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KYBERNETIKA — VOLUME 10 (1974), NUMBER 4

On the Set of Optimal Controls
for Markov Chains with Rewards

KAREL SLADKY

On the base of a recurrence formula for the expected reward of a finite Markov chain (that is
an extension of Laurent expansion for expected discounted reward obtained in [6], {9] as well
as the recurrence relation for expected non-discounted reward inferred in [51, [7]) necessary and
sufficient optimality conditions for controlled Markov chains with sensitive discounted and sensi-
tive averaging criteria are established. Employing the obtained optimality conditions criterion
equivalence between these two types of optimality criteria is shown.

0. INTRODUCTION AND NOTATIONS

In a fundamental paper on finite state controlled Markov chains Blackwell [1]
defines an optimal policy (control) as ff optimal for discount factor f sufficiently
near 1 and establishes (nonconstructively) the existence of a stationary optimal policy.
In [17] Blackwell also introduces a nearly optimal policy (control) as that for which
the difference betweeen the total expected discounted reward for that policy and
optimal policy tends to 0 as § — | and gives an algorithm that in special cases enables
to find a nearly optimal policy. A general form of the algorithm for finding a nearly
optimal policy was found by Veinott in [8].

In [6] Miller and Veinott gave a constructive proof of the existence and an
algorithm for finding an optimal policy. Their approach is based on the Laurent
expansion for expected discounted reward for f§ near 1. A similar approach was
also used by Veinott in [9] for investigating sensitive discounted optimal policies.

Necessary and sufficient optimality conditions for Markov chains were derived
in [3] for the case with discounting and in [5], [7] for the long range average reward
of Markov chains. In [2] Denardo and Miller verified Veinott’s conjecture on the
existence of a stationary average overtaking optimal policy and established necessary
and sufficient optimality conditions for that optimality criterion (another form of
these optimality conditions was inferred in [7]).



In the present paper we shall investigate necessary and sufficient optimality con-
ditions for sensitive discounted and sensitive averaging optimality criteria. First
(compare Theorem 1.7 and Corollary 1.8) we shall infer a recurrence formula for the
expected reward of a controlled Markov chain for an arbitrary control (policy). This
formula is an extension of Laurent expansion for expected discounted reward obtained
in [6], [9] as well as the recurrence relation for expected non-discounted reward
inferred in [5], [7] (compare Remark 1.10 and Corollary 1.5). Using the obtained
recurrence formula we shall establish (see Theorem 2.2 and 2.4) the necessary and
sufficient optimality conditions for sensitive discounted optimality criteria. The
(sufficient) optimality conditions obtained in [6] for optimal policy and in [9] for
optimal policies with sensitive discounted optimality criteria immediately follow
from Theorem 2.2 and 2.4.

In the last paragraph of the paper we shall infer necessary and sufficient optimality
conditions for sensitive averaging optimal controls (policies) (compare Theorem
3.5). This part of the paper extends some author’s results obtained in [7] and also
establishes a criterion equivalence (compare Theorem 3.6) between sensitive discount-
ed and sensitive averaging optimality criteria. Only a partial result in this direction
was obtained by Lippman [4] concerning the criterion equivalence between nearly
optimal and average overtaking optimal policies.

Throughout the paper notations and terminology used in [5], [7] will be followed
as close as possible.

We shall consider a controlled Markov chain with state space I = {1,2, ..., r}
and the set of control parameter values (actions) ze J = {1,2, ..., s} in any of the
state. Choosing control parameter value z € J in state j € I state k € I will be reached
in the next transition with given probability p(j, k; z), and one stage reward c(_j, k; z)
will be obtained from such a transition. The values p(j, k; z), c(j, k; z) are supposed
to be known for any pair j, kel and any z € J. For the sake of brevity we shall
introduce the expected one stage reward &(j;z) in state j if the control parameter
value takes value z. Obviously, &(j; z) = Y. p(j, k; ) - ¢(j, k; z). A control (policy) @

kel

of the chain is given by a sequence of control parameter values (actions) z € J chosen
with respect to the complete history of the chain. So we write w = {z”(jo,j,, oo dn)s
n=0,1,...} where z,(jo,Ji, ..., jn) is the control parameter value (action) chosen
at the n-th transition following the occurrence of states jg,ji, -+ j,. @ is called
a Markovian (memoryless) control (policy) if z,(jo, j1 - Ju) = ZulJa) forn =0, 1,....
A Markovian control is called homogeneous if z,(j,) = z(j,). A Markovian homo-
geneous control will be called stationary. For stationary control we write @ ~ z(j).

