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KYBERNETIKA — VOLUME 17 (1981), NUMBER 6

CONTINUITY AND QUANTIZATION OF CHANNELS
WITH INFINITE ALPHABETS

STEFAN SUJAN

Block coding theorems are obtained for transmission of abstract alphabet stationary and
ergodic sources over abstract alphabet stationary and weakly continuous channels in case when
all data are subject to quantization errors.

1. INTRODUCTION

Winkelbauer [1] proposed a method for proving block coding theorems for
stationary channels decomposable into ergodic components {cf. also [2]). A slight
modification gives analogous results for a general class of stationary non-ergodic
channels termed d-continuous [3].

In spite of the fact that Winkelbauer follows in formulation the traditional ap-
proach which treats source and channel coding problems separately, his proofs
actually give a joint source’,’channel coding theorem. Joint source/channel codes are
designed for transmission of a source over a channel, therefore we speak also about
coding theorems for transmission. Gray and Otstein [3] show that a good joint
source/channel code can always be constructed from a good channel code, the latter
being understood in the usual sense of Wolfowitz [4].

On the other hand, the way of constructing good joint source/channel codes is
somewhat roundabout. First we construct a good channel code without any reference
to the source to be transmitted over the channel. In the sccond the source is taken
into consideration in order to construct the desired joint source]channel code. Thus,
one expects that a direct construction will require weaker assumptions on the channel
itself, these being compensated by the knowledge of the source. More technically,
the usual notion of a block channel code seems to be unnecessarily strong from the
point of view of the transmission theorems. These ideas have been made rigorous
by Kieffer [5] who shows that a weaker notion of code can do the same job within
the setup of block transmission.
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This observation has the following important consequences. The error probability
of a block channel code is calculated with the aid of the actual channel probabilities.
As observed in [3], this requires continuity of the map x > v, carrying each input
sequence into the corresponding noise component. The weaker notion of code due
to Kieffer requires, however, a weaker continuity assumption. Indeed, we merely
have to require that the map 4+ Av carrying each stationary and ergodic input
source into the joint input/output distribution be continuous. Kieffer [5] shows that
weak continuity is appropriate and thereby obtains the most general class of station-
ary channels for which one would need a coding theorem.

The aim of the present paper is to investigate the problem of block transmission
of abstract alphabet sources over abstract alphabet channels when all data are subject
to quantization. Winkelbauer [1] suggested the way of attacking this problem, how-
ever, a simple combination of available finite alphabet results with a quantization
procedure fails to work. This is in contrast with source coding where this idea works
well and results in interesting results (cf. [6] and the references therein). The reason
is very simple. The structure obtained by quantization of the input and output alpha-
bets of a channel is not a channel, unless the structure of noise is extremely simple
(e.g., for channels with additive noise where the components of noise are just different
shifts of a single source of noise; cf. [7]).

That is why Kieffer’s observations become so important. Indeed, by quantization
of the joint input/output distribution we again obtain a joint distribution, namely
that of the quantized pair process. Hence, the question reads whether one can prove
block coding theorems for transmission without reference to the actual channel
probabilities but merely to the corresponding joint input/output distributions. If the
answer was in affirmative, then one could combine quantizations of alphabets with
finite alphabet results and obtain the desired coding theorems. The rest of the paper
is devoted to the discussion of conditions which make this idea possible.

2. PRELIMINARIES

Let (4, o/) denote a standard measurable space (we can assume that 4 is a com-
plete separable metric space and &/ is the Borel o-field, and let d, stand for the
metric on A). Let (4", &™) and (4™, &/*) denote the standard spaces of all n-tuples
2" = (zq, ..., Z,_,) and of all sequences z = (..., z_, zg, 2, ...) with z;€ 4; the
o-fields /" and o/ being the usual product o-fields. For ze A% let Z(z) = z,
denote the projection of z onto its i-th coordinate, and let T, denote the shift on 4%,
i, (T4z); = 2i+1- Let u be a probability measure on (A%, s#®). The sequence of
random variables Z,(z) = Zy(Tiz) is then a discrete time random process and the
whole structure is abbreviated as [A4, u, Z], [4, u] or p as convenient, and called
a source. If p= uT, " then p is called n-stationary, in symbols, ue.#7(A). A source
u e M"(A) is said to be n-ergodic if E € o/® and E = T,;"E imply that u(E) € {0, 1}.
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We let &"(A) designate the set of all n-ergodic sources. A I-stationary (1-ergodic)
source is called simply a stationary (ergodic) source, and we shall use the notations
M(A) = ' (A), §(A) = &'(4), respectively. Also, let .#,(4) denote the set of all
block stationary sources. By definition, p e .#,(A) if pe #"(A) for some n 2 1.

