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KYBERNETIKA — VOLUME 8 (1972), NUMBER 35

Directable Automata and Directly
Subdefinite Events

ALICA PIRICKA

This work deals with class of the directable automata, The main problem is to characterize
the events, which can be represented by a directable automata.

We are also interested in the class of the directly subdefinite events, which contains the class
of ultimate-definite events [4]. We want to point out an algorithm for deciding, whether given
finite automaton defines directly subdefinite event.

1. DEFINITIONS AND NOTATIONS

It is assumed that the reader is familiar with the basic properties of the regular
expressions, regular events, derivatives of the regular expressions and finite automata.
Nevertheless, for the sake of completeness we recapitulate here the basic definitions
and results significant to that work.

Let X be a finite nonempty alphabet. The elements of X are called symbols. Finite
sequences of symbols are called words. The set of all words over X is denoted X*.
The empty word is denoted by A. Let i(u) be the number of symbols into word
u; I(2) = 0. If « and v arc words, then uv denotes concatenation of u and ». If P, Q
are subsets of X*, then P, Q are called events and P U Q and P n Q are the set
union and set intersection, respectively, of P and Q; P — Q denotes the set of all
words which are in P and are not in Q; P. Qisdefinedas P. Q = {xy :xeP, ye Q}
and P* = |J P'is called star event, where P° denotesthe set whose simple element is 4.

=0
The empty set of words is denoted by @. The number of elements of a set S will be
denoted by |S|

A finite automaton over the alphabet X is a system &/ = (S, X, so, 6, F) where S is
a finite nonempty set of internal states, s, € S is the initial state, J a transition function
S X X —» Sand F < S aset of final states of /.
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The function 6 can be extended in the following natural way:
(Vs) (s, 2) = 5,
(Vs) (Vu) (Vx) 8(s, ux) = 5(8(s, u), x) .

A word u is accepted by o if (5o, u) € F. Then set of all words accepted by o is
denoted by T(&/).

Letbe B < Sand x € X* Wedenote by B, = §(B, x) = {s€ S :5e B; §(5, x) = s}.
We define /(S for the given finite automaton &/

1. Se(s).

2. If Be /(S) then B, € &(S) for all x € X.

3. o/(S)is the least set with the properties 1 and 2.

An event R is called regular if there is some finite automaton such that R = T(&/).
Let P be an event and u € X*. The derivative of P with respect to u is defined as

0/P) = {x :uxeP}.

By 9(P) we denote the derivative closure of event P.

In the following considerations we shall use the simple star events. An event
P = R* is simple star event if there exists a finite automaton & = (S, X, so, 6, {s0})
such that T(sf) = P.

Theorem. An event P is simple star event iff for every word u it holds

Aed,P<=dP=P.

Proof. See [1].

Let a connected automaton &/ be given, T(&f) = R. We point the correspondence
between the sets S and 2(R).

Let s € S. There exists a word u such that 6(so, u) = s. Then it corresponds J,R =
= {v: (s, v) € F} to staic s. On the other hand to each element ',R there corre-
sponds a state s, = &(so, #). Since §,R = 9,R does not imply 4 = v, the same ele-
ment of 2(R) can correspond to different states.

2. DIRECTABLE AUTOMATA
2.1. Remark. In this section we admit regular events only.
2.2. Definition. The finite automaton &/ = (S, X, s,, 6, F) is directable to the initial

state so (d.a.) if there exists u e X* such that for every seS &(s,u) = so. The
word u is called the directing word.



2.3. Lemma. The finite automaton o is directable to the initial state iff {so} €
e A(S).

Proof follows immediately from the definition of &(S) and 2.2.

2.4. Example. The finite automaton given in the fig. 1 is directable to the initial state. Its direct-
ing word is xyz or xxyxz for example.

Fig. 1,

The automaton in the fig. 1 can be understand as a model of the automaton for cigarettes,
working as follows:

1. Putting the money into it.
2. Turning the knob to the desired kind of cigarettes.
3. Pulling the drawer out and taking the cigarettes,

The set X has three elements X = {x, A z} where x — means putting the money in, y — means
the choice of cigarettes, z — taking out the cigarettes.