Denoting X, (for n = 0, 1, ...) the random state of the considered Markov chain
at the n-th transition the probability distribution of a sequence {X,;n =0, 1, }
is determined by the chosen control w and the initial state j eI (of course, X, = j).
The symbol E7 is used for mathematical expectation with respect to this probability
distribution. For shortening we shall often delete the arguments X, X4, ..., X, and
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Josts i in z,(...) e.g. we shall write z, instead of z,(X,, X, X,) or instead of
Zz(jo,jbjz)-
The (random) p-discounted reward up to the N following transitions Cy(B) is
N-1

given by Cy(B) = Zoﬁ" co(X, Xyrys z,) (We set Cy(B) =0). Here fe<0,1) is

a given discount factor and ¢ = (1 — B)/f > 0 denotes the associated rate of interest.
Obviously, for any control w ~ z,

N1
E2C(B) = 3 B ESG(X,: 2,)
n=0
where X, = j and
E{ C(B) = lim E7 Cy(B) < o

. N-oo

always exists.

Following Veinott (compare [9]) a control @, will be called I-discount optimal
(for I = —1,0,1,...)if

=1
lim inf<1__/f> [ES  C(B) — ES C(B)] =z O
p1- B
for any control w and all j € I. Note that in the terminology introduced by Blackwell
[17] o-discount optimal control is a nearly optimal one and an optimal control is
I-discount optimal for I = co.

For the investigation of sensitive averaging controls we shall introduce the concept
of [-order average reward optimal controls. If control w ~ z,1is used, for the expected

value of the (random) undiscounted reward up to the N following transitions Cy
N-1

obviously holds EY Cy = Z E9 &(X,; z,)- Let us set v§(j; w) = EY Cy and let us
N-

for I = 0,1, ... define the values o 0) = Z v{"(j; @) (obviously, v§”(j; w) =
= o0 !

= i w) = vl)(] ) = ... = 00%; 0) = v(j; ®) = ... = {"(j; @) = 0).
A control &, will be called l-order average reward optimal (for 1=0,1, ) if for

any other control w and all j el

lim mf
N~m

1[” M(js i) — o (js )] 2 0.

Note that any average reward optimal control is 0-order average reward optimal
and l-order average reward optimal control is usually called an average overtaking
optimal control.



1. RECURRENCE RELATION FOR EXPECTED
DISCOUNTED REWARD

In this paragraph a recurrence formula for expected discounted reward will be
inferred. This recurrence formula will be very useful for investigating expected
discounted reward in case that the discount factor f (resp. the interest rate o) is
near 1 (resp. 0).

First, we shall nced some preliminary lemmas. Let for a stationary control & ~ Z(j)

g=lojli-rs € = (el 2051, = Junsljer (m=0.1,..)

be column vectors and let us denote by 7:(j, k; (I)) the limit probability of transition
probability matrix P® = ||p(j, k; 2(j))|},c=« defined as

7(J, k3 )|z = lim (P®)y
m—onm + 1 n=0

"(T) .

(note that (P‘T’)O = I where I is (r X r) unit matrix).

1.1. Lemma. For any stationary control & ~ %(j) there exists a (unique) solution
(denoted g°, ul) of equations

(1. g=P.¢g,
(12) uy +g=¢ +P°.u,,
(1.29 °.u,=0.

Proof. The existence of a unique g satisfying (1.1), (1.2) immediately follows
after multiplying (1.2) by IT° (using the equality P . II = IT we obtain 1°.g° =

=1I° . ¢® as rank (I — P) + rank JI = r). Then from (1.2), (1.2’) immediately
follows the existence of a unique solution 4 (compare also [1] § 3). O

1.2. Lemma. Let & ~ () be a stationary control and let u§ be the solution to
(1.1), (1.2), (1.2'). Then there exists a sequence {uS, m =1,2,...} where u® is
determined from uf,_ as a (unique) solution of the equations
(1.3) u, +uy_, =P .u,,

(13) n° . u, 0.

Proof. As rank (I — P) + rank IT = r the existence of a (unique) solution to
(1.3), (1.3'} is obvious. O

Introducing the fundamental matrix Z = (I — P + II)™! (that always exists,
see e.g. [1]) from (1.1), (1.2), (1.2) we obtain

(1.4) ul = Z%c® — g%
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where

(1.4) g?=01".c%.

Similarly, from (1.3), (1.3') we have form = 1,2, ...

(1.5) u = —Z% W,
In virtue of (1.4), (1.4) and (1.5) we have for m =0, 1,2, ...