Let 77, stand for the field od all finite dimensional cylinders in 4®. Ve ¥ if there
exist an integer i, a nonnegative integer n, and a set E € &/" such that

V=CYE)={z€ A" | (zi .- Zisn-1) € E} .

We write z} for (z,, ..., Z;4,—,) and, as above, z" means z§. Similarly, C"(+) = C3(-).
Let x" denote the restriction of u to «/", that is,

W(E) = n[C(E)], Ees".

The field ¥”, plays a distinguished role when A4 is a countable discrete space so that &/
consists of all subsets of A. In this case, ¥", is a base for the topology of 4® which,
being a field, consists of clopen sets so that A% becomes a totally disconnected space.
In particular, the uniform closure of the convex hull of the set of all indicator functions
of sets in ¥, is just the space C(A%) of all bounded continuous functions on A%.
This considerably simplifies notions like weak convergence of probability measures
on spaces with discrete alphabets.

Let (B, %) and (C, %) be two standard spaces. The coordinate processes on B*
and C*® will be denoted by X = {X ]} __ and Y = {¥;}2_ . A channel with input
alphabet B and output alphabet C is denoted by [B, v, C], where v = {v, I xe B®}
is class of probability measures v, on (C*®, ¥*) such that for each F e $, the map
x = v,(F) : B* - [0, 1] is measurable. We assume that all channels throughout the
paper are stationary, that is,

WTF | Tyx) = v(F); xeB®, Fe¥>,

where we use the symbol ¥(- | x) as alternate for v,(+). Given a source [B, 1] we define
the joint inputfoutput distribution or, the double source, [B x C, Av] by the proper-
ties that
E x F) = J. v(F)A(dx); EeB®, Fe®%™.

E
Also let (X, Y);i(x, ) = (x5, ¥;) and (TpxX, ¥))i = (%4 1> Yis1), TOSPeECtively. By
joining a source [B, A} e ."(B) with a stationary channel [B, v, C] we get that
[B x C, Av]e #"(B x C), nz 1.

If A is a finite set, let [A] denote its cardinality. Our next considerations relate
to finite alphabet channels unless otherwise stated. Following [5], a (M, n, &)-
channel code for a stationary channel [B, v, C] is a collection ¢® = {(w,, W})| 1 £
i g M} of M distinct n-tuples w; € B" called code words, and of M pairwise
disjoint decoding sets W; € ¢” (as |C|| < oo, the W;s are simply subsets of C”) such
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that for every [B, 2] € .4"(B) satisfying A"{w,, ..., wy} = 1, we have
M
MEL Y eU{w) x W]zl —e.
i=1

Recall that a (M, n, ¢)-channel code in the usual sense of Wolfowitz [4] is a col-
lection €™ such that

max sup Vi(W{) L.

1SiSM xeCh(wi)
Observe that Kieffer’s notion is similar to the notion of a Feinstein code as introduced
in [3]. This suggests the kind of restrictions we must impose upon the channels in
order that we can get a coding theorem. Indeed, if a (M, n, &)-channel code was
designed for some input source [B, ).] then its performance should remain nearly
the same for sources [ B, 2] which are not too apart from [B, A]. From the point of
view of the error probability this means that a small change in 2 should produce only
a small change in Zv. A natural tool for measuring the extent of such changes is pro-
vided by the weak topology. Accordingly, a stationary channel [B, v, C] is said to
be weakly continuous if, for any 1,, A € &(B) such that 4, - 2 weakly, we have that
Ay — Av weakly. Recall that 4, — A weakly if and only if

-[fdl,,-»J.fd}L for fe C'B®).