Table 1.
J ‘ So St S2 53 ‘
[ i— ;v,w!,,,,, _
C n J n |y ‘ y
; M y on ¥
I
i i \

The set $ has four elements sy, 51, 55, 53, see the table 1. C — n means the kind of cigarettes
not chosen, C — y the kind of cigarettes already chosen, M — n the money is not into the auto-
maton and M — y the money is into it.

2.5. Lemma. An event R can be represented by a connected d.a. iff

1. there exist ue X* R, = X* and T < X* such that R = (X*u o T)* R, and

2. the events R, RY = (X*u U T)* can be represented by the connected finite
automata g = (S, X, s, 6, F) and g« = (S, X, 30, 6, F,. = {so}), respectively.
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Proof. a) - Let R be represented by the connected d.a. o = (S. X, so, 6, F) and
u be its directing word. Let us denote T = {ve X*:5(so, v) = 5o} and R, =
= {ve X*:5(sq, v) € F & (Vvy, v, € X*)((v = vy0, & vy & A) = 5(s0, v1) * 5p)}.The
reader can easily prove that X*u < T. The finite automaton &g, = (S, X, s, 6, {50})
represents the event R} = (X*u u T)*.

b) « Let there exist u e X*, R, € X* and T < X* with properties | and 2. The
finite automaton &/ is d.a. iff &, .is d.a.

We shall point out that &/ . is d.a. For every s € S there exists v € X* such that
8(se, v} = 5. Since vu € X*u = R} we have 8(s, u) = (so, vu) = s,.

2.6. Remark. The event R} from 2.5. is simple star event.
{

2.7. Lemma. Let RY be simple star event, R = RTR,. The events R}, R = RIR,
can be represented by sfp. = (S, X, 50,8, {so}) and g = (S, X, s, 6, F), re-
spectively, iff for every word u

(1) RT=R*> 3R =R.
Proof. a) « Let the condition (1) hold. We construct automata & g,., &g in the
following way:
S={(4B):4=0R&B = 3,R},
so = (R}, R),
5((4, B), x) = (0.4, 8,B),
Fre={(4,B):1e 4},
Fp={(4,B):%eB}.
We show that Fg,. = {(R}, R)}. R} is simple star event, therefore for every word u,
A€ d,R} —» d,RT = R and (1) holds; therefore Fp . = {(R}, R)}.
T(sly) =V for V.= R} or V=R, because ue T(fy) <> Aed,V<ueV.

o, is connected, it ensues from the definition of §-function.

b) — Let us have the connected finite automata o/, &p,.. To every state s, e S
there is 8,V (V = R} or V= R) corresponding to the state s,. Since RY is simple star
event, d,R} corresponds to the initial state s, for every word u such that 8,R} = RT.

§-function is the same for both automata, therefore 3,RfR, corresponds to the
initial state of the s/ for all u € X* such that 8,RT = R} and therefore (1) holds.

We summarize 2.5, 2.6, 2.7 to the main theorem.




2.8. Theorem. The event R can be represented by the automaton directable to the
initial state by the directing word u iff there are T, R, = X* such that

1. R = (X*u U T)*R,,

2. R} = (X*u U T)* is simple star event,

3. (Vue X*)(8,Rf = R} - 0,R = R).

2.9. Example. The event B = (1 U 0(1 U 0)* 0 can be represented by a finite automaton
directable to the initial state.

We need to prove the following points:

1. The event B can be expressed in the form B = (X*u U T)* B,. It is true for « = 001,
B,=0, T= (100 uwOoO)*

2. By = (X*u U T)* = (1 U 0(1 U 0))* is simple star event.
3. For every u€ X* 9,B) = B; —» ¢,B= B.
We find 2(B,), 2(B) to show the points 2 and 3:

9B, = (1 L0 Lol uOoN*, 8B =iu(uoduoluon*o,
9,B, =By, B =B,
9,8, = By, 9,B= B,
9908, = B, 890B= B,

9(B,) = {B,, %B,} and 9(B) = {B, 9B}. The point 2 holds because 1 & 3,8, ~ 3,B, = By.
The point 3 is evident. The automaton . such that 7(&) = B is shown in the fig. 2 (s, € F).