(L.6) ul =~ (=Z% (- 1%) . <P

1.3. Remark. At most r vectors u® can be linearly independent. Moreover, if the
vectors ug, u?, ..., u? (where L < r — 1) are linearly independent and u ., is their
linear combination using (1.5) we can easily verify by induction that for any m > L
u® must be a linear combination of u§, uf, ..., uf (resp. of u?, ..., uf, uf, ;) and that
any L + 1 vectors u? , u? ..., u® _ must be linearly dependent.

Let us denote

(1.7 ¥2.(js2) = ;Ip(j, kyz).gf —af .
(18) Volis 2) = &js 2) + X pli. ks 2) . s~ uG,; — g7
and form = 1,2, ...
1.9) Uasz) = —ud_y ; + 3 p(j. ks 2) - upy — up ;.
kel
We shall denote by J3(j) (for m = —1,0, 1, ...) the set of all control parameter
values in state j for which Y2 ,(j; z) = y§(j; z) = ... = ¥&(j; z) = 0. Of course,

I = Jo_i(j) € ... € J%(j) = J for any jel.
Now we shall try to find a Laurent expansion of an arbitrary control @ ~ z,.
The partial form of this expansion brings

stationary control. Then for an arbitrary control

1.4. Lemma. Let & ~ Z(j) be a
1,2,...

o~ z,and all jeI; N = 0,1,
(1.10)
N-2
ECy(B) = (U= B [(1 = %) 07 + 3 (8" = B") - B ¥24(Xi 2)] +

1 @ w G vt " w10
+ [/*; ug ;= BN Eugx, + 2 B EY Yo(Xes z,,)] -
n=0

1=

" w6
" EF ug x,-
0

_1=#
ot

n



Proof. Using (1.7), (1.8) for the expected discounted reward up to the N following
transitions we can write

N-1
(1.11) ES Cy(B) = Zoﬂ" CE2 Xy z,) =
N—-1 N N~1 N N-1 . -
= Zoﬂ" 7YX z,) + ZO B Ejgx, — Zoﬁ” ES x,,, — UG x,) -
n= n= n=

For the second term on the righthand side of (1.11) we have (as X, = j)
N-1 N N-1 N n—1 . .
(1.12) LB Efgx, =3 B Eflg%, + X (9%, — 9% =
n=0 n=0 m=0
N-t  onet A =B
=2 Blo%, + 2 ES Y2 (X za)] = — .47 +
n=0 m=0 1-8
1 N-2 N
+—— 2 (B = BN EF YK 2
1~ fn=0

For the last term on the righthand side of (1.11) we can write

N—-1
(1.13) - Z{,ﬁn CES(ug x,, — U x) =u; — BV Ejul 4. —
- N—-1 -
(1~ Y B Efugx,., -
n=0
Setting (1.12), (1.13) into (1.11) we obtain (1.10). O
1.5. Corollary. As

(L= BT = 8.6+ 3 (" = 9B 0,0 )] =

.N“l N-2 N-1 N
=97 20/3" +X X A ES Y2 (X, 2,)
n= n=0 m=n+

letting p — 1 from (1.10) we obtain

N-1
(1.14) EfCy=N.g? + Y [(N-1-n) Ef¢2,(X,;2,) +
n=0

J
+ EJY5(Xs 2,)] + UGy — EuGx -

Recurrence relation (1.14) was more directly inferred in [7].

Now we shall try to find a series in the powers of ¢ = (1 — B)/ for the last term
on the righthand side of (1.10). Using (1.9) we can infer

355



356

1.6. Lemma, Let & ~ 5(_i) be a stationary control. Then for an arbitrary control
o~ z,and all m, N = 1,2 ... it holds

N+m—1

@ @ 1 () m @ O
(1~15) ZO B Ej Up-1x, = _E Uy + /}’” Ej U Xnom —
Nam—1 o 1—pghem o
- Y PEYNXsz) + —— Y B Efuny,.
=0 B =0
Proof. We can write
Nam—1 . N+m~1 .
(1.16) Zo B ES oy x, = — ZO B ED (X z) +
n= ne
’ N4me1 . ‘~
+ X B EN ., — ) -
»=0
On the other hand
) Ntm-1 . . . .
(1.17) Zo B EfQi x,ey = tmx) = —tn; + BT BT un xe,,
N+m—1 N 1 ~
+(1=5). :ZO B Ef ty x,., = — E";j +
~ 1 — B N+m ~
+ ﬁywﬂﬁj’ l‘:”:-XN*m + - ﬂ ;O /}" . E-‘,_D U:J.LX,. .
Setting (1.17) into (1.16) we obtain (1.15). O

From Lemma 1.4 and Lemma 1.6 we can derive a general form of a Laurent ex-
pansion for the expected discounted reward.