If | B| < oo then 4, - A weakly if and only if A,(V) — A(V) for each Ve ¥y (cf.
[8] for more about weak convergence).

The next definitions also concern finite alphabets. A map @ : A* — B” is said to
be a block code of order N if & o TY = T5 o @ and for some @' : 4" — BY, &(z)" =
= db’(zN), ze A®. The process X is said to be a N-block coding of the process Z
if there is a block code of order N such that X = @(Z). Observe that if [4, u, Z] e
€ M(A) then [B, u®~*, X] e #"(B) provided @ is of order N. Following [9] we call
a sequence Z, X, Y, V of processes with alphabets 4, B, C, A a hookup of the source
[4, ] to the channel [B, v, C]if Z, X, Y, V form a Markov chain, the distribution
of Z is yu, and the distribution of the conditioned process Y] X is determined by v.
We say that [ 4, u] is block transmissible over [B, v, C] if, given ¢ > 0, there arc a N
and a hookup Z, X, Y, ¥ for which X = &,(Z) and V' = &,(Y) for some block codes
of order N, the encoder &, : A — B® and the decoder @, : C® — A%, such that

Prob [VV + Z"] = .

Observe that block transmissibility in this sense is termed strong block transmis-
sibility in [9], whereas block transmissibility refers to the weaker requirement that

N-1
N 'Y Prob[Vi+Z]<Ze.
)

It is clear that knowing the distribution of Z and Y] X does the same job as knowing
these of Z and (X, Y), within the context of (block) transmission of the process Z
over the channel [B, v, C] with input process X and output process Y.
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3. QUANTIZATION, MUTUAL INFORMATION, CAPACITY

For a moment assume that (A, &) is an abstract measurable space. A triple
(2. A(2), p) is said to be a quantizer of the alphabet A if # = {P;|0 < i £ |2 —
— 1} is a finite partition of A with P;e o7, A(?) = {a(#)| 0 £ i < 2] — 1} isan
arbitrary finite set satisfying d,(#) e P, for all i, and p is the corresponding quantizer
map from A onto 4(2), i.e.

p(a) = 4(#) if aeP;.
Also let w: A — J(|2])) = {0,1,..., |#] — 1} denote the index function
nla) =i if aeP;.

The properties of the index function have been studied in depth in [10]. We extend p
and 7 to A" and 4® in a single symbol way and thereby obtain measurable maps
which will be denoted by the same symbols. This will cause no difficulties as the
domain on which these maps will act will always be clear from the context. Let
F(||2]) stand for the o-field of all subsets of J(|2]). Given [4, u] € .#"(4) (€ 6"(4))
we have that [A(?), up~'] e 4"(A(P)) (e 8(A(#?))) and [J(|2]), un~*]e
e #"(J(|2])) (e &"(J(|2]))), respectively. Moreover, if [A, u]e #"(A) then the
shifts on A(#)* and J(|#?|)* have isomorphic n-th powers so that

H(up™') = H(un™"),

where H(-) stands for the entropy rate functional (cf. [11] for n = 1). If [4, p] is
stationary, then the quantity

H(p) = sup H(up™"),

where the supremum is taken over all quantizers of the alphabet A4 is called the
entropy rate of the source [4, 1. As pointed out in [10], H(u) is the Kolmogorov-
Sinai invariant for the shift (T}, ) provided the o-field .o/ is countably generated.
Gray and Kieffer [6] have shown that if (4, s#) is a standard space then there is
a sequence of quantizers {(?(m), A(m), p,)}s- which is asymptotically accurate in
that
limdy(a, p,(a)) =0, aeA;

m-> oo

and

Fm) 1 ot (i o = o o(@(m)).

m=1

Moreover, this sequence have been constructed by them in some precisely defined
way, therefore we call it a Gray-Kiefler sequence, for later reference. Using the
latter property one can prove as in [11] that

H(up™ ") 1 H(u), H{pn™') 1 H(y)
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as m — oo. This is in fact the well known Rohlin-Sinai approximation theorem for
entropy. Gray and Kieffer established analogous results for the mutual information
rate.