Fig 2 (D (3)
v

2.10. Theorem. [f an event R can be represented by the connected automaton
directable to the initial state, then the reduced automaton representing R is di-
rectable to the initial state.

Proof. Let an automaton o/ = (S, X, s,, 8, F) be directable to the initial state.
Let o = (S, X, 5, 3, F) be its reduced automaton. Since  is d.a. 8(s, u) = s, for
every se S e.g. for every ve X* 8,0,R = R. For reduced automaton there is exactly
one state s € S corresponding to d,R, v € X*. Since the set of states S of the reduced
automaton is isomorphic to 2(R) and 3,0,R = R holds for every v € X*, the reduced
automaton is directable to the initial state.

2.11. Corollary. Let the event R be given by a connected automaton of. The event
R can be represented by the automaton directable to the initial state iff the reduced
automaton to the automaton of is directable to the initial state.
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2.12, Example. The event R = [0(1(01*0)* 1)*0 w 1 (1 W 0(1(00)* 1)* 0)* 0(1(00)* 1)* 1(00)*0]*
can not be represented by a directable automaton. The automaton shown in the fig. 3 represents
R and it is a reduced automaton. That automaton is not directable to the initial state. (It can be
shown by using the quick method from [2].)

Fig. 3.

3. DIRECTLY SUBEDFINITE EVENTS

We found out that the events, representable by the d.a. have the form
R = (X*u U T)*R, = X*uT*R, U T*R, = (X*u)* T*R, .
Let us examine bigger class of that events, the directly subdefinite events.
3.1. Definition. An event R is directly subdefinite event, if there exist an event T

and a word u such that R = (X*u)* T. Let us denote the class of directly subdefinite
events by S. Let uS be the class of the directly subdefinite events with given u € X*.

3.2. Remark. The ultimate definite events are directly subdefinite events for every
word u, since X*R = (X*u)* X*R.

3.3. Remark. The event given by an automaton directable to the initial state is

directly subdefinite event.

A. Operation properties

3.4. Theorem. a) Re S < (Ju e X¥) (R = (X*u)* R).

b) Theevent Re S is a star event iff R = (X*u)* T*.

Proof. a) Is evident.

b) « R = (X*u)* T* = ((X*u)* T*)*

— It follows from the a)-deal of the theorem.

3.5. Theorem. Let R cuS for aeA. Then |JR,cuS and (\R,euS.

aeA aeA

Proof. UR, = U (X*u)* R, = (X*u)* (U R,).

aeA acA aeA

The proof for (} R, can be done in the same way.
aeA



3.6. Remark. The class S is not closed under the a) union, b) interscction and
c) complement.

a) Let R, = (1 U0)* 11}*0, R, = (10 0)*0)* I, R =R, UR, = (1 UO)* L1)*Ou
V(1 w0)*0)*1 =0 uU(l U0)*110 U1 U (1 U0)*0l. Let there existu € X*and
S < X such that R = (X*u)* S. Then 0 € S and the word u0 € X*uS = R. So u0e
e(1 v 0)* 110, therefore there exists the word v, such that 4 = v, 11. Since 1 € S
there is v, € X* such that u = v, 11 = v,0. It is not possible therefore R ¢ S.

b) Let R, = (1w 0)* 11)* 1 and R, = ((1 U 0)* 0* 1. We can show that R =
=R, R, ¢S. R=(1U0*11)*1 n((1 VO*OH*1=(1u(luo*ill)n
A(Tu(luo)*ol) =1¢S.

¢) Let S = (1*1)* 1. Then S = AU 1 ¢S.

B. Directly subdefinite automata

3.7. Definition. A finite automaton & is directly subdefinite automaton iff
T(«)€S.

3.8. Example. The finite automaton & given in the fig. 4 is directly subdefinite automaton.
T()= (1L VO* D* 1.

Fig. 4.

3.9. Theorem. A connected automaton is directly subdefinite automaton iff there
isu e X*, I(u) < 215 such that for every word y, I(y) < |S|(|S| — 1) it holds

(2 8(so» y)€F > (Vse€S) S(s,up)eF.