1.7. Theorem. Let &> ~ E(j) be a stationary control. Then for an arbitrary control
w~z,andalljel; M,N =0,1,2,...; M < N holds

(1.18)
— -1 BN N-2 ) . ‘
E7 Galh) = 1J> -[l——ﬁ- g7+ L (B = B EPY (X )] +
\ B p n=0
M-1 _ m . i .
%&(l [ ﬁ) BE g = B W

Ntm—1 . 1= p\M VM1 .
= 5| - (F5F) L poE
n=0 n=0

Proof. The proof immediately follows if we set (1.15) into (1.10). O



1.8. Corollary. For N — oo from (1.18) we obtain 357

(1-19) E C(p) =(l ;ﬁ) [ﬁ + Zﬂ E2 Y2 (X, z,,)] +

Y ( ‘”)”’B} B S B VAR, )}+

m=0
5 v
T ﬂ"-Ej M.X, -
( g )E !

1.9. Remark. As from (1.19)
S, Moty
= g%+ Z <_____ﬁ> U -
I o\ B B

(1.20) E? C(p) = <};_5>

L-R\" & n @, @
- <—ﬂ ﬂ) 2B Ejuy x,
n=0
and

(1.207) (1 ; /f) Zﬁ" oyl v = ol = B2

(a function f(B) is said to be o1 — B)* 1f hm [f([i’ /(1 — B)" = 0) we can write
(1.21)

EY C(By = EY C(B) + iﬂ/}"[ i[ <%>m ESya(X,; z, ]+ o(l — B2,

© M1
Note that in (1.19), (1.21) the interchange of . Y. is justified as all EJ yo(X,,; z,)
are uniformly bounded and =0 m=-1

§ () <
Wm0 m=—1 \ P

for any fe (0, 1).

1.10. Remark. Setting E? C(B) = v(j; B; w) and introducing a (column) vector
v(B; w) = ||[o(j; B; w)||;=; from (1.20) we can write for a stationary control & ~ (j)

- M=1 1 —B\" 1‘ o
(1.22) — g +m§0<—ﬂ >‘/))um+

=
=
S
]
N
=
h‘i
=
N
==
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Setting from (1.4"), (1.6) into (1.22) and introducing the interest rate ¢ = (1 — )/
instead of the discount factor  we obtain for ¢ < |Z®~* (where |Z| is the norm of
Z = |z;;); j=1 defined as |Z| = max Y |z,]) letting M — oo

ijlij=
iel jel
(123) v(B;@)=( +1).[e7!. O =3 o"(—Z%*! (I — 0% . "].
m=0
As (I — O)" =1 — II (1.23) can be also written as

(1.23) v(f;®) = (0 + 1).[o7 1. I®. ® = ) o"(—H®"*1 ]

o

its

where
H(T) = Z(b(’ . Hn‘l) .

(1.23") is the Laurent expansion for a stationary control found by Miller and Veinott

in [6].

2. NECESSARY AND SUFFICIENT [-DISCOUNT OPTIMALITY
CONDITIONS

In this paragraph the recurrence formula for expected discounted reward inferred
in Theorem 1.7 will be employed for establishing necessary and sufficient optimality
conditions if /-discount optimality criteria are considered.

First, we shall investigate the optimality conditions in the class of stationary con-
trols. We shall prove the following lemma.

2.1. Lemma. There exists a stationary control w* ~ z*(j) such that for all
jel

(2.1) vi(sz) £ 0 forany zeld
and
(21) Ve (j;2) £ 0 forany zeJdo,(j); m=01,2, ..

Proof. Setting from (1.5) into (1.9) we can write for m = 1, 2, ... and any station-
ary control @ ~ z(j)

(22) | Wi z) :’;[p(j, k; z) — p(j, ki 2(3)) + n(j, ks )] . uSs -

As the vectors uj, for m > r are linear combinations of uf, ..., u? (compare Remark
1.3) if ¥i(j; z) = 0 for m =1,2,..., r then also ¥(j; z) = O for any m > r. So
zeJP=zeJyand (as Jo_, o Jo) Jo = J? forany m > r.



Thus it is sufficient to show the existence of a stationary control w* ~ z*(j) for
which (2.1), (2.1') will hold for m =0, 1,..., 7. The proof can be performed by
control (policy) iteration method.