Let {(%(m), B(m), )}~y and {(&(m), C(m), s,)}2=, denote Gray-Kieffer se-
quences of quantizers of the channel alphabets B and C which are assumed to be
standard spaces. Let m 2 1and £ € 4(m)®, F e @(m)® be given. If [B, 1] is a source,
we define the double source [B(m) x C(m)], 7v¢™] by the properties that

).Av('")(f x F) = (r;'E x s;;'F).

A (5, 5) =
= lim n~! log - A& f) & = 5 4 = 97}

D(E0)| & = 21 D{(En)| o = 97

where £ € B(m)®, pe C(m)®, and log = log,; the convergence being in I'(Av™)-
norm. The average mutual information rate of the double source 1v™ is defined
as the expectation

5

(™) = J i (%, §) Bm(ds, dp) .

Then I(}i\\z(m)) 1 I(iv), where I(Lv) is defined as the supremum over all possible (single
symbol) quantizers of the corresponding finite alphabet average mutual information
rates. In other words, a Rohlin-Sinai approximation theorem is valid (cf. [6], Theo-
rem 3). Observe that usually one works with reversal of supremum and limit [12].
However, this alternate approach has many advantages, in particular, the ergodic
decomposition theory known for entropy (cf. [13] and [14]) extends easily to the aver-
age mutual information rate (cf. [6] for details). Let
Ck =lim [ sup sup {R| AL < R] < &)].
(8)

e»0+ Aed(B
As in [7] one can prove that
lim C}, = sup C;, = C*(v),
mz L

m-on
where
C*(v) = lim sup sup {R| W[i[4v] £ R] < ¢}
-0+ icS(B)

is the information quantile capacity of the stationary channel [B, v, C]. Here, the
ergodic decomposition is vital. In fact, the key step of the proof is the identification
of i[Av] (x, y) with I{w,,), where w,, is the ergodic component in the Krylov-Bogol-
jubov ergodic decomposition of the double source Av (cf. [14] for the details concern-
ing the ergodic decomposition for sources having alphabets standard spaces).

So far, our considerations included only easily verifiable stationarity and ergodicity
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properties of quantized sources and double sources. Now we shall analyze quantizers
from the point of view of weak convergence.

Let (4, </) be a standard space, and let {p,}., be an asymptotically accurate
sequence of quantizer maps. Let i, 1 € §(A) and p, — u weakly. The question reads
to determine the properties of p,, which imply that g,p, ' — up,t weakly, m = L.
There are two natural conditions:

(a) pm:A > A(m) is continuous, m = 1,2, ...;
(b) for each E€ U p,'¥ i(m and for each p € £(4), the boundary of E is u-null.
=1

Note (a) is included in (b) because in the former case each element of the family
indicated in (b) is clopen and thus has empty boundary. Condition (b) actually
asserts that the maps p,, are nearly continuous in the sense that the sets of disconti-
nuity have probability zero with respect to any source u € £(4) (see [8]).

Of course, these considerations apply equally well to double sources so that we
introduce the following stronger notion of continuity. A stationary channel [B, v, C]
is said to satisfy condition (Q) if there exist asymptotically accurate sequences of
quantizers of its alphabets such that for 4,, 1 e é’(B) with 1, — 1 weakly, we have
that 1y™ — 1™ weakly for any m 2 1.

Remark 1. It is an easy task to give an example of a channel which is weakly con-
tinuous but fails to possess the above continuity property. This amounts to finding
a standard space for which no asymptotically accurate sequence of quantizers can
preserve weak convergence. E.g., in case when B and C are the real line, the best we
can do is to achieve that the union of all boundary points of all elements of the cor-
responding partitions is a countable dense set. Then it suffices to choose as [B, 1]
some periodic ergodic source supported by a subset of D®, where D is the above
dense set.

Thus, condition (Q) is quite strong and, moreover, not easy to verify. On the
other hand, there are several cases when (Q) is automatically satisfied. For example,
if the channel alphabets are discrete countably infinite spaces then the requirement
(a) above is satisfied so that (Q) is satisfied as well. This type of channel alphabets is
not of much interest so that it would be desirable to find more general conditions
than condition (Q). In the written version of the author’s conference talk [15] it is
shown that the following idea works well.