Proof. a) - Let T(&#) = (X*u)* T(/) and (s, y) € F. Since the automaton &/
is a connected one, for every se S there is x € X* such that (s, x) = s and xuy e
e T(&/). It means §(s, uy) = (sq, xuy) € F.

We prove that there is a word u, I(u) < 2151 Let Hu) > 215, u = x,x, ... x,.
There are i, j < k, i < j, such that §(S, x;X5 ... x;) = &S, x;X, ... x;). For uy =
= XX, ... XX;j41 ... % we have I(up) < H(u) and &(s, uy) = (s, uoy).

b) « Let o be not the directly subdefinite automaton. Then for every u € X*

there are x, y € X* such that &(sy, x) € F and 8(s,, xuy) ¢ F. For § = §(s,, x) the
relation 3(3, uy) ¢ F holds.
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We need to show that there is y € X* with properties I(y) < |S|(|S] ~ 1). Let
yo€ X* and k = I(yo) = |S|(|S| — 1). There exist i,j | <i<j<k such that
O(s0s Xy ... X;) = 8(sg, %, ... x;) and &(5, x; ... x;) = &(5, x, ... x;), because there
are at most [S| (|S| — 1) different pairs <5(sg, ¥y ... X,)» 6(5, x; ... x,)>. Let y
Xjey ... X, then we have Ky) < K(y,) and 8(5, uy) ¢ F.

402
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3.10. Corollary. The directly subdefinite property for finite automaton can be
effectively checked in a finite number of steps.

3.11. Example. Let us have the finite automaton given in the fig. 5. For u = 1001 we have
T(H)eS. S, = {g} by the definition. We must point out that (Vx € X*) (e, x) € F — (g, x) € F.

1
(In fig-5¢ > g.)

Fig. 5.

ag ad .
\
g,
Fig. 6. @ Fig.7.  b¢ Yo

1
It is obvious from the tree shown in the fig. 6. (The pairs in the tree are ordered e.g. (b, ¢) >

1 . 1 1
> (c,g) means b —> cand e —> g.) If the first state of pair belongs to F then the second state

of it belongs to F, too.



For u = 10, T(+#) ¢ uS because S, = {d} and it follows from the tree shown in the fig. 7 that
1€ T(s) and 101 ¢ T().
(Received February 10, 1971.)
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VYTAH

Usmernitelné automaty a priamo subdefinitné javy

ALICA PIRICKA

Koneény automat &/ = (S, X, 5, 6, F) je usmernitelny do pociatoéného stavu,
ak existuje slovo u s vlastnostou 6(s, u) = s, pre kazdy stav s e S.

Ulohou &ldnku je charakterizovat javy, ktoré je moZné predstavit tymito auto-
matmi.

a) Nech je jav R dany svojim reguldrnym vyrazom. Jav R mdZeme reprezentovat
auntomatom usmernitelnym do po&iato¢ného stavu prave vtedy, ked existuje slovo u
ajavy R,, Ttaké, %e R = (X*u L T)* R, a R} = (X*u U T)* je jednoduchy iteradny
jav, pricom pre kazdé slovo u plati ,RT = R - 9,R = R.

b) Nech je jav R dany kone¢nym automatom .o/. (Obecne nemusi byt usmernitelny
do potiatoéného stavu.) Jav R je moZno reprezentovat automatom usmernitelnym
do podiato¢ného stavu prdve ked minimdiny automat k automatu & je usmernitelny
do potiatoéného stavu.

Javy, ktoré je moZno reprezentovaf automatmi usmernitelnymi do poéiatoéného
stavu patria do triedy priamo subdefinitnych javov, tj. javov typu (X *u)* T. Trieda
priamo subdefinitnych javov nie je uzavretd na operdciu zjednotenia, prieniku a kom-
plementu. Pre pevne dané slovo u je tdto trieda uzavretd na zjednotenia a prieniky.

Alica Pirvickd, Prirodovedeckd fakulta UPJS (Faculty of natural sciences, Safdrik University),
Komenského 14, Kosice.
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