Let w; be an arbitrary stationary control. If conditions (2.1), (2.1") for m =
=0,1,..., r are not fulfilled for all j eI let us construct a stationary control w, ~
~ z’(j) in such a way that for any j € the first non-zero element (if exists) of the

sequence {y*4(j; 2'(j)), v5'(j; 2’(), -, ¥ (j; 2'(j))} is positive. So for § sufficiently
near 1 and any jel

mzll (; ; /3)”!&3‘(1‘; Z()z 0

and a strict inequality holds at least for one j e I. Setting w,, w, into (].21) we have
forM =r +2

ey mrew-rraw -S| 3 (5 e s -

m=—~1

P+t m
vl —prz Y (LB ﬂ) o () + o1 — BY -
From (2.3) for B sufficiently near 1 E{* C(B) — EJ* C(B) 2 o(1 — BY and a strict
inequality is fulfilled at least for one j € I. Using the above procedure we can construct
a sequence of stationary controls {®,, @,, ...} the terms of which cannot recur.
As there exists only a finite number of stationary controls repeating the above
procedure a stationary control w* must be found. O

Now we are in a position to formulate necessary and sufficient /-discount optimality
conditions.

2.2. Theorem. A control w, ~ z,, is I-discount optimal (for 1 = ~1,0,1,...)
if and only if for all jeI and any n = 0, 1, ... the following conditions are fulfilled

(2.4) ES (X520, =0 for m=—~1,0,..,1

and

(2.5) im (122
p-1- B n

Proof. For any control w ~ z, and any M = —1, 0, ... it holds (compare (1.21))

s

B ES (X 2) = 0.

0

(2.6) E$ C(B) — ES" C(B) =

L L= B\" o anry M-1
=5l () mrecz) |+ o - oo

m=-—1
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Let us suppose that
2.7) E¢yu(X,2,) =0 forany m<m, andall n=0,1,

m
and

2.7) EY Yo (X,;z,) <0 forcertain n = ng.

(Note that under conditions (2.7) it cannot happen ES Ym(X,,; 2,) > 0 and that there
exists h,, < O such that h,, .ES Waes (X, 2,) = EY Yie(X,: z,) for any n) If
(2.7), (2.7) hold then from (2.6) we obtain for any 1 > g > h, (1 + k)

8 ECp-EAp)=Lp [zl (5 e ooz +

2o | wSme\ B
wo (1= BY™ o -
+ ol — By < pr (T) ES (X g3 Zny) + (1 — Y™

1. Necessity. Let condition (2.4) not hold for certain m = my < I, n = n,y and
let m,, ny be chosen such that conditions (2.7), (2.7') are fulfilled (we set ® = w;).
Then from (2.8) we obtain

@) timint () Ty c(p) — By CB) £ B ¥R 200 < 0

p1—

and o, cannot be my-discount optimal (and even I-discount optimal). So condition
(2.4) must be fulfilled for any I-discount optimal control.
Let condition (2.4) be fulfilled but (2.5) let not hold. Then (as under condition

(24) ES 71X 21,0) £ 0)
(2.10) lim inf(%) 2[3" CES Y (X 2,) < 0
pr1— n=0

and from equation (2.6) for @ = w,, M = I + 1 we obtain

@1 (*57) e - e -

_ © N
- <-’ 3 s + (7 ”—) oft — B
B n=0 B .
Setting (2.10) into (2.11) we obtain

@.12) lim mf(%)_'[q" () - B ()] < 0

fo1—

and the control w, cannot be I-discount optimal. So conditions (2.4) and (2.5) must
be fulfilled for any I-discount optimal control.



2. Sufficiency. As for any control @ ~ z,, any n = 0,1, ... and all j eI the first
non-zero element (if exists) of a finite sequence

— -1 —
{(557) Ervmens s v (1 S e,

B

must be negative using the expansion (2.6) for EJ" C(B) — E? C(B), M =1+ 1
we can easily see that

(2.13) Jim inf(l—gﬁ)l[E;"' c(p) - E2C(p)] = 0.
Bt

Using the expansion (2.6) for ES* C(f) — EY" C(B), M = | + 1 under conditions
(2.4), (2.5) we obtain

(2.14) lim (1 ; §>>I[Ej-“’ C(B) — E"C(B)] =0.
po1-
From (2.13), (2.14) immediately follows
(2.15) lim inf( L;l)”[g;w c(p) - B2 C(B)] = 0
pi-

for any j e I and any control w ~ z,.
So any control , fulfilling conditions (2.4} and (2.5) must be I-discount optimal. [