To this end observe the following. Let {(#(m), A(m), p,,)}z-, denote Gray-Kieffer
sequence so that Py(m) is the unbounded component of #(m). Since #(m + 1)
refines 2(m), given any compact set K < A we find a mj such that for m = my,
Po(m) does not intersect K. Consequently, given a & > 0 we can find a m, such that
for m = my,

sup d(p.(a), a) < ¢,

aek

i.e., p, converge uniformly on compact sets to the continuous identity map on A4
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By a result of Topsge [16]. if a sequence {#m}m=1 of probability measures on (4, )
converges weakly to x, then %,,p, ' — x weakly as well. Henceforth, if 2,,, 4 € 6(4)
and 4, — A weakly, then (4,py )" — 2” weakly on (4", &") for all N Z 1. Thus,
for large m, the maps p,, behave as if they were nearly continuous. It is shown in
[15] that this idea and the related kind of continuity relative to quantizers suffices
in order to carry over all steps of the proofs given below in Section 5. Thus, the only
condition really needed for the block transmission theorems is that of weak con-
tinuity.

4. MAIN RESULTS

So far, the concept of block transmissibility has been defined only for finite alpha-
bets. In what follows, we put Z(k) = p(Z), (m) = r,(X), ¥(m) = s,(Y). and
P(k) = p(V), respectively, where Z,X, Y,V are alphabet A, B, C, A processes
and p,, 7, s, are the corresponding quantizer maps. A source [4, 4] is said to be
block transmissible over [B, v, C] if there is a M, such that for any m = M, and
any k = 1 the following holds: given & > 0 there are a N and a pair of block codes
of order N, say &,(k, m) : 4(k)* — B(m)* and &,(m, k) : C(m)® — A(k)* such that

Prob [B(k)" + ($,(m, k) Y(m))"] <.

Our first result, the negative part of the coding theorem, requires only stationarity
and existence of asymptotically accurate sequences of quantizers of the alphabets
A, B, and C. Thus, we have the following assertion.

Theorem 1. Let A4, B, and C be standard spaces. 1f a stationary source [ A4, u] is
block transmissible ovér a stationary channel [B, v, C] then H(u) £ C*(v).

The positive part may be formulated as follows.

Theorem 2. Let [ A, 4] be a stationary and ergodic source with alphabet a standard
space. Assume that [B, v, C] is a stationary channel satisfying condition (Q) for all
positive entropy input sources [B, i]e &(B). If H(u) < C*(v) then [4, p] is block
transmissible over [B, v, C].

Theorems 1 and 2 show that for channels which satisfy condition (Q) the in-
formation quantile capacity has the desired operational meaning in the sense that it
can be expressed as some kind of operational joint source/channcl block coding
capacity {cf. [3] for a discussion concerning operational channel capacities).

5. THE PROOFS

Throughout the rest of the paper we shall use also the process notation for in-
formation theoretic quantities, e.g., H(u) = H(X), H(a¥) = H(X(k)) for ¥ =
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= pup; b, I(X(m), ¥(m)) = I(/‘Tv(""), etc. We often do not specify the distribution of
the process under consideration, this being always clear from the context.

Proof of Theorem 1. Assume that [4, p] is block transmissible over [B, v, C].
That is, there is a M, such that for all m = M, and all k = 1 we can find biock
codes &,(k, m) and $,(m, k) of order N with the properties that

Prob [Z(k)" + P(k)¥] < &,
where V(k) = &,(m, k) Y(m). For fixed m and k, N depends only on e. The last
inequality entails that
N-1
N™1Y Prob [Z(k), + V(k)] < e.
i=0
Let
HEZ(K)" | P(k)Y) = H(Z(K)", P(k)Y) = H(P(K)") -
As Z(k) = p,(2) and V(k) = &,(m, k) [s,(Y)], the knowledge of z and v specifies
the probability vectors needed to calculate the entropies on the right hand side so
that the above conditional entropy is well-defined. Let K = [[A(k)| and, for L 2 1,
let
qu(e) = —eloge — (1 — &)log(1 — &) + clog L.
By Fano’s inequality
H(Z(k); | P(k))) < qi(Prob [Z(k); + V(k)])
so that
N-1
H(Z(k)¥ | (k") = N~ Y H(2(k), | P(k); <
i=0

