ol for 157.

Considering once more suitable functions of the class In (cf. [1], [2]) we get that for
any given (s, 7, @) € tg, ) x {—h, 0y x {—h, 0) there exists a limit

(19a) W(s, 7, @) = lim W'(s, 7, 0) .
T-o

We show that this convergence is uniform on {t,, t;> x {—h,0> x {(~h, 0> for
any t; € to, ). Put t, = t; + h. For any & > 0 there exists T, > ¢, such that for
T, < T, < T, the inequality

(19b) J'-[ [WT(t, 7, 0) — WTi(t, 1, 0)|| dmo(r) dmofe) < &/n . K*(, d)

holds.
Put d = t, — t,. For i = 1,2 we consider the solution x* = x™* determined by
(16c) and (16d). For s € {1y, #;> we have

t.
Wi() = min { f

5

et x(0), u(0) dt + Wz;,(xu)} -

- J et ) w(0) d + WE()

s

where u' = u™* is given by (16a) and (16c).
Therefore

12
0 5 Wiilo) — Wij(o) = | "ol X0 w0) 1 + WD) -

2 .
—f oft, x'(0), w'(1) dt = Wi(xe)) < Wih(xi)) — Wi(xi) =

s

éf Ix'(t2 + - [W7(t2 7, 0) = W (120w Q)] - (12 + @) dmo(r) dmo(e) =

SKwd). ot ef(n K@ d) = ¢fn . o]
Choosing suitable initial functions from In we derive

[W™(s, z. o) — W(s, @)} S &
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uniformly on
(to, 11> x {—h,0) x {~h,0).

Thus the components Wo(t), Wy(t, ©), Wa(t, 1, 0) of the limit function are continuous
on their domains.

Foragiventand T 2 t + h the triple W (£), W (¢, 7), W5 (1, 1, o) is the solution of the
system of integral equations which we obtain by the integration of the system (5):

(20)  Walt) = Wolt + 1) + ﬁ””[A;,@). Wols) + Wals) Ao(s) + W(s, 0) +
W5, 0) = W(s) - By Wols) + ©,(5)] ds
(20b) Wit t)=Wo(t + 7+ h). At + 7+ k) +
+ th[Wo(t‘f‘T"Q)~A1(t+T‘Q;Q)+A6(t+r—-g).W1(t+1—Q;g)+
+ Wt +7—00;0) — Wo(t +7—0). Byt + 7 — o). Wy(t + 7 — g; 0)] de
(20¢) Wylt, 7, 0) = As(t + t+ B). Wit + T+ h;o — T+ h) +
+Jth[A{(t+T“§,§).W1(t+T—é,g—‘[+é)+
+ W{(t+r—f,é)-Al(tH—é,e—Hf)—
— Wit +T =88 . Bt +1 -8 . Wi+t ~¢o—1+&]de

for —h<t<eg0

and
(20d) Wy(t, 1, 0) = Wa(t,0,7) for —h<gZt<0.

Taking the limits with respect to T we obtain that the triple Wy(1), W,(t, 1), Wy(t, 7, @)
is the solution of (20) and of (5) as well.

Theorem 2, Assume that the system (1) is stabilizable and W is the function con-
structed above. Then the following statements hold.

a) The control

(21) u*(t) = J :L’f(t,, 7) x7(7) dmo(7)

where




(21a) L2(t, %) = ~B(). 05(). W(t.0, ) 195
is the optimal control for (1) and the value of minimal cost is given by
(22) C2(w, @) = Wilo) -

b) The function Wis the smallest nonnegative bounded continuous solution of (5)
on ty, o0) (in view of Definition 3).

¢) Suppose that ¥ is any nonnegative continuous solution of (5) on (t, ). Then
for any stabilizing feedback control

ut) = Joh L(t, 7). x,(r) dme(z)
the inequality
(23) C2(u, 9) Z Visy(0)

holds for any s € {to, ) and ¢ € Lj(m).

d) Suppose that there exists a constant & > 0 such that for any ¢ € {to, ®) and
x € R" the inequality

(24) xX.0.x=9. ||x||1

holds. Then W(t) is the only nonnegative bounded continuous solution of the system
(5) on <tg, ).

Proof. Let t, £ s £ T < oo. Suppose that V(t) is the continuous nonnegative
solution of (5) and that x() is a solution of (1) for a control function u(z) and initial
condition x, = ¢ € L{(m,). Calculating as in [1] or [2] we get

@) et x(), u(i) + iiﬂ%("—)l - [u(t) - f :’U(t, ) x(7) dmo(r)]

q

- 0:(0) [u() — j :'U(t, ©) x,(2) dmo(0)] 2 0

where
) U(t,7) = =B'(f). 0;'(1) . V(1,0,7)
(26) Ci(u, x) 2 Vio®) = Var(9) -

If we suppose that ¥(f) is bounded and u is a stabilizing feedback control we get that

limx(f) =0, lim Vqy(xy) =0.
T-w

2o
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Hence the statement c) is proved.
Now we prove a). Let x(z) be a solution of (1) for some control function u and initial
condition x, = ¢ € L}(m,) For any T = s we have

Cilu, %) = We(o)
hence
C2(u, x) 2 Wis(9) -
From (25) we get
. Cl(u*, ¢) = Wio(9) — Win(0) < Wo(0)
and (22) is fulfiled.
b) For

0
u(t) = J U(t, ©) x,(z) dmy(7),
-k
where U is as above, we have from (25)

Ci(1, ) = Vi) = Virfxr) £ Viofo) .

But

Wee) < Cl(u. 9) < V(o) -
Therefore
@) Weo < Vio.

d) We show that (24) implies that the control u*(r) is stabilizable. For the solution
x*(f) with x¥ = ¢ we have (making use of (18))

[Ther s s s [" <0 0,0 w0 <

s

S 15| el u0) = 15 Wess) 5 115 Ky ol

According (23)
Weo(x) = C2(u*, x) 2 Vig(o)
Combining with (27) we get V) = W,.

Remark. a) If all the functions A(z, 7), B(1), Q,(t), Q.(t) are periodic in ¢ with the
same period d the functions W(¢) fulfil the equations

WTH(t + d) = WT(3).




Therefore the functions W(t, 7, ¢) and LAz, ) are periodic in ¢ with the period d

b) If all the functions 4, B, 1, Q; are constant in t then W(t, 7, ¢) and L*(,7)
are constant in t. The function W(z, ) : 7, g € ¢ —h, 0 is the solution of the simplified
system

(28a) Ab . Wy + Wy 4y + WI(O)—FWQ(Q),;z[/O'Bl.WO_}_QI -0

Cs) Oy A+ o W) 4 W09 — o By WD)

(282) %Zf#@ 4@ Wy(d + 1) + W(0) . A,(d + 1) —
— Wi(r).B, Wi(d+1) for —hgt<t+d=0

(284) Wi(=h) = W, . 4,

(28¢) Wy(—h, 1) = 4. Wy(x)

(28f) Wiz, ) = Wi(e, 7).

The function W can be obtained in the form

(29) W(r,0) = lim V(1,1,0)

t+ =
where Vis the solution of the system (5) on {t,, 00) with the initial condition ¥(0) = 0.

(Received May 5, 1979.)
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