2.3. Corollary. Let condition (2.4) hold. Then (2.5) is fulfilled if and only if

N
(2.5) lim Y EI Y (X zia) = 0.
=0

Noow N + [

Proof. As under condition (2.4) E¢' y¢!,(X,;2,,) £ 0 for all jeI and any n =
=0, 1, ... then in virtue of Hardy-Littlewood theorem (compare [10] Theorem 97)

(2,16) P}ljn N Z’objl l//?)+1(Xn; Zl,n) =

= lim (1 = B) Y B EF* i s(Xos 21,)
p1— n=0

if at least one of the limit exists.
So (2.5) (resp. (2.5")) together with (2.16) immediately imply (2.5') (resp. (2.5)). (J
In case that I = r for I-discount optimal controls the following theorem is valid.
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2.4. Theorem. A control w ~ z, is r-discount optimal if (2.4) is fulfilled for
m= —1,0,1,...,r. For | > r a control w, is I-discount optimal if and only if it is
r-discount optimal.

Proof. In Theorem 2.2 it was established that condition (2.4) for m =
= —1,0,1, ..., r must be fulfilled for any r-discount optimal control.

As for m > r the vectors u%” are linear combinations of 47", ..., u?” and (compare
the proof of Lemma 2.1} if y2'(j; z) = 0 for m = 1,2, ..., r then also /& (j; z) =0
for any m > r if condition (2.4) is fulfilled for m = —1,0, ..., r then for any I > r
and any n = 0, 1, ... also EY y9'(X,; z,) = 0 (and, of course,

Noo N + 1 n=0

. LY o
th IZEjnjzj (X,,;z,,):O). [}

From Theorem 2.2 and Theorem 2.4 we obtain an important corollary concerning
the existence of a stationary [-discount optimal control.

2.5. Corollary. Any stationary control o] (for [ = —1,0, 1,...) fulfilling con-
ditions (2.1), (2.1') for m =1 + 1 is I-discount optimal. If a stationary control w}
is r-discount optimal then it is also I-discount optimal for [ > r.

3. EQUIVALENCE BETWEEN DISCOUNTED AND AVERAGE
REWARD OPTIMALITY CRITERIA

In this paragraph we shall investigate average reward type optimality criteria
corresponding to the concept of I-discount optimal control.

First, using the results of Corollary 1.5 and Lemma 1.6 (compare (1.14), (1.15)) we
shall infer a recurrence formula for the difference v§")(j; ) — v{¥(j; w*) where

w ~ z,is an arbitrary control and the stationary control w* ~ z*( Jj) fulfils conditions

2.1) and (2.1) (the values v{™(j; w) for I = 0, 1, ... are given by a recurrence relation
N-1 !

(s 0) = Zov(,")(j; o) where v5"(j; @) = ES Cy and v§(j; w) = 0). It holds

3.1. Lemma. For any 1 =0,1,..;N =0,1,2,...
(3.1 V(5 @) ~ v¥V(3j; w*) = &V(j; @) + Euby, — Ejuty,
where
N-1 * *
(3.2) d)g")(j; a)) ="ZO[(N -1 - n) . Ej’ “,’I(X,,; z,,) + Ef,f’ Yo (X,,; zn)]
and

N—-1
(32) &V, (J; w) = 20[455")(1‘; o) + ES WX, z)] -
=



Proof. By induction with respect to I. For [ = 0 (3.1) holds (compare (1.14)).
Let (3.1) hold for certain I 2 0. Summing (3.1) for N = 0,1, ..., M — 1 we obtain

M-1

(3) o) - 00 = 2[00k 0) - oG %] =

M-~1 N M-1
. b ot .
=Y (s w) + 3 (ES'ulk, — ESuiy,) -
N=0 N=0
But from Lemma 1.6 (compare (1.15)) we have
M-1
(34) 2 (B ui, — Efuik,) =
N=0
M1
o ot . s .
=NZU ES W (X ns zn) + ET s x — ESUTT (x0e -
Setting (3.4) into (3.3) and using (3.2) we immediately obtain
031’1(1, w) - L(:Z‘ﬁ(j’ “’*) = d)%}(j; (U) + E?‘U(f):t,x,v, - E_uf)”(z":l,xM . m}
For the investigation of the optimality properties of I-order average reward optimal

controls the following lemma will be very useful.

3.2. Lemma. Let for a given parameter m = —1,0,1,... {a,(n),n =0,1,...,}
(where a,,,(n) <H,< oo) be a given sequence with the following properties:

For given integers my = ~1,ny = O and real h < 0

i) a,,,(n) =0 forall m = —1,0,..,my — 1 andany n =0,1, ..;

i) an(n) =0 for any n < ng; a,(ng) <0 and a,(n) <0 forany n > ny;
ifl) @ (n) £ h. apy.i(n) for any n.