< NS gu(Prob [206), + V(0]) £ a1 S, Prob [2(8), + P(9) Sax() -

Now X(m) = &,(k, m) Z(k) is N-stationary and we denote by h(X(m)) the limit
function from Shannon-McMillan-Breiman theorem for X(m). Also let h(X(m) | ¥(m))
designate the limit function for the conditioned process X(m)| ¥(m) (for this it
suffices again to require the knowledge of the joint distribution of X(m) and ¥(m)
and of its marginals). Then
i(X(m), ¥(m)) = h(X(m)) + H(T(m)) — h(X(m), ¥(m)) =
= W(X(m)) — W(X(m)| ¥(m)).

Using standard techniques based on Markov inequality (cf. [3] or the proof of
Theorem 10 in [9] we get the estimates

Prob [(X(m)) £ H(Z(k)) — qx(e)''*] S ax(e)'/*;
Prob [K(E(m) | 7() 2 44()""]  ax(e)®

I
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so that the density of the mutual information rate i(X(m), ¥(m)) cannot be much
smaller than the entropy of the source to be transmitted, i.e.,

Prob [i(X(m), T(m)) < H(2(k)) — 2q4(e)"/?] = 2 q4(e)"/*.
Let
CH(e) = sup sup {R| H™[i[H™] < R] < ¢} .
2e8(B)

One can easily check {cf., e.g., [17]) that §(B) can be replaced by .#,(B) so that we
obtain that
Cr(3 aile)'?) =z H(a®) — 2 q4(e)"/* .

By letting ¢ - 0+ we get Cjy = H(a™). But this conclusion is valid for all m 2 M,
and all k 2 1 so that we finally get C*(v) = H(u). [

Remark 2. Our proof followed the lines of the proof of Theorem 10 in [9]. Alter-
natively, we could proceed as in [3] However, the proof would become much more
complicated in that it would again constitute a two-step procedure in the sense
described in the introduction.

Proof of Theorem 2. The proof will follow the lines of [5], Section VI. For
finite alphabets A4, B calla map @ : 4® — B® a sliding-block code if @ o Ty = T3 - @
and there is @' : 4*"*! — B such that

P(z)o = P(z0"), ze A,
where, in accordance with our notations, z2%* denotes the vector (z_,, ..., Z,)-
As in [5] we start with the following assertion.

(x) Let [B, 2] € &(B), R > 0,0 < ¢ < 1 be such that
Am] < R] <e.
Then there exist sliding-block codes & : B(m)® — B(m)*,
¥ : B(m)® x C(m)*® — B(m)*® such that H(K(m)| ®(X(m))) > R,

fdl(;?(m)o, P(R(m)), F(m))o) 45 <&,

where d, is the usual Hamming distance. Using the results obtained in [6] on
quantization of the mutual information rate one can easily extend well-known
results of Jacobs [ 18] to the abstract alphabet setup. In particular, there is a Tpx ¢~
invariant function i on B® x C® such that for any stationary channel [B, A C],

Wi = i) = 1.

Now, we know that i[4%™] 1 i[A¥], and as shown in [6], there are invariant functions
i(m) on B(m)® x C(m)* for which

Fmi(m) = i[=]] =1
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and i(m) 1 i as m — oo. By observing that Theorem 4 of [19] makes use only of the
double sources and their input marginals we can proceed as in [5], proof of Lemma 1,
and get sliding-block codes @ and ¥ with the desired properties.
So, let [B, v, C] be weakly continuous at an input source [B, 1] € &(B), and let
us assume that
(] < R] <.
By () we find sliding-block codes @ and ¥ such that
H(X(m) l o(R(m))) > R,
j (R (m)o, BO(R(m), F(m))o) d B < 5.