Let us denote for m =0, 1, ...

53 Ar(8) = 5 [4,08) + ()]
where
(35) AN =TIV 1 n)a () + auln)].

Then it holds

1
3.6 limsup ——— 4, (N) £ qa,, <0
(36) s my — 1 ot 1(N) £ ap,(1o)

and

(3.7) lim sup AN) =~ forany m>mo+1.
v

o N —m
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Proof. As

N—-1 M-1

Amo+1(N) = Z [Z (1) + @y (M)] = F [( = 1= n). ang(n) + @py11(n)]
from i), ii), iii) we obtain
(3.8) Ao i (N) £ (N = 1 = 1) @,0(no) + s 1(0) +

« '3 [V = 1= m). @) + @y ()] - fg (1) <

n=no+1

= (N -1- nO) - amc("u) +
1

N
)+ T )b+ 1] (1) a9
n=ng+
where x,,,(n) = 0 (resp. = 1)if a,(n) < 0(resp. a,(n) > 0). Asforanyn £ N — 1 +
+h =0, [(N=1=n).h+ 1] Gupsi(n) . Zmor1(n) £ 0

(9) im supliV ol O = 1= )4 1] () ) 2 0.
Now n=rng+

From (3.8) and (3.9) immediately follows (3.6).
In virtue of (3.6) and the boundeness of a,(n) lim sup [A,,,+1(n) + ap,42(n)] =

= — co. Then from (3.5) immediately follows (3.7) for m = mg + 2.
Repeating the above procedure we can establish (3.7) for any m > mg + 1. O

3.3. Remark. As the set J of control parameter values is finite if for an arbitrary
control w ~ z, EY ¢u(X,;2,) =0 for m = —~1,0,..,my — 1; n =0,1,... and
Em “"( o’ ,,D) < 0 then there exists h,, < O such that for any n =0,1,...

Yoo 1 (X -,,) = E7yon(X,; z,) Obviously, ES (X, z,) < H,, < oo.
Setting a,(n) = ES ya(X.,; _,,) and choosing n, such that Ef ym(X,; z,) = 0 for
any n < ng, E7 l//;:;(X,,o; z,,) < 0 it can be easily seen that the values a,(n) satisfy
the assumptions of Lemma 3.2.

The optimality properties of the control w* (fulfilling conditions (2.1), (2.1')) are
contained in the next lemma.

3.4. Lemma. The control w* ~ z*(j) is l-order average reward optimal for
1=0,1,....

Proof. In virtue of the recurrence formula obtained in Lemma 3.1 (compare
(3.1)) we have for any control w ~ z,

(3.10) lim inf — 1 [v{M(j; 0*) — o{V(j; ®)] =

Now N — ]



1 ' . 1
= — limsup —— [v!™(j; @) — o™(j; 0*)] = — lim sup —— &(j; w) .
N—-aopN—l[l (J ) 1 (J )] PN_[ i (] )

N—ow
As the values a,(n) = EJ yo'(X,; z,) satisfy the assumptions of Lemma 3.2 (compare

Remark 3.3) using the results of Lemma 3.2 (compare (3.5) and (3.2))

1 .
lim sup —— &™(j; w) £ 0.
L aga)

N-=ow

So for any control @ ~ z,and all je T

(3.11) lim inf ! l [M0; 0*) — (s w)] 2 0
N=w hand
and the control w* must be [-order average reward optimal for any I. O

Now we are in a position to formulate the main result of this paragraph.

3.5. Theorem. A control w, ~ z,, is l-order average reward optimal (for | =
=01, ) if and only if the following conditions are fulfilled for any m = —1,0,
1,..,l—1and any n = 0,1, ...

(3.12) ES Yo' (Xy zp0) =0
and
1! .
(3.13) tim LY Py (iz,) = 0.

Now N n=o0

Proof. Note (compare Remark 3.3) that for any control w ~ z, and all jel
a,(n) = E? yo'(X,; z,) satisly the assumptions of Lemma 3.2.

1. Necessity. Let condition (3.12) not-hold for certain m = m, and n = ny and
let mg, ny be chosen such that EY"ym(X,;z,,) =0 for any n<n, and

mg

E9 ye(X,; z,,) = 0 for any n and m < my. Using the recurrence formula inferred
in Lemma 3.1 we have

G14) o0 w) = u(; 0%) = EFuply, — By, + 900 0)

From Lemma 3.2 immediately follows for any m > m,

3.4 lin sup ——— @,(" ) jyo) £ EY ,,,w Xna; Zyne) < 0.
J 0 W10,
’ Now N —m

So from (3.14), (3.14")

1 . [ @) — v{V(j; w*)] < lim sup
— N-cw

3.15) lim inf M (j:w) <0
(315 tim inf 7 N e
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and the control @, cannot be l-order average reward optimal. Under condition (3.12)
recurrence formula (3.1) reads
N—-1

(3.16) o{™(j; @) ~ v{V(j; @*) = ES*uly, — EQuly, + Zo ES (X z,) -
e

As under condition (3.12) E{" Y (X,; z,,) £ 0

N—-1
lim sup = Y EP YT (X)) S0
N »r=o0 !

N-o

and if (3.13) does not hold then from (3.16)

(3.16) fim inf — [0V3; @) — (5 0*)] =
N-w N - l
1 N-1
=liminf = Y EY" Y (X, 2,,) <0
N-w N n=0

and the control w, cannot be l-order average reward optimal.
2. Sufficiency. Let conditions (3.12), (3.13) be fulfilled. Then from (3.1), (3.16) we

obtain
1

(3.17) lim [¥V(j; @) — vV(j; ©*)] = 0.

Noow N — 1
But in Lemma 3.4 we have shown that w* is l-order average reward optimal. So for
an arbitrary control w ~ z,and any jel, [ = 0,1, ...
(3.18) lim inf N'I"ﬁ [oM(j; %) — M(j; w)]

Nox -

v
o

Combining (3.17), (3.18) we obtain

(3.19) lim inf ! [0 ) — vV (j; )] 2 0.
Now N — l
So any control w, fulfilling conditions (3.12), (3.13) must be l-order average reward
optimal. O
Comparing the necessary and sufficient optimality conditions for I-discount optimal
and [-order average reward optimal controls we can derive the following theorem.

3.6. Theorem. A control w, is l-order average reward optimal (for 1 =0,1,...)
if and only if it is (I — 1)-discount optimal.



Proof. The proof trivially follows from the results of Theorem 2.2 and Theorem
3.5 and Corollary 2.3 (using Corollary 2.3 the necessary and sufficient optimality
conditions are the same in both of the Theorems). [}

3.7. Remark. A partial form of Theorem 3.5 (for | = 1) was obtained by Lippman
[4] by a slightly different approach. Lippman’s approach uses well known Abelian
theorems and rests on the existence of 1-order average reward optimal control
(called average overtaking optimal policy) established in [2].

(Received February 6, 1974.)

REFERENCES

[1] Blackwell, D.: Discrete Dynamic Programming. Annals Mathem. Statistics 33 (1962), 2,
719—1726.
[2] Denardo, E. V., Miller, B. L.: An Optimality Condition for Discrete Dynamic Programming
with No Discounting. Annals Mathem. Statistics 39 (1968), 4, 1220—1227.
{3] Lippman, S. A.: On the Set of Optimal Policies in Discrete Dynamic Programming. Journal
Mathem. Analysis Applic. 24 (1968), 2, 440—445.
[4] Lippman, S. A.: Criterion Equivalence in Discrete Dynamic Programming. Operations
Research 17 (1969), 5, 920—923.
{5] Mandl, P.: On the Variance in Controlled Markov Chains. Kybernetika 7 (1971), 1, 1—12,
{6] Miller, B. L., Veinott, A. F.: Discrete Dynamic Programming with a Small Interest Rate.
Annals Mathem. Statistics 40 (1969), 2, 366—370.
{71 Sladky, K.: Necessary and Sufficient Optimality Conditions for Average Reward of Con-
trolled Markov Chains. Kybernetika 9 (1973), 2, 124—137.
[8] Veinott, A. F.: On Finding Optimal Policies in Discrete Dynamic Programming with No
Discounting. Annals Mathem. Statistics 37 (1966), 5, 1284—1294.
{9] Veinott, A. F.: Discrete Dynamic Programming with Sensitive Discount Optimality Criteria.
Annals Mathem. Statistics 40 (1969), 5, 1635—1660.
[10] Hardy, G. H.: Divergent Series. Oxford Univ. Press, Oxford 1949.

Ing. Karel Sladky, CSc.; Ustav teorie informace a automatizace CSAV (Institute of Information
Theory and Automation — Czechoslovak Academy of Sciences), Pod voddrenskou véZi 4, 180 76
Praha 8. Czechoslovakia.

367



		webmaster@dml.cz
	2012-06-05T00:18:53+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