By the definition of a sliding-block code there exists a positive integer k such that
for each n > 2k there is a map &, : B(m)" — B(m)"~** with the property that

PR = ("), e B(m)”,
where ££77 = (841, ..., £,-4). Using the fact that the map v 7™ is continuous
at A we can, given o > 0, find a pair (M, «) such that, if

max f("‘)M(BM) - Z(”'W(BM)| <o

EMeB(m)M

then

; j dy(R(m)o, P@E(m)), (m))o) d ¥ —

- J A (R(m)or T(@(E(m)). T(m))o) dﬁ‘""% <s.

A sequence %" € B(m)" is said to be (M, a)-typical for a stationary source [ B(m), t™]
if n 2 M and the distance between ¢™M(5M) and the relative frequency of b
in £" is less than a, for all 5* e B(m). Let [B, t} e .#"(B) so that [B(m),t"™] e
€ #"(B(m)). Then the source
n—1
W = n Y AT
i=0

is stationary. Moreover, if [ B(m), 2] e 6"(B(m)) then T@ e &(B(m)). It follows as
in [5] that given (M, ) for n = N(M, «) we have that
max [FM(BM) — JmM(GM)| < o
5MeBomM

for every [B, t] € .4"(B) such that 2" places mass one on a set of sequences from
B(m)" which are (M, /2)-typical of A™. Moreover

Egyond (8(m)o, #(S(X(m)), 17(’”))0) =

T —

- f 4R (), WO(S(m)), T(m))o) A[(n" Y <73) ] =

i=0
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= [ 75 a0 @S, T el -

= J.n"’;;dl()?(m)z-, Y(B(X(m)), 7(m)),) dv™ =

= Eqond (R(m), #(0(X(m)), T(m)y).

Finally, given (M, «), for n large enough there is a set W™ < B(m)" such that
[W™|| > exp, (nR), ®, is constant on W™, and any sequence in W™ is (M, «[2)-
typical of 20", Using these properties, one can find robust decoding sets in the sense
of [3] and thereby obtain a (|W\™|, n, \/¢)-channel code with slightly decreased
rate, viz,

[w] z exp, n(R — 4y s (2 Je))-

Now the proof of Theorem 2 follows standard arguments. Indeed, let H(u) < C*(v).
We can choose y > 0 and ¢ > 0 so small that

R~ q,(2e) > H(u) + v

for some fixed m = 1 satisfying H(x) < C¥ (in this case, H(2"®) < C}; forall k = 1).
By the noiseless source coding theorem of [20] we encode [A(k), A%, Z(k)] into a n-
stationary channel input process which puts probability one on the set W, appearing

above. This gives then the desired result. O
Remark 3. A direct proof can be based on the fact that

H(@®) = lim n~"log L,(e, i%), 0 <e<1

where
L,(e, p%) = min {[|E]| | Ec ATk)”, AVLC(E)] > 1 — &}

(cf. [20] for the proof). The idea is to couple this result directly with the fact that
H(aW) < Cy; Winkelbauer [21] used quite strong conditions on the channel in
order to construct the desired joint source/channel code. However, his idea can be
modified in the spirit of the above proof. On the other hand, Kieffer’s approach is
more informative because it gives positive results on transmissibility also in the case

when the channel is weakly continuous only locally, i.e., at some fixed input source.
6. CONCLUSION
Kieffer ([9] and [5]) completely clarified the relations between weak continuity
and d-continuity. In fact, he shows in [9] that any d-continuous channel is weakly
continuous, and in [5] he gives an example of a weakly continuous channel which is

not d-continuous in a non-trivial way (this means that the channel is not equivalent
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to a d-continuous one; cf. [5]). Moreover, he shows that every stationary channel
s “almost” continuous with respect to any input source [B, 1] e &(B), in the sense
that we can construct a weakly continuous channel [B, #(2), C] for which v, = (1),
for A almost all x e B.

In case of metric alphabets we can replace the notion of d-continuity by that of
g-continuity, where the g-distance was introduced in [22] as a generalization of
Ornstein’s d-distance. Another possibility is to employ the process definition of g-
distance also introduced in [22]. We thus get three notions of continuity and it is
an interesting open problem to clarify the relations among them.